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 +f
 use
 un
 1+|u
 n | ⇒α
 ∫Ω
 |∇u
 n | 2
 (1+|u
 n |)2≤
 ∫Ω
 |un |
 1+|u
 n | |En |
 |∇u
 n |
 (1+|u
 n |) +
 ∫Ω
 |f|
 α2
 ∫Ω
 |∇u
 n | 2
 (1+|u
 n |)2≤
 12α
 ∫Ω
 |En | 2
 +
 ∫Ω
 |f|,
 ∫Ω
 |∇log
 (1+
 un )| 2
 ≤1α2
 ∫Ω
 |E| 2
 +2α
 ∫Ω
 |f|
 [∫Ω
 |log(1
 +|u
 n |)| 2∗]
 22∗
 ≤1
 S2α
 2
 ∫Ω
 |E| 2
 +2
 S2α
 ∫Ω
 |f|
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 Appro
 x.
 pro
 ble
 ms
 [∫Ω
 |log(1
 +|u
 n |)| 2∗]
 22∗
 ≤1
 S2α
 2
 ∫Ω
 |E| 2
 +2
 S2α
 ∫Ω
 |f|
 ⇒
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 (|E|∈
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 Appro
 x.
 pro
 ble
 ms
 [∫Ω
 |log(1
 +|u
 n |)| 2∗]
 22∗
 ≤1
 S2α
 2
 ∫Ω
 |E| 2
 +2
 S2α
 ∫Ω
 |f|
 ⇒
 measu
 rex∈
 Ω:|u
 n (x)|
 >k|≤
 C( ‖
 E‖
 2 ,‖f‖
 1 )
 [log(1
 +k)] 2
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 Appro
 x.
 pro
 ble
 ms
 Tools
 -
 6
 −k
 k
 Gk(s)
 -
 6
 −k
 k
 k
 −k
 Tk(s)
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 Appro
 x.
 pro
 ble
 ms
 (Note
 :we
 need
 (only
 !)|E|∈
 L2(Ω
 ))
 un∈
 W1,2
 0(Ω
 ):−div
 (M(x
 )∇u
 n )=−
 div
 (u
 n
 1+
 1n |un |
 E
 1+
 1n |E|
 )
 +f
 Use
 Tk (u
 n ):α
 ∫Ω
 |∇T
 k (un )| 2
 ≤
 ∫Ω
 |un ||E
 n ||∇T
 k (un )|+
 ∫Ω
 fTk (u
 n )
 ≤k
 ∫Ω
 |E||∇
 Tk (u
 n )|+k
 ∫Ω
 |f|
 ≤
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 Appro
 x.
 pro
 ble
 ms
 (Note
 :we
 need
 (only
 !)|E|∈
 L2(Ω
 ))
 un∈
 W1,2
 0(Ω
 ):−div
 (M(x
 )∇u
 n )=−
 div
 (u
 n
 1+
 1n |un |
 E
 1+
 1n |E|
 )
 +f
 Use
 Tk (u
 n ):α
 ∫Ω
 |∇T
 k (un )| 2
 ≤
 ∫Ω
 |un ||E
 n ||∇T
 k (un )|+
 ∫Ω
 fTk (u
 n )
 ≤k
 ∫Ω
 |E||∇
 Tk (u
 n )|+k
 ∫Ω
 |f|
 ≤α2
 ∫Ω
 |∇T
 k (un )| 2
 +2α
 k2
 ∫Ω
 |E| 2
 +k
 ∫Ω
 |f|⇒

Page 49
                        
                        

Dirich
 let
 pro
 ble
 ms
 with
 singular
 conve
 ction
 term
 sand
 applica
 tions
 Weak
 solu
 tions
 (|E|∈
 LN
 (Ω))
 Appro
 x.
 pro
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 ms
 (Note
 :we
 need
 (only
 !)|E|∈
 L2(Ω
 ))
 un∈
 W1,2
 0(Ω
 ):−div
 (M(x
 )∇u
 n )=−
 div
 (u
 n
 1+
 1n |un |
 E
 1+
 1n |E|
 )
 +f
 Use
 Tk (u
 n ):α
 ∫Ω
 |∇T
 k (un )| 2
 ≤
 ∫Ω
 |un ||E
 n ||∇T
 k (un )|+
 ∫Ω
 fTk (u
 n )
 ≤k
 ∫Ω
 |E||∇
 Tk (u
 n )|+k
 ∫Ω
 |f|
 ≤α2
 ∫Ω
 |∇T
 k (un )| 2
 +2α
 k2
 ∫Ω
 |E| 2
 +k
 ∫Ω
 |f|⇒
 α2
 ∫Ω
 |∇T
 k (un )| 2
 ≤2α
 k2
 ∫Ω
 |E| 2
 +k
 ∫Ω
 |f|
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 2startin
 gblo
 cks
 −div
 (M(x
 )∇u
 n )=−
 div
 (u
 n
 1+
 1n |un |
 E
 1+
 1n |E|
 )
 +f
 measu
 rex∈
 Ω:|u
 n (x)|
 >k|≤
 C(‖
 E‖
 2 ,‖f‖
 1 )
 [log(1
 +k)] 2
 α2
 ∫Ω
 |∇T
 k (un )| 2
 ≤2α
 k2
 ∫Ω
 |E| 2
 +k
 ∫Ω
 |f|
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 Basic
 estim
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 eW
 1,2
 0(Ω
 )co
 ercivity
 −div
 (M(x
 )∇u
 n )=−
 div
 (u
 n
 1+
 1n |un |
 E
 1+
 1n |E|
 )
 +f
 use
 Gk (u
 n )⇒
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 1,2
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 )co
 ercivity
 −div
 (M(x
 )∇u
 n )=−
 div
 (u
 n
 1+
 1n |un |
 E
 1+
 1n |E|
 )
 +f
 use
 Gk (u
 n )⇒
 α
 ∫Ω
 |∇G
 k (un )| 2
 ≤1S
 (
 ∫
 k≤|u
 n |
 |E| N
 )1N
 ∫Ω
 |∇G
 k (un )| 2
 +ǫ
 ∫Ω
 |∇G
 k (un )| 2
 +k
 2
 4ǫ
 ∫
 k≤|u
 n |
 |E| 2+
 ǫ
 ∫Ω
 |∇G
 k (un )| 2
 +S
 2
 4ǫ
 [∫
 k≤|u
 n |
 |f|
 2N
 N+
 2
 ]N
 +2
 N
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 Existe
 nce
 inW
 1,2
 0(Ω
 )
 [B-2
 008]”dedica
 toalm
 ioM
 aestro
 ”
 Tu
 seilo
 mio
 maestro
 eil
 mio
 auto
 re;
 tuse
 iso
 loco
 luida
 cuiio
 tolsi
 lobello
 stilo...
 (Dante
 :In
 fern
 oI)
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 LN
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 Existe
 nce
 inW
 1,2
 0(Ω
 )
 -**$
 22(,-
 
 
 % #"!
 #!"
 &#
 "
 #
 $$"
 #"
 31$(*-
 +(-
 + $120
 -$(*+(-
 32-0$
 231$(1-*-
 "-*3(# "3((-
 2-*1(
 *-!$**-
 12(*-
 #!
 "#!
 ## "
 $$
 $
 ")
 %$
 $$"$$
 &"#
 ")#$#$
 "$#"
 #$%
 "#"
 $ "
 #"$)
 )"#
 #"
 "&
 #"#$
 #) )$##
 #
 $'#'"$$
 $#$)
 $$#
 )'%
 &%#
 &
 $$$
 $#
 "
 #$")
 '#$)%$
 %$
 $!%$
 #'$
 #
 $
 %%#
 $#
 "##$
 ##
 #
 !#
 #$"#
 '
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 (|E|∈
 LN
 (Ω))
 Existe
 nce
 inW
 1,2
 0(Ω
 )
 [B-2
 008]:|E|∈
 LN(Ω
 ),f∈
 Lm(Ω
 ),m≥
 2N
 /(N
 +2)
 −div
 (M(x
 )∇u
 n )=−
 div
 (u
 n
 1+
 1n |un |
 E
 1+
 1n |E|
 )
 +f
 un
 =T
 k (un )
 +G
 k (un )
 Then
 ∫Ω
 |∇G
 k (un )| 2
 ≤C
 k∗
 and
 ∫Ω
 |∇T
 k (un )| 2
 ≤2α
 k2
 ∫Ω
 |E| 2
 +k
 ∫Ω
 |f|
 ⇒
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 Existe
 nce
 inW
 1,2
 0(Ω
 )
 [B-2
 008]:|E|∈
 LN(Ω
 ),f∈
 Lm(Ω
 ),m≥
 2N
 /(N
 +2)
 −div
 (M(x
 )∇u
 n )=−
 div
 (u
 n
 1+
 1n |un |
 E
 1+
 1n |E|
 )
 +f
 un
 =T
 k (un )
 +G
 k (un )
 Then
 ∫Ω
 |∇G
 k (un )| 2
 ≤C
 k∗
 and
 ∫Ω
 |∇T
 k (un )| 2
 ≤2α
 k2
 ∫Ω
 |E| 2
 +k
 ∫Ω
 |f|
 ⇒u
 n bounded
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 Existe
 nce
 inW
 1,2
 0(Ω
 )
 [B-2
 008]:|E|∈
 LN(Ω
 ),f∈
 Lm(Ω
 ),m≥
 2N
 /(N
 +2)
 −div
 (M(x
 )∇u
 n )=−
 div
 (u
 n
 1+
 1n |un |
 E
 1+
 1n |E|
 )
 +f
 un
 =T
 k (un )
 +G
 k (un )
 Then
 ∫Ω
 |∇G
 k (un )| 2
 ≤C
 k∗
 and
 ∫Ω
 |∇T
 k (un )| 2
 ≤2α
 k2
 ∫Ω
 |E| 2
 +k
 ∫Ω
 |f|
 ⇒u
 n bounded⇒∃
 u∈
 W1,2
 0(Ω
 )weak
 solu
 tion
 of
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 (|E|∈
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 (Ω))
 Existe
 nce
 inW
 1,2
 0(Ω
 )
 [B-2
 008]:|E|∈
 LN(Ω
 ),f∈
 Lm(Ω
 ),m≥
 2N
 /(N
 +2)
 −div
 (M(x
 )∇u
 n )=−
 div
 (u
 n
 1+
 1n |un |
 E
 1+
 1n |E|
 )
 +f
 un
 =T
 k (un )
 +G
 k (un )
 Then
 ∫Ω
 |∇G
 k (un )| 2
 ≤C
 k∗
 and
 ∫Ω
 |∇T
 k (un )| 2
 ≤2α
 k2
 ∫Ω
 |E| 2
 +k
 ∫Ω
 |f|
 ⇒u
 n bounded⇒∃
 u∈
 W1,2
 0(Ω
 )weak
 solu
 tion
 of
 −
 div
 (M(x
 )∇u))
 =−
 div
 (uE
 (x))
 +f(x
 ):
 Ω,
 u=
 0:
 ∂Ω
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 (|E|∈
 LN
 (Ω))
 [B-2
 008]:|E|∈
 LN(Ω
 );f∈
 Lm(Ω
 ),1≤
 m≤
 N2
 −
 div
 (M(x
 )∇u))
 =−
 div
 (uE
 (x))
 +f(x
 ):
 Ω,
 u=
 0:
 ∂Ω
 ∃u
 sam
 epro
 pertie
 sof
 wso
 lutio
 nof
 −
 div
 (M(x
 )∇w
 ))=
 f(x
 ):
 Ω,
 w=
 0:
 ∂Ω
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 LN
 (Ω))
 (Nonlin
 ear
 Cald
 ero
 n-Z
 ygm
 und)
 −
 div
 (a(x,u
 ,∇u))
 =f(x
 )∈
 Lm(Ω
 ):
 Ω,
 u=
 0:
 ∂Ω
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 (Ω)
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 E=
 0
 −
 div
 (M(x
 )∇u))
 =−
 div
 (uE
 (x))
 +f(x
 )∈
 Lm(Ω
 ):
 Ω,
 u=
 0:
 ∂Ω
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 |E|∈
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 (Ω)
 like
 E=
 0
 −
 div
 (M(x
 )∇u))
 =−
 div
 (uE
 (x))
 +f(x
 )∈
 Lm(Ω
 ):
 Ω,
 u=
 0:
 ∂Ω
 ∃u
 weak,unbounded
 2N
 N+
 2≤
 m<
 N2⇒
 u∈
 W1,2
 0(Ω
 )∩
 Lm
 ∗∗(Ω
 );
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 |E|∈
 LN
 (Ω)
 like
 E=
 0
 −
 div
 (M(x
 )∇u))
 =−
 div
 (uE
 (x))
 +f(x
 )∈
 Lm(Ω
 ):
 Ω,
 u=
 0:
 ∂Ω
 ∃u
 weak,unbounded
 2N
 N+
 2≤
 m<
 N2⇒
 u∈
 W1,2
 0(Ω
 )∩
 Lm
 ∗∗(Ω
 );
 ∃distrib
 utio
 nal
 1<
 m<
 2N
 N+
 2⇒
 u∈
 W1,m
 ∗
 0(Ω
 );
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 (Ω)
 like
 E=
 0
 −
 div
 (M(x
 )∇u))
 =−
 div
 (uE
 (x))
 +f(x
 )∈
 Lm(Ω
 ):
 Ω,
 u=
 0:
 ∂Ω
 ∃u
 weak,unbounded
 2N
 N+
 2≤
 m<
 N2⇒
 u∈
 W1,2
 0(Ω
 )∩
 Lm
 ∗∗(Ω
 );
 ∃distrib
 utio
 nal
 1<
 m<
 2N
 N+
 2⇒
 u∈
 W1,m
 ∗
 0(Ω
 );
 ∃distrib
 utio
 nal|E|∈
 LN(Ω
 ),m
 =1⇒
 u∈
 W1,q
 0(Ω
 ),q
 <N
 N−
 1 .
 u∈
 W1,2
 0(Ω
 )∩
 L∞
 (Ω),∀φ∈D
 :∫Ω
 M(x
 )∇u∇
 φ=
 ∫Ω
 uE∇
 φ+
 ∫Ω
 fφ.
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 E=
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 =−
 div
 (uE
 (x))
 +f(x
 ):
 Ω,
 u=
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 ∂Ω
 ∃u∈
 W1,2
 0(Ω
 )bounded
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 (Ω))
 |E|∈
 LN
 (Ω)
 like
 E=
 0
 −
 div
 (M(x
 )∇u))
 =−
 div
 (uE
 (x))
 +f(x
 ):
 Ω,
 u=
 0:
 ∂Ω
 ∃u∈
 W1,2
 0(Ω
 )bounded
 |E|∈
 Lr(Ω
 ),r
 >N
 ,f∈
 Lm(Ω
 ),m
 >N2⇒
 u∈
 W1,2
 0(Ω
 )∩
 L∞
 (Ω),∀v∈
 W1,2
 0(Ω
 ):
 ∫Ω
 M(x
 )∇u∇
 v=
 ∫Ω
 uE∇
 v+
 ∫Ω
 fv
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 Open
 pro
 ble
 m
 |E|∈
 LN(Ω
 ),f∈
 Mm(Ω
 ),m≥
 1
 −
 div
 (M(x
 )∇u))
 =−
 div
 (uE
 (x))
 +f(x
 )∈
 Mm(Ω
 ):
 Ω,
 u=
 0:
 ∂Ω
 ?u
 sam
 epro
 pertie
 sofw
 ?
 1[B-2
 008,ded
 icatedto
 Juan
 Luis]
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 m
 |E|∈
 LN(Ω
 ),f∈
 Mm(Ω
 ),m≥
 1
 −
 div
 (M(x
 )∇u))
 =−
 div
 (uE
 (x))
 +f(x
 )∈
 Mm(Ω
 ):
 Ω,
 u=
 0:
 ∂Ω
 ?u
 sam
 epro
 pertie
 sofw
 ?
 −
 div
 (M(x
 )∇w
 ))=
 f(x
 )∈
 Mm(Ω
 ):
 Ω,
 w=
 0:
 ∂Ω
 1
 1[B-2
 008,ded
 icatedto
 Juan
 Luis]
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 0∈
 Ω,|E
 |≤
 A|x|
 Ex.
 1:|E|=
 A|x| ;
 f∈
 Lm(Ω
 ),∀
 m<
 N2.
 −∆
 u=
 +Adiv
 (
 ux|x| 2
 )
 +A
 N−
 2|x| 2
 :B
 (0,1),
 u=
 0:
 ∂B
 (0,1)
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 A|x|
 Ex.
 1:|E|=
 A|x| ;
 f∈
 Lm(Ω
 ),∀
 m<
 N2.
 −∆
 u=
 +Adiv
 (
 ux|x| 2
 )
 +A
 N−
 2|x| 2
 :B
 (0,1),
 u=
 0:
 ∂B
 (0,1)
 uA(x
 )=
 1|x| A−
 1
 weak
 solu
 tion
 ifA
 <1
 +N
 /2
 distrib
 utio
 nalso
 lutio
 nif
 1+
 N/2≤
 A<
 N−
 2.
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 Ex.
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 =rA−
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 sol.
 of
 −∆
 u=
 +Adiv
 (
 ux|x| 2
 )
 +(2−
 A)N
 :B
 (0,1),
 u=
 0:
 ∂B
 (0,1)
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 Ex.
 2uA
 =rA−
 r2
 sol.
 of
 −∆
 u=
 +Adiv
 (
 ux|x| 2
 )
 +(2−
 A)N
 :B
 (0,1),
 u=
 0:
 ∂B
 (0,1)
 A<
 0,u
 Aunbounded,
 but
 f(x
 )=
 (2−
 A)N
 bounded!
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 0∈
 ΩH
 (∫Ω
 |v| 2
 |x| 2
 )12
 ≤
 (∫Ω
 |∇v| 2
 )12,
 ∀v∈
 W1,2
 0(Ω
 )2
 2H
 =H
 ardy-S
 obolev-B
 rezis-Vazq
 uez-P
 eralcon
 stant
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 Ω,|E
 |≤
 A|x|
 0∈
 Ω,
 |E|≤
 x|x| 2
 −
 div
 (M(x
 )∇u))
 =−
 Adiv
 (uE
 (x))
 +f(x
 ):
 Ω,
 u=
 0:
 ∂Ω
 f∈
 Lm(Ω
 )
 2N
 N+
 2≤
 m<
 N2,|A|<
 2∗αH
 m∗∗⇒
 u∈
 W1,2
 0(Ω
 )∩
 Lm
 ∗∗(Ω
 );
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 Ω,
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 x|x| 2
 −
 div
 (M(x
 )∇u))
 =−
 Adiv
 (uE
 (x))
 +f(x
 ):
 Ω,
 u=
 0:
 ∂Ω
 f∈
 Lm(Ω
 )
 2N
 N+
 2≤
 m<
 N2,|A|<
 2∗αH
 m∗∗⇒
 u∈
 W1,2
 0(Ω
 )∩
 Lm
 ∗∗(Ω
 );
 1<
 m<
 2N
 N+
 2 ,|A|<
 2∗αH
 m∗∗⇒
 u∈
 W1,m
 ∗
 0(Ω
 );
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 |≤
 A|x|
 0∈
 Ω,
 |E|≤
 x|x| 2
 −
 div
 (M(x
 )∇u))
 =−
 Adiv
 (uE
 (x))
 +f(x
 ):
 Ω,
 u=
 0:
 ∂Ω
 f∈
 Lm(Ω
 )
 2N
 N+
 2≤
 m<
 N2,|A|<
 2∗αH
 m∗∗⇒
 u∈
 W1,2
 0(Ω
 )∩
 Lm
 ∗∗(Ω
 );
 1<
 m<
 2N
 N+
 2 ,|A|<
 2∗αH
 m∗∗⇒
 u∈
 W1,m
 ∗
 0(Ω
 );
 f∈
 L1(Ω
 ),|A|<
 2αH⇒
 u∈
 W1,q
 0(Ω
 ).

Page 77
                        
                        

Dirich
 let
 pro
 ble
 ms
 with
 singular
 conve
 ction
 term
 sand
 applica
 tions
 Bord
 erlin
 e:
 0∈
 Ω,|E
 |≤
 A|x|
 0∈
 Ω,
 |E|≤
 x|x| 2
 −
 div
 (M(x
 )∇u))
 =−
 Adiv
 (uE
 (x))
 +f(x
 ):
 Ω,
 u=
 0:
 ∂Ω
 f∈
 Lm(Ω
 )
 2N
 N+
 2≤
 m<
 N2,|A|<
 2∗αH
 m∗∗⇒
 u∈
 W1,2
 0(Ω
 )∩
 Lm
 ∗∗(Ω
 );
 1<
 m<
 2N
 N+
 2 ,|A|<
 2∗αH
 m∗∗⇒
 u∈
 W1,m
 ∗
 0(Ω
 );
 f∈
 L1(Ω
 ),|A|<
 2αH⇒
 u∈
 W1,q
 0(Ω
 ).
 Note
 that
 limm→
 1
 2∗αH
 m∗∗
 =2αH
 ,
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 e:
 0∈
 Ω,|E
 |≤
 A|x|
 0∈
 Ω,
 |E|≤
 x|x| 2
 −
 div
 (M(x
 )∇u))
 =−
 Adiv
 (uE
 (x))
 +f(x
 ):
 Ω,
 u=
 0:
 ∂Ω
 f∈
 Lm(Ω
 )
 2N
 N+
 2≤
 m<
 N2,|A|<
 2∗αH
 m∗∗⇒
 u∈
 W1,2
 0(Ω
 )∩
 Lm
 ∗∗(Ω
 );
 1<
 m<
 2N
 N+
 2 ,|A|<
 2∗αH
 m∗∗⇒
 u∈
 W1,m
 ∗
 0(Ω
 );
 f∈
 L1(Ω
 ),|A|<
 2αH⇒
 u∈
 W1,q
 0(Ω
 ).
 Note
 that
 limm→
 1
 2∗αH
 m∗∗
 =2αH
 ,lim
 m→
 N2
 2∗αH
 m∗∗
 =0.
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 |E|∈
 L2(Ω
 ):existe
 nce
 ofentro
 py
 solu
 tions,
 B-2
 010
 ∃u
 :
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 Entro
 py
 solu
 tions
 |E|∈
 L2(Ω
 ):existe
 nce
 ofentro
 py
 solu
 tions,
 B-2
 010
 ∃u
 :
 Tj (u
 )∈
 W1,2
 0(Ω
 ),∀j>
 0,
 log(1
 +|u|)∈
 W1,2
 0(Ω
 ),∫Ω
 M(x
 )∇u∇
 Tk [u−
 ϕ]≤
 ∫Ω
 u(x
 )E(x
 )∇T
 k [u−
 ϕ]+
 ∫Ω
 fT
 k [u−
 ϕ]
 ∀ϕ∈
 W1,2
 0(Ω
 )∩
 L∞
 (Ω)
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 Pb.
 with
 lower
 ord
 er
 term
 s
 λ>
 0−
 div
 (M(x
 )∇u))
 +λu
 =−
 div
 (uE
 (x))
 +f(x
 ):
 Ω,
 u=
 0:
 ∂Ω
 .
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 Pb.
 with
 lower
 ord
 er
 term
 s
 λ>
 0−
 div
 (M(x
 )∇u))
 +λu
 =−
 div
 (uE
 (x))
 +f(x
 ):
 Ω,
 u=
 0:
 ∂Ω
 .
 λ
 ∫Ω
 |u|≤
 ∫Ω
 |f|.
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 Pb.
 with
 lower
 ord
 er
 term
 s
 λ>
 0−
 div
 (M(x
 )∇u))
 +λu
 =−
 div
 (uE
 (x))
 +f(x
 ):
 Ω,
 u=
 0:
 ∂Ω
 .
 λ
 ∫Ω
 |u|≤
 ∫Ω
 |f|.
 IfN≥
 5,in
 B(0,1),
 u(x
 )=|x| −
 2−
 1is
 adistrib
 utio
 nal,
 unbounded
 solu
 tion
 ofth
 eboundary
 valu
 epro
 ble
 m
 −∆
 u+
 (N−
 2)u=−
 div
 (
 u
 [
 −2
 x
 |x| 2−
 3x
 ])
 +2(N
 +1)
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 with
 lower
 ord
 er
 term
 s
 Dualpro
 ble
 m
 Lin
 ear
 dualpro
 ble
 m
 λ>
 0,E∈
 L2(Ω
 ):
 −
 div
 (M(x
 )∇u))
 +λu
 =−
 div
 (uE
 (x))
 +f(x
 ):
 Ω,
 u=
 0:
 ∂Ω
 .
 ∗
 −
 div
 (M(x
 )∇w
 ))+
 λw
 =E
 (x)·∇
 w+
 g(x
 ):
 Ω,
 w=
 0:
 ∂Ω
 .
 ∣∣∣∣
 ∫Ω
 fw
 ∣∣∣∣=
 ∣∣∣∣
 ∫Ω
 gu
 ∣∣∣∣≤‖g‖∞
 ∫Ω
 |u|≤‖g‖∞
 1λ
 ∫Ω
 |f|
 3.
 g∈
 L∞
 (Ω)⇒
 ∃w∈
 W1,2
 0(Ω
 )∩
 L∞
 (Ω).
 3dep
 ends
 on
 λ;in
 dep
 enden
 tof
 α.

Page 85
                        
                        

Dirich
 let
 pro
 ble
 ms
 with
 singular
 conve
 ction
 term
 sand
 applica
 tions
 Pb.
 with
 lower
 ord
 er
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 s
 Dualpro
 ble
 m
 Nonlin
 ear
 dualpro
 ble
 m
 −
 div
 (a(x,∇
 w))
 +λw
 =E
 (x)·∇
 w+
 g(x
 ):
 Ω,
 w=
 0:
 ∂Ω
 .
 pap
 erby
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 with
 lower
 ord
 er
 term
 s
 Dualpro
 ble
 m
 Nonlin
 ear
 dualpro
 ble
 m
 −
 div
 (a(x,∇
 w))
 +λw
 =E
 (x)·∇
 w+
 g(x
 ):
 Ω,
 w=
 0:
 ∂Ω
 .
 pap
 erby
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 Pb.
 with
 lower
 ord
 er
 term
 s
 Dualpro
 ble
 m
 Nonlin
 ear
 dualpro
 ble
 m
 −
 div
 (a(x,∇
 w))
 +λw
 =E
 (x)·∇
 w+
 g(x
 ):
 Ω,
 w=
 0:
 ∂Ω
 .
 paper
 by
 Tom
 maso
 Leonori
 and
 Fra
 nce
 scoPetitta
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 with
 lower
 ord
 er
 term
 s
 Dualpro
 ble
 m
 Ex.
 3
 −∆
 w=
 (N−
 2)x·∇
 w
 |x| 2
 +0
 inB
 1 (0)
 solution
 s
 w0
 =0,
 wL
 =log|x|.
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 ear
 pro
 ble
 m
 |E|∈
 L2(Ω
 ),f∈
 L1(Ω
 ),γ
 >1
 −
 div
 ([a(x)+|u| γ]∇
 u))
 =−
 div
 (uE
 (x))
 +f(x
 ):
 Ω,
 u=
 0:
 ∂Ω
 .
 Use
 T1 [u−
 Tk (u
 )]
 kγ
 ∫
 k≤|u|<
 k+
 1
 |∇u| 2≤
 ∫Ω
 |f|
 ⇒
 ∫Ω
 |∇u| 2≤
 Cα [ ∫Ω
 |E| 2+
 ∫Ω
 |f|]+
 ∫Ω
 |f|∞
 ∑k=
 1
 k−
 γ⇒∃
 u∈
 W1,2
 0(Ω
 ).
 (see
 also
 an
 old
 paper
 by
 Ale
 ssio)
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 G-co
 nverg
 ence
 join
 tpaper
 dedica
 ted
 to
 Fra
 nco
 isfo
 rhis
 60th
 birth
 day

Page 92
                        
                        

Dirich
 let
 pro
 ble
 ms
 with
 singular
 conve
 ction
 term
 sand
 applica
 tions
 Para
 bolic
 pro
 ble
 m

Page 93
                        
                        

Dirich
 let
 pro
 ble
 ms
 with
 singular
 conve
 ction
 term
 sand
 applica
 tions
 Para
 bolic
 pro
 ble
 m
 Join
 tpaper
 with
 and

Page 94
                        
                        

Dirich
 let
 pro
 ble
 ms
 with
 singular
 conve
 ction
 term
 sand
 applica
 tions
 Syste
 m1
 Join
 tpaper

Page 95
                        
                        

Dirich
 let
 pro
 ble
 ms
 with
 singular
 conve
 ction
 term
 sand
 applica
 tions
 Syste
 m1
 Join
 tpaper
 −div
 (M(x
 )∇u)
 =−
 adiv
 (u|z| s)
 +f(x
 )∈
 Lp(Ω
 ):
 Ω,
 −div
 (N(x
 )∇z)
 =−
 bdiv
 (z|u| r)
 +g(x
 )∈
 Lq(Ω
 ):
 Ω,
 u=
 z=
 0:
 ∂Ω
 .
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 “N
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 ear
 signalkin
 etics
 model(th
 esa
 tura
 ting
 signalpro
 ductio
 nm
 odel)”
 f≥
 0,A
 sym.
 0<
 λ
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 Syste
 m2
 (entro
 py,
 weak)
 solu
 tions
 “N
 onlin
 ear
 signalkin
 etics
 model(th
 esa
 tura
 ting
 signalpro
 ductio
 nm
 odel)”
 f≥
 0,A
 sym.
 0<
 λ
 −div
 (M(x
 )∇u)+
 u=−
 div
 (uA(x
 )∇z)+
 f(x
 ):
 Ω,
 −div
 (A(x
 )∇z)
 =u
 1+
 λu
 :Ω
 ,
 u=
 z=
 0:
 ∂Ω
 .
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 Syste
 m3
 (entro
 py,
 weak)
 solu
 tions
 −div
 (M(x
 )∇u)+
 u=−
 div
 (
 uA(x
 )∇z
 1
 (1+
 z)γ
 )
 +f(x
 ):Ω
 ,
 −div
 (A(x
 )∇z)
 =u
 θ:Ω
 ,u
 =z
 =0
 :∂Ω
 .
 Let
 0<
 θ<
 1an
 dγ≥
 0su
 chth
 at
 (i)if
 0<
 θ≤
 N+
 22N
 ,γ≥
 0;
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 Syste
 m3
 (entro
 py,
 weak)
 solu
 tions
 −div
 (M(x
 )∇u)+
 u=−
 div
 (
 uA(x
 )∇z
 1
 (1+
 z)γ
 )
 +f(x
 ):Ω
 ,
 −div
 (A(x
 )∇z)
 =u
 θ:Ω
 ,u
 =z
 =0
 :∂Ω
 .
 Let
 0<
 θ<
 1an
 dγ≥
 0su
 chth
 at
 (i)if
 0<
 θ≤
 N+
 22N
 ,γ≥
 0;
 (ii)if
 N+
 22N
 <θ
 <1,
 γ>
 2θN−
 (N+
 2)
 4(θ
 N−
 2)
 .
 Then
 there
 existu≥
 0en
 tropysolu
 tionan
 dz≥
 0weak
 solution
 ofth
 esystem
 .
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 o!
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