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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 1
 5. Buckling of platesBuckling of plates: linear and nonlinear theory of buckling, buckling under direct
 stresses (class 4 sections), buckling under shear, local buckling, Eurocode approach.
 A. Linear theory of buckling: stability of an ideal (flat) plate
 022 2
 2*y
 2*xy2
 2
 x4
 4
 22
 4
 4
 4
 =∂∂
 +∂∂
 ∂+
 ∂∂
 +⎟⎟⎠
 ⎞⎜⎜⎝
 ⎛
 ∂∂
 +∂∂
 ∂+
 ∂∂
 ywN
 yxwN
 xwN
 yw
 yxw
 xwD *
 + relevant homogenous boundary conditions(on each edge are two in-plane, two out-of-plane)
 Thereof, exists infinitely many solutions:Solution may rarely be closed, more often by energetic – Ritz methods, or by software using FEM.
 critical forces N* (or stresses σ*)The lowest σ* = σcr
 respective shapes of deflection w*(modes of buckling)
 various in-planeloading
 various boundary conditions
 Solution is based on linearized equationsof a plate with „large deflections” (see later):
 loading: *y
 *xy
 *x N,N,N
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 2
 Critical stresses are given in form: Ek σσ ⋅= σcr Ecr στ τ ⋅= k(or )
 critical stress factor Euler stress
 "Euler stress" - is an auxiliary value of Euler’s critical load for a compressionstrut of width "1„ and thickness t:
 Eσ
 b
 PE
 PE1
 ( )22
 2
 2
 2
 2E
 E 18980011211
 ⎟⎠⎞
 ⎜⎝⎛=⎟
 ⎠⎞
 ⎜⎝⎛
 −=
 ⋅⋅=
 ⋅=
 bt
 btE
 btD
 tP
 νππ
 σ
 Critical stress factor:(depends on loading and boundary
 conditions, see literature)
 kσ = 4
 kσ = 23,9
 kτ = 1for434,52
 ≥⎟⎠⎞
 ⎜⎝⎛+
 ba
 ab
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 3
 Stiffened plates:Stiffeners (open or closed cross-sections, one or double-sided) are commonly characterized by relative flexural rigidity γ :
 The critical values of a stiffened plate may be used to derive „optimal rigidity“ of a stiffener (γ*).
 Definition of γ*: simple support
 σcr of the full stiffened plate = σcr of a predominant panel
 γ*γ*For example:
 γ*T
 γ*L
 Values of γ* for plates under various loading, boundary conditions and variouslongitudinal and transversal stiffeners are available in many references (e.g. by Klöppel, Brezina).
 30 t
 t Ist 3st
 10 tb,I
 bDIE st
 .=
 ⋅=γ ( )2
 3
 112 ν−=
 tEDwhere
 Klöppel – Möller:Beulwerte ausgesteifter RechteckplattenBand II, Ernst & Sohn, Berlin, 1968
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 4
 Snap-through of imperfect plates:
 Snap-through phenomena may occur for improper initial deflection shape w0 (other than the first critical mode wcr):
 snap-through may arise only under loading with σ ≥ σcr .(leads to check of σcr in SLS according to EN 1993-2 – Steel bridges).
 w0
 critical mode wcr
 buckling develops either or
 snapsnap-through(non-linear bifurcation)
 usually accompanied by sound impact(not dangerous but unpleasant)
 due to impropershape of w0
 due to criticalshape of w0
 w0 w
 σcr,1
 σσcr,2
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 5
 B. Non-linear theory of buckling Strength of an actual (imperfect) plate:
 A. Equations of a plate with „large deflections“ (two simultaneous Karman’s equations):
 022 2
 2
 2
 222
 2
 2
 2
 2
 4
 4
 22
 4
 4
 4=⎟⎟
 ⎠
 ⎞⎜⎜⎝
 ⎛
 ∂∂
 ∂∂
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 ∂∂∂
 ∂−
 ∂∂
 ∂∂
 −⎟⎟⎠
 ⎞⎜⎜⎝
 ⎛
 ∂∂
 +∂∂
 ∂+
 ∂∂
 yw
 xyxw
 yxxw
 ytE
 yw
 yxw
 xwD ΦΦΦ
 0222
 2
 2
 2
 2
 4
 4
 22
 4
 4
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 =⎟⎟⎠
 ⎞⎜⎜⎝
 ⎛∂∂
 ∂−
 ∂∂
 ∂∂
 +∂∂
 +∂∂
 ∂+
 ∂∂
 yxw
 yw
 xw
 yyxxΦΦΦ
 (1)
 (2) w - plate deflectionD - plate stiffnessΦ - Airy stress functionE - Young’s modulust - plate thickness
 B. Elastic-plastic incremental relationships leading to elasto-plastic tangential rigidities in form:
 C. Introduction of imperfections (initial deflections w0 and residual stresses σR).
 D. Incremental solution by FEM or FDM, leading to stress distribution in the plate and resulting in reduction (buckling) factors used in design.
 { } [ ] { }eQF ΔΔ ⋅= {ΔF} - generalized internal force increments[Q] - elasto-plastic modular matrix{Δe} - generalized strain increments
 Design procedure:
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 6
 bb
 feff
 y==
 σρ
 Resulting strengths are used in the form of reduction (buckling) factors ρ :
 Plate imperfections
 bd0∫=bσσ
 initialdeflections
 beff/2
 beff/2
 σmax = fy
 b
 t
 ab σcr,1
 σcr,1
 τcr,1
 w0
 w0
 w0 = b/200
 stability(buckling modes)
 initialdeflections
 residual stresses due to welding
 weld weld
 idealizedactual
 Resulting average stress
 Example of a compression plate with initial deflections and residual stresses:
 b
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 7
 Eurocode 3: EN 1993-1-5 Plated structural elements
 1. Buckling (reduction factors) due to direct stress (loading N, M):
 Verification of Class 4 cross-sections:
 a) Effective width method, in which the buckling parts of plates are excluded.b) Reduced stress method, in which the stresses of full cross section are
 determined and limited by buckling reduction factors ρx, ρz, χw (derived later):
 eM
 A, I
 ρρ , ρ , χ
 x
 a b
 x z
 A , I eff effa) Aeff, Ieff b) A, I
 eM
 ρxρx, ρz, χw
 Note:Case b) does not include stressredistribution after bucklingamong individual parts ofcross section (load shedding) !!!
 σcr
 y
 428 k,t/bf
 pεσ
 λ ==
 ( ) 01305502p
 p ,,≤
 +−=
 λ
 ψλρ
 0,1188,02p
 p ≤−
 =λ
 λρ
 For internal compression elements:
 For outstand compression elements:
 ψ = σ2/σ1
 (for kσ and ψ see next pages)
 where
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 8
 ψ < 0: beff = ρ bc = ρ⎯b / (1-ψ) be1 = 0,4 beff
 be2 = 0,6 beff
 Effective width method (Eurocode EN 1993-1-5 values):
 1 > ψ ≥ 0: beff = ρ⎯b effe1 52 bb
 ψ−=
 be2 = beff - be1
 ψ = σ1/σ2• internal elements:
 The effectivep area of the compression zone of a plate: ceffc, AA ρ=
 σ1 σ2
 b
 be1 be2
 be1 be2
 bc bt
 ψ 1 1 > ψ > 0 0 0 > ψ > -1 -1 -1 > ψ > -3
 kσ 4,0 8,2/(1,05+ψ) 7,81 7,81-6,29ψ+9,78ψ2 23,9 5,98(1-ψ)2
 Factors kσ
 b
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 9
 1 > ψ ≥ 0:
 beff = ρ c
 ψ < 0:
 beff = ρ bc = ρ c /(1- ψ)
 ψ = σ1/σ2• outstand elements:
 ψ 1 1 > ψ > 0 0 0>ψ>-1 -1
 kσ 0,43 0,578/(ψ+0,34) 1,70 1,7-5ψ+17,1ψ2 23,8
 Factors kσ
 ψ 1 0 -1 1 ≥ ψ ≥ -3
 kσ 0,43 0,57 0,85 0,57-0,21ψ+0,078ψ2
 1 > ψ ≥ 0:
 beff = ρ c
 ψ < 0:
 beff = ρ bc = ρ c /(1- ψ)
 c
 beff
 σ1σ2
 beff
 bc bt
 σ1
 σ2
 beff
 bcbt
 σ1
 σ2
 c
 beff
 σ1 σ2
 Factors kσ
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 10
 Effective cross sections (Class 4 cross-sections)
 Effective parameters of class 4 cross sections (Aeff, Weff) are determined by common way.
 Verification of cross sections in ULS:
 axial compression moment loading
 eN
 eM eM
 this eccentricity invokes additional moment from the axial force due to shift of neutral axis in interaction of M - N
 01
 M0
 effy
 NEdEd
 M0
 effy
 Ed1 ,Wf
 eNMAf
 N≤
 ++=
 γγ
 η (in stability checks:to introduce also χ, χLT)
 see above
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 11
 Stiffened plates in compression:
 Examples:- stiffened flange of a box girder, - web of a deep girder.
 ∑+= tbAA effedge,loceff,c,ceffc, ρ
 global buckling reduction factor
 Factor ρc may approximately be determined as a reduction factor χ of the effective stiffener (i.e. for an effective strut in compression = „strut analogy“).
 edgesmiddle part
 For details see subject: Stability of platesor Eurocode 4: EN 1993-1-5 (Plated structural elements)
 Ac,eff,loc b3,edge,effb1,edge,eff
 b1 b2 b3
 23
 3ρb
 22
 2ρb
 22
 2ρb2
 11
 ρb
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 12
 Example of buckling of longitudinally and transversally stiffened flangeof a box girder:
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 13
 Forming of tension diagonals in panels:
 Phase 1Beam behaviour
 Phase 3frame behaviour(influence of several %)
 Phase 2Truss behaviour
 VcrVcr
 VtVt
 VfVf
 σ1σ2
 σt
 φ
 45º
 2. Shear buckling (loading by shear force V):
 Historical theories: Full stress field (Wagner), incomplete stress field, Basler’s theory.
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5
 Tension field theory (by Rockey – Skaloud):
 1. Beam behaviour (up to τ < τcr) . 2. Truss behaviour, with tension diagonal built-in into both
 vertical stiffeners and flanges (up to formation of plastic hinges)
 Rotating stress field theory (by Höglund):
 1. Beam behaviour (τ < τcr) 2. Truss behaviour with constant value of σ2 = -τcr:
 φτσ
 tan1 =
 cr2 tan τφτσ −=−=
 From von Mises criterion: 22
 22121 yf=++ σσσσ then follows shear strength: τ = τu
 0conditionfrom =φ
 φddV
 τ
 Vφ
 σ1σ2
 τ
 σ
 1 sinφ
 σ 2co
 sφ
 τ • 1
 φ
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 15
 Design resistance to shear (including shear buckling):
 In Eurocode (EN 1993-1-5) the Rotating stress field theory is used. Influence of stiffeners is included proportionally to higher critical stress – after modification corresponds well to tests.
 M1
 wyRdbf,Rdbw,Rdb, 3 γ
 η thfVVV ≤+=
 contribution from the flanges (can be ignored)contribution from the web
 Shear buckling may be ignored for web slenderness:
 unstiffened webs
 stiffened webs(transverse, longitudinal)
 εη72w ≤
 th
 τkt
 hε
 η31w ≤
 η = 1,2 up to steels S460
 y
 235f
 =ε
 tf
 tf
 hw
 bf
 t
 (i.e. 60 for steel S235)
 01Rdb,
 Ed3 ,
 VV
 ≤=ηVerification of ULS:
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 16
 Contribution from the web
 M1
 wywwRdbw, 3 γ
 χ thfV =
 Slenderness Rigid end post Non-rigid end post
 ηλ /,830w <
 081w830 ,/, <≤ λη
 081w ,≥λ
 w830 λ/, w830 λ/,
 w830 λ/,
 η η
 ( )w70371 λ+,/,
 Factor χw for the contribution of the web to the shear buckling resistance may be (in acc. to tests) increased for rigid end post and internal panels:
 χw
 1,21
 21 wλ
 Rigid end post
 Non-rigid end post
 difference 22%
 Reason:anchorageof panels →
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5
 Web slenderness :
 • unstiffened webs (with the exception at the beam ends):
 17
 wλ
 • webs with transverse stiffeners in distance a:
 ετλ
 t,h/f486
 3 w
 cr
 yw ==
 τ
 =kt,
 hε
 λ437
 ww
 Critical stress factor kτ:( )( ) 1asfaras345004
 1asfaras004345
 w2
 w
 w2
 w
 <+=≥+=
 τ
 τ
 h/aa/h,,kh/aa/h,,k
 n × a
 hw
 For webs with longitudinal stiffeners see subject: Stability of platesor Eurocode 4: EN 1993-1-5 (Plated structural elements)
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5
 3. Buckling under local loading force F (acc. to Eurocode EN 1993-1-5):
 18
 M1
 yweffRd γ
 ftLF =
 effective length of web Leff = χFℓy
 (according to types of loading)
 reduction factor χF due to local buckling(governed by critical stress)
 effective loaded length ℓy(governed by ss)
 Three types of loading are distinguished:a) through the flange,b) through the flange and transferred directly to the other one,c) through the flange adjacent to an unstiffened end.
 V2,s
 Type (a) Type (c)Type (b)
 V1,s V2,s hw
 a
 ss ssss c Vs
 Fs FsFs
 Local design resistance:
 For details see subject: Stability of plates or Eurocode 4: EN 1993-1-5.
 (acc. Dr. Lagerqvist, Lulea U.)
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 19
 Example of local web buckling:
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© Prof. Ing. Josef Macháček, DrSc.
 2C08 - 5 20
 Verification for local buckling:
 0,1
 M1
 yweff
 Ed
 Rd
 Ed2 ≤==
 γ
 η ftL
 FFF
 Interaction N + M + F:
 4,18,0 12 ≤+ ηη
 i.e.:
 4180
 M0
 effy
 NEdEd
 M0
 effy
 Ed
 M1
 yweff
 Ed ,WfeNM
 AfN,f
 tL
 F≤
 ⎟⎟⎟⎟
 ⎠
 ⎞
 ⎜⎜⎜⎜
 ⎝
 ⎛+
 ++
 γγγ
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