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 AndreaMignonePhysicsDepartment,UniversityofTorino
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EllipticPDE:
 •  SeveralellipticPDEscanbewritten(in2D)as
 •  Hereφ(x,y)isafunctionofspaceonlyandS(x,y)isasourceterm.
 •  Althoughnotthemostgeneralform,severalequationscanbewritteninthisway:–  Poissonequationforelectrostaticpotential–  TimeindependentSchrodingereq.–  Heatdiffusionwithlocalheatgeneration/loss
 •  Ellipticequationsareboundaryvalueproblem.
 •  Theproblemiswellposed(i.e.thePDEhasuniquesolution)ifappropriateboundaryconditions(b.c.)arespecified(DirichletorNeumann).
 •  Inatwodimensionalspacethefunctionφ(x,y)(oritsnormalderivative)canbespecifiedontheedgesofthesquareand(possibly)onsomeadditionalcurvewithin.
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EllipticPDE:Discretization•  Wedefinea2DlatticeofNxpointsinthex-directionandNypointsinthey-direction:
 •  Uniformandequalspacinginbothdirectionisassumed:h=Δx=Δy.•  Redpointsshouldbespecifiedasboundaryconditionswhileblackpointsarethe
 solutionvalues(unknowns).
 0 1 2 ... i ... Nx-2 Nx-1
 Nx
 Ny
 0 1 2 ... j ..Ny-2 Ny-1
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EllipticPDE:Discretization•  Tobeginwith,wediscretizetheLaplacianoperatorusing2nd-orderapproximationsto
 thesecondderivatives:
 •  Interiorpoints:–  i=1…Nx-2, j=1…Ny-2.Thisiswherethesolutionmustbefound.
 •  Boundarypoints:–  Bottom:i=0...Nx-1j=0–  Top:i=0...Nx-1j=Ny-1–  Left:i=0j=0...Ny-1–  Right:i=Nx-1j=0...Ny-1
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DirectMethodsofSolution•  ThesolutionofadiscreteellipticPDEinvolves(Nx-2)x(Ny-2)equationsatjustas
 manygridpoints.
 •  ForlinearPDEsthediscretizationisnaturallyframedasamatrix-inversionproblem:
 •  HereAisalargesparsematrixof(Nx-2)2x(Ny-2)2points.
 •  AdirectmethodsattempttosolvethesysteminafixednumberofoperationsbyinvertingA(e.g.Gaussianelimination).
 •  Wewillnotusedirectmethodforthepresentpurpose.
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IterativeMethodsofSolution•  Aniterativemethodisoneinwhichafirstapproximationisusedtocomputeasecond
 approximationwhichinturnisusedtocalculateathirdoneandsoon:
 •  Theiterativeprocedureissaidtobeconvergentwhenthedifferencesbetweentheexactsolutionandthesuccessiveapproximationstendtozeroasthenumberofiterationsincrease.
 •  Thesemethodsarealsocalled“relaxationmethods”sincetheiterativeprocessgradually“relax”thesolutiontotheexactsolution.
 •  Fromtheanalyticalpointofview,relaxationmethodcanbeunderstoodbydecomposingthematrixAasadiagonalcomponentD,strictlyloweranduppertriangularcomponentsLandU:
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IterativeMethodsofSolution•  Herewewillfocusonthreebasictechniques,namely:
 1.  Jacobi’siterativemethod:wesolvefordiagonalelementbykeepingoff-diagonaltermsontherighthandsideatthepreviousstage:
 2.  Gauss-Seideliterativemethod:wesolveforthelowertriangularpartofthesystemusingbacksubstitution:
 3.  SuccessiveOverRelaxationiterativemethod:avariantoftheGauss-Seidelalgorithmbasedonaconstantparameterω>1,calledtherelaxationfactor:
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1.Jacobi’sIterativeMethod•  Supposewehavefoundasolutionofthediscretizedequation,thenateachgrid
 point:
 •  Thisisonlyformalsincether.h.s.isnotknown.Tofindthesolution,theequationsmustbesolvedsimultaneouslyàsolvingPoisson'sequationisessentiallyaprobleminlinearalgebra.
 •  Jacobi'siterativemethodstartswithaguessφ(0)forthesolutionattheinteriorlatticepoints.Pluggingthisguessintother.h.s.yieldsφ(1)atalllatticepoints.Iterating:
 •  Formally,usingmatrixnotations,thisisthesameas
 whereD-1istriviallyinverted.
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1.Jacobi’sIterativeMethod
 •  InJacobi’smethod,thecomputationofφ(k+1)requiresneighborelementsatthe
 previousstage.
 •  Wecannotoverwriteφ(k)withφ(k+1)sincethatvaluewillbeneededbytherestofthecomputation.Theminimumamountofstorageistwovectorsofsizen.
 •  AnecessaryandsufficientconditionforaniterativemethodtoconvergeisthattheiterationmatrixR-inJacobi’smethodR = D-1(L+U) –hasaspectralradiuslessthanunity.
 •  TheeigenvaluesoftheiterationmatrixRarefoundtobe
 •  Usuallyconvergenceisslowforthelowestandhighestfrequencies.
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2.Gauss-SeidelIterativeMethod•  ThisisamodificationoftheJacobimethod,whichcanbeshowntoconverge
 somewhatfaster:theideaistousethecomponentsofφ(k+1)assoonastheyarecomputed.
 •  Infact,ifwesweepinorderofincreasingiandj.Thentheleftandlowerneighborsofeachlatticepointarealreadyupdated.
 •  Whynotusethese(presumably)moreaccuratevaluesinJacobi'sformula?ThisresultsinoneformoftheGauss-Seidelalgorithm:
 •  Formally,thisisequivalentto
 •  ThepreconditionermatrixD+Lbecomestriangularinsteadofdiagonal,butthisisstilleasytouse.
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2.Gauss-SeidelIterativeMethod•  Thecomputationofφ(k+1)usesonlytheelementsofφ(k+1)thathavealreadybeen
 computed,andtheelementsofφ(k)thathavenotyettobeadvancedtoiterationk+1.
 •  Thismeansthat,unliketheJacobimethod,onlyonestoragearrayisrequiredaselementscanbeoverwrittenastheyarecomputed(advantageousforverylargeproblems).
 •  However,unliketheJacobimethod,thecomputationsforeachelementcannotbedoneinparallelandthevaluesateachiterationaredependentontheorderoftheoriginalequations.
 •  Again,convergenceisensuredifthespectralradiusoftheiterationmatrixR = (D+L)-1Uislessthanone.
 •  Theeigenvaluesare
 •  ThismeansthattheGaussSeidelmethodistwiceasfastastheJacobi’smethod.
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3.SuccessiveOverRelaxation(SOR)•  BothJacobiandGauss-Seideldonotusethevalueofφi,jatthesamelatticepoint
 duringtheupdatestep.
 •  Theconvergenceoftheiterationcanbeimprovedconsiderablybyusingalinearcombinationofthenewandoldsolutionsasfollows:
 •  Inmatrixnotation,thisisthesameas
 Thepreconditionermatrixisstillintriangularform.
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3.SuccessiveOverRelaxation(SOR)•  Theover-relaxationparameterωcanbetunedtooptimizetheconvergence.Itcanbe
 shownthat
 –  SORconvergesonlyfor0<ω<2;–  ItisfasterthanGauss-Seidelonlyif1<ω<2;–  Itconvergesfastestforasquarelatticeifω≈2/(1+π/N),whereNisthenumber
 ofpointsinthexorydirections.
 •  ItcanbeshownthattheeigenvaluesoftheSORmatrixare
 whereλisaneigenvalueoftheJacobimatrix.•  Theminimumoccursat
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ConvergenceChecking•  Weneedtodecidewhenthesolutionhasconvergedsufficiently.
 •  Sincewepresumablydonotknowtheexactsolution,onecriterionistoaskthattheapproximatesolutiondoesnotchangesignificantlyfromoneiterationtothenext.
 •  Onepossibilityistocomputetheiterationerror
 wheresummationshouldbeextendedtointeriorpointsonly.
 •  Alternatively,convergencecanalsobecheckedbycomputingtheresidualdefinedas
 whereδ2φaretheundividedapproximationstothe2ndderivatives:
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ConvergenceRate•  Ifwedenotewithrthenumberofiterationsrequiredtoreducetheoverallerrorbya
 factor10-pforthe2DLaplacianequationis(seeNR,Sect.19.5):
 •  ThusSORconvergesin≈Niteration(providedanoptimalchoiceforωisused)whileJacobiandGauss-Seidelaremuchslower.
 •  ThismakesSORofmorepracticalinterestwhileleavingbothJacobiandGauss-Seidelonlyoftheoreticalinterest.

Page 16
                        
                        

Boundaryconditions•  Dirichiletb.c.specifythevalueofthesolutionitself,e.g.ataleftboundary:
 •  Neumannb.c.specifythevalueofthederivative,e.g.
 TointroducetheNeumannb.c.onemayusea1st-orderdiscretizationforthederivativetotofindφ0,j:
 WiththeSORschemethiswillproduce
 whichmaycauseconvergenceslowdownnearboundariessincethesolutionintheboundaryisobtainedatiterationkiterationratherthank+1.
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(Neumann)Boundaryconditions•  Amorestablemethodrequirestotoincorporatetheb.c.directlyintotheiteration
 scheme:
 •  Thisresultsinanimplicitupdatewhich,however,canbeeasilysolvedforφ0,jatthe
 (k+1)thiterationcycle:
 •  Similarexpressionsareobtainedatarightboundary.•  A2ndorderdiscretizationcanalsobeusedbyintroducing,e.g.,theone-sideddiscretization
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AlgorithmImplementation•  Here’sasketchonhowyourcodeshouldbecorrectlywritten:
 -  allocatememoryfor2Darraysφ0[NX][NY]andφ1[NX][NY]tostoresolutionvaluesatthecurrentandnextiteration;
 -  definegridarraysx[i]andy[j];
 -  initializesolutionarray(e.g.φ0[i][j]=0)intheinteriorpoints;-  Iteratesolutiononinteriorpointsuntilconvergence;Assignboundary
 conditionscarefully;
 -  Writesolutiontodisk;
 Nx
 Ny
 Note:interiorpointsareinblack,andloopingoverthemcanbedoneusingtheindices#defineIBEG1#defineIENDNX-2andsimilarlyforJBEG,JEND.Boundarypointsareinredandcorrespondsto-  φ[0][j],φ[NX-1][j]atleft,rightbound.;-  φ[*][0],φ[*][NY-1]atbottom,topbound.;
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PracticeSession#1•  elliptic.cpp:solvethePoissonequation
 ontheunitsquare0 ≤ x,y ≤ 1withS=const.andb.c.givenbytheexactsolutionà  SetNX = NY = 32andtryS = 0andthenS = 2usingJacobi,Gauss-Seideland
 SOR.Comparethenumberofiterationsnecessarytoachieveconvergence,usingtheresidualandatoleranceof10-7.Resultsaregivenbythefollowingtable
 tol=10-7
 Jacobi Gauss-Siedel SOR
 S=0 ≈3322 ≈1655 ≈105
 S=2 ≈3167 ≈1617 ≈122
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PracticeSession#2•  ComputethepotentialofaninfinitelylongchargedcylinderbysolvingthePoisson
 equation
 usea=0.1andρ0=1.•  Asaboundaryconditionusetheexactsolution:•  Solvetheequationonthesquaredomain-1≤x,y≤1, using1282nodes.
 tol=10-7,
 Jacobi Gauss-Siedel SOR
 ≈46224 ≈23113 ≈447
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PracticeSession#3•  Findthesteady-statetemperaturedistributionofarectangularplate0≤x≤2,0≤y≤1,
 insulatedatx=0,withtemperaturefixedto0andto2-xontheloweranduppersidesandconstantheatflux=3attherightside.
 •  Forconstantthermalconductivity,thisentailsthesolutionoftheLaplaceequation
 subjecttob.c.•  Use128x64gridnodesandverifythatthe3methodsconvergencewiththetableà
 tol=10-7,
 Jacobi Gauss-Siedel SOR
 ≈14110 ≈7654 ≈257
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