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IntroductionElliptic cohomology studies a special class of cohomology theories which are
 “associated” to elliptic curves, in the following sense:
 Definition 0.0.1. An elliptic cohomology theory is a triple pA,E, αq, where A is aneven periodic cohomology theory, E is an elliptic curve over the commutative ringR “ A0p˚q, and α is an isomorphism of Spf A0pCP8
 q with the formal completion pE
 of E (in the category of formal groups over R).
 In [5], we proposed that many aspects of the theory of elliptic cohomology can beelucidated by considering a refinement of Definition 0.0.1, where the elliptic curveE and the isomorphism α are required to be defined over the cohomology theory A,rather than over the commutative ring R. This is the first in a series of papers whoseultimate aim is to carry out the details of the program outlined in [5]. The moremodest goal of the present paper is to answer the following:
 Question 0.0.2. What does it mean to give an elliptic curve (or, more generally, anabelian variety) over a cohomology theory A? To what extent do such objects behavelike their counterparts in classical algebraic geometry?
 Let us now outline the contents of this paper. We begin in §1 by addressing thefirst half of Question 0.0.2. For this, we will assume that the cohomology theory A isrepresentable by an E8-ring (which, by abuse of notation, we will also denote by A).The language of spectral algebraic geometry (developed extensively in [8]) then allowsus to “do” algebraic geometry over A, much as the language of schemes allows oneto “do” algebraic geometry over an arbitrary commutative ring. Using this language,we introduce the notion of abelian variety over A (Definition 1.4.1) and the closelyrelated notion of strict abelian variety (Definition 1.5.1). Specializing to the case ofabelian varieties having relative dimension 1, we obtain a notion of elliptic curve (andstrict elliptic curve) over A.
 In the setting of classical algebraic geometry, elliptic curves themselves admit analgebro-geometric parametrization. More precisely, there exists a Deligne-Mumfordstack M1,1 called the moduli stack of elliptic curves such that, for any commutativering R, the groupoid of maps SpetRÑM1,1 can be identified with the groupoid ofelliptic curves over R. In §2, we show that the same phenomenon occurs in spectralalgebraic geometry: there exist spectral Deligne-Mumford stacks M and Ms whichclassify elliptic curves and strict elliptic curves (respectively) over arbitrary E8-rings
 3
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(Theorem 2.0.3). In contrast with the classical case, there is no obvious “hands-on”construction of these moduli stacks (via geometric invariant theory, for example);instead, we establish existence using a spectral version of Artin’s representabilitytheorem.
 Let κ be a field and let X be an abelian variety over κ. One can then associate toX another abelian variety pX, called the dual of X, with the following features:
 piq The dual pX can be identified with (or defined as) the identity component Pic˝pXqof the Picard variety PicpXq.
 piiq The construction X ÞÑ pX is involutive: that is, we can identify X with the dualof pX.
 piiiq The derived categories of coherent sheaves on X and pX are canonically equivalentto one another by means of the Fourier-Mukai transform of [9].
 Roughly half of this paper is devoted to generalizing this duality theory to abelianvarieties over an arbitrary (connective) E8-ring A. In classical algebraic geometry,one can take piq as the definition of the dual abelian variety pX, and piiq and piiiq astheorems that can be deduced from this definition. In the setting of spectral algebraicgeometry, assertion piq fails: we can no longer identify the dual pX of an abelianvariety X with a connected component of PicpXq. We therefore adopt a differentapproach, using a categorified form of Cartier duality (developed in §3) to constructthe 8-category QCohppXq of quasi-coherent sheaves on the dual pX, from which wecan recover pX using the formalism of Tannaka duality (as developed in [8]). Fromthis perspective, it takes some work to show that the dual pX actually exists (this isthe subject of §5), but the counterparts of assertions piiq and piiiq are more or lessimmediate from the definition (as we will see in §4).
 Our final goal in this paper is to generalize the theory of p-divisible groups to thesetting of spectral algebraic geometry. In §6, we define the notion of p-divisible groupover an arbitrary E8-ring A (Definition 6.5.1). We show that every strict abelianvariety X over A determines a p-divisible group Xrp8s (Proposition 6.7.1), and thatthis construction is compatible with duality (Proposition 6.8.2). In §7, we use theseideas to formulate and prove a “spectral” version of the classical Serre-Tate theorem:when working over E8-rings A which are p-complete, the deformation theory of astrict abelian variety X is equivalent to the deformation theory of its p-divisible groupXrp8s (Theorem 7.0.1).
 4
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Remark 0.0.3. To understand the construction of topological modular forms usingthe formalism of spectral algebraic geometry (as outlined in [5]), the duality theory ofabelian varieties is not necessary: one only needs the ideas of §1, §2, §6, and §7 of thepresent paper. However, duality theory (at least for elliptic curves) plays a role in theconstruction of the string orientation of the theory of topological modular forms.
 Remark 0.0.4. In many parts of this paper, we work in the setting of (spectral)algebraic geometry over an E8-ring A which might be nonconnective. However, thisseeming generality is illusory: all of the geometric objects we study are required to beflat over A, so there is no difference between working over A or over its connective coverτě0A (see Proposition 1.1.3). Nevertheless, it will be convenient to allow nonconnectivering spectra since we will later wish to consider oriented elliptic curves (see [5]), whichexist only in the nonconnective setting.
 Warning 0.0.5. The theory of topological modular forms can be understood as arisingfrom a certain nonconnective spectral Deligne-Mumford stack Mder which classifiesoriented elliptic curves (see [5]). This object does not agree with the moduli stacksMand Ms constructed in §2, which parametrize elliptic curves without an orientation.However, the moduli stack Ms constructed here is a useful first approximation to themoduli stack Mder of [5]. More details will be given in the sequel.
 Notation and TerminologyThroughout this paper, we will assume that the reader is familiar with the language
 of higher category theory developed in [6] and [7], as well as the language of spectralalgebraic geometry as developed in [8]. Since we will need to refer to these textsfrequently, we adopt the following conventions:
 pHTT q We will indicate references to [6] using the letters HTT.
 pHAq We will indicate references to [7] using the letters HA.
 pSAGq We will indicate references to [8] using the letters SAG.
 For example, Theorem HTT.6.1.0.6 refers to Theorem 6.1.0.6 of [6].For the reader’s convenience, we now review some cases in which the conventions
 of this this paper differ from those of the texts listed above, or from the establishedmathematical literature.
 5
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• We will generally not distinguish between a category C and its nerve NpCq. Inparticular, we regard every category C as an 8-category.
 • We will generally abuse terminology by not distinguishing between an abeliangroup M and the associated Eilenberg-MacLane spectrum: that is, we view theordinary category of abelian groups as a full subcategory of the 8-category Spof spectra. Similarly, we regard the ordinary category of commutative rings as afull subcategory of the 8-category CAlg of E8-rings.
 • Let A be an E8-ring. We will refer to A-module spectra simply as A-modules.The collection of A-modules can be organized into a stable 8-category whichwe will denote by ModA and refer to as the 8-category of A-modules. Thisconvention has an unfortunate feature: when A is an ordinary commutative ring,it does not reduce to the usual notion of A-module. In this case, ModA is not theabelian category of A-modules but is closely related to it: the homotopy categoryhModA is equivalent to the derived category DpAq. Unless otherwise specified,the term “A-module” will be used to refer to an object of ModA, even when A
 is an ordinary commutative ring. When we wish to consider an A-module Min the usual sense, we will say that M is a discrete A-module or an ordinaryA-module.
 • Unless otherwise specified, all algebraic constructions we consider in this bookshould be understood in the “derived” sense. For example, if we are givendiscrete modules M and N over a commutative ring A, then the tensor productMbAN denotes the derived tensor product MbLAN . This may not be a discreteA-module: its homotopy groups are given by πnpMbANq » TorAn pM,Nq. Whenwe wish to consider the usual tensor product of M with N over A, we will denoteit by TorA0 pM,Nq or by π0pM bA Nq.
 • If M and N are spectra, we will denote the smash product of M with N byM b N , rather than M ^ N . More generally, if M and N are modules overan E8-ring A, then we will denote the smash product of M with N over A byM bA N , rather than M ^A N . Note that when A is an ordinary commutativering and the modules M and N are discrete, this agrees with the precedingconvention.
 • If C is an 8-category, we let C» denote the largest Kan complex containedin C: that is, the 8-category obtained from C by discarding all non-invertible
 6
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morphisms.
 • We will say that a functor f : C Ñ D between 8-categories is left cofinal if, forevery object D P D, the 8-category CˆDDD is weakly contractible (this differsfrom the convention of [6], which refers to a functor with this property simplyas cofinal; see Theorem HTT.4.1.3.1 ). We will say that f is right cofinal if theinduced map Cop
 Ñ Dop is left cofinal, so that f is right cofinal if and only ifthe 8-category CˆDDD is weakly contractible for each D P D.
 • If A is an E8-ring, we denote the associated affine nonconnective spectralDeligne-Mumford stack by SpetA. If A is an ordinary commutative ring, we letSpecA denote the associated affine scheme. Note that in this case, SpecA andSpetA are essentially “the same” object, and we will often abuse notation byidentifying them with one another.
 Divergence with the Classical TheoryRoughly speaking, our objective in this paper is to define the notion of abelian
 variety over an arbitrary E8-ring A and to show that, in many respects, the theory ofabelian varieties over A resembles the classical theory of abelian varieties. However,there are several respects in which the theory we develop here does not mirror itsclassical counterpart. For the reader’s convenience, we collect here some of the mostimportant:
 • In the setting of classical algebraic geometry, the group structure on an abelianvariety is essentially unique. If X is a smooth projective algebraic variety overa field κ equipped with a “zero-section” e : SpecκÑ X, then there is at mostone multiplication map m : XˆSpecκ X Ñ X having e as a (two-sided) identity.Moreover, if such a multiplication exists, then it is automatically commutativeand associative.In the setting of spectral algebraic geometry, the analogous statement fails: if Xis an abelian variety over an E8-ring A, then we generally cannot recover thegroup structure on X from the underlying map X Ñ SpetA, even if the identitysection e : SpetAÑ X is specified. Moreover, commutativity is not automatic(and different commutativity assumptions lead to slightly different theories: thisis what distinguishes the abelian varieties of Definition 1.4.1 from the strictabelian varieties of Definition 1.5.1).
 7
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• In classical algebraic geometry, the theory of algebraic curves provides a richsupply of examples of abelian varieties: every smooth projective curve of genus gX Ñ Specκ admits a Jacobian Pic˝pXq, which is an abelian variety of dimensiong over κ. In the setting of spectral algebraic geometry over an E8-ring A, theanalogous construction generally does not yield an abelian variety over A, unlessA is assumed to be of characteristic zero (if A is connective, it yields an objectwhich is differentially smooth over A, rather than fiber smooth).
 • In classical algebraic geometry, the dual of an abelian variety X can be identifiedwith a connected component of the Picard variety PicpXq. In the setting ofspectral algebraic geometry, this is almost never true (except for elliptic curves incharacteristic zero). However, it is still true that the dual of X can be identifiedwith the moduli space of multiplicative line bundles on X (that is, extensions ofX by the multiplicative group): see §5 for details.
 • In classical algebraic geometry, the theory of line bundles is controlled by thetheorem of the cube: if X, Y, Z are smooth projective varieties over a field κ
 equipped with base points x P Xpκq, y P Ypκq, and z P Zpκq, and L is a linebundle on the product XˆYˆZ which is trivial when restricted to txu ˆ YˆZ,Xˆtyu ˆ Z, and XˆYˆtzu, then L itself is trivial. This result plays anessential role in the analysis of line bundles on an abelian variety X (and in theconstruction of the dual abelian variety pX). However, it has no counterpart inthe setting of spectral algebraic geometry.
 AcknowledgementsI would like to thank Bhargav Bhatt and Mike Hopkins for many useful conversa-
 tions about the subject matter of this paper. I would also like to thank the NationalScience Foundation for supporting this work under grant number 1510417.
 1 Abelian Varieties in Spectral Algebraic Geome-try
 Let κ be a field. Recall that an abelian variety over κ is a commutative groupscheme X over κ for which the map X Ñ κ is smooth, proper, and geometricallyconnected. Our goal in this section is to introduce a generalization of this definition,
 8

Page 9
                        

where we replace the field κ by an arbitrary E8-ring R. We will give the definition intwo steps:
 • We first introduce the notion of a variety over R, given by a morphism of(possibly nonconnective) spectral Deligne-Mumford stacks X Ñ SpetR satisfyinga few requirements (Definition 1.1.1). The collection of varieties over R can beorganized into an 8-category VarpRq which admits finite products.
 • Roughly speaking, we would like to define an abelian variety over R to be anobject X P VarpRq equipped with a commutative group structure. However, inthe setting of homotopy theory, commutativity comes in a variety of flavors. Forthe applications we have in mind, two of these will be relevant:
 paq We could take X to be a grouplike commutative monoid object of VarpRq(see §1.3): in other words, we could require that for every A P CAlgR, thespace XpAq of A-valued points of X has the structure of an infinite loopspace. This leads to the notion we call an abelian variety over R, which wewill study in §1.4).
 pbq We could take X to be an abelian group object of VarpRq (see §1.2): inother words, we could require that for every A P CAlgR, the space XpAq ofA-valued points of X is homotopy equivalent to a topological abelian group.This leads to the notion we call a strict abelian variety over R, which westudy in §1.5.
 1.1 Varieties over E8-RingsWe begin by reviewing some terminology. We will use the following slight general-
 ization of Definition SAG.19.4.5.3 :
 Definition 1.1.1. Let R be an E8-ring. A variety over R is a nonconnective spectralDeligne-Mumford stack X “ pX ,OXq equipped with a flat map f : X Ñ SpetRhaving the following property: the underlying map of spectral Deligne-Mumfordstacks pX , τě0 OXq Ñ Spetpτě0Rq is proper, locally almost of finite presentation,geometrically reduced, and geometrically connected. We let VarpRq denote the fullsubcategory of SpDMnc
 SpetR spanned by the varieties over R.
 9
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Remark 1.1.2. Suppose we are given a pullback diagram of nonconnective spectralDeligne-Mumford stacks
 X1 //
 f 1
 Xf
 SpetR1 // SpetR.If f exhibits X as a variety over R, then f 1 exhibits X1 as a variety over R1. Consequently,we can view the construction R ÞÑ VarpRq as a functor Var : CAlg Ñ S.
 When the E8-ring R is connective, Definition 1.1.1 coincides with the definitionof variety given in §SAG.19.4.5 . The extension of this definition to nonconnectiveE8-rings does not really provide any additional generality, by virtue of the following:
 Proposition 1.1.3. For every E8-ring R, the canonical map τě0RÑ R induces anequivalence of 8-categories ρ : Varpτě0Rq Ñ VarpRq.
 Proof. The construction pX ,OXq ÞÑ pX , τě0 OXq determines a homotopy inverse to ρ.See Proposition SAG.2.8.2.10 .
 Proposition 1.1.4. Let R be a connective E8-ring and let f : X Ñ Y be a morphismin VarpRq. Suppose that, for every field κ and every morphism of E8-rings R Ñ κ,the induced map SpetκˆSpetR X Ñ SpetκˆSpetR Y is an equivalence. Then f is anequivalence.
 Proof. Apply Corollary SAG.6.1.4.12 .
 Remark 1.1.5 (The Functor of Points). Let R be an E8-ring. The constructionX ÞÑ MapSpDMnc
 SpetRpSpet ‚,Xq determines a fully faithful embedding of 8-categories
 VarpRq ãÑ FunpCAlgR,Sq. We will refer to the image of X under this functor as thefunctor of points of X.
 If the E8-ring R is connective and n-truncated (for 0 ď n ď 8), then the sameconstruction determines a fully faithful embedding VarpRq ãÑ Funpτďn CAlgcn
 R ,Sq,which we will also refer to as the functor of points.
 1.2 Abelian Group Objects of 8-CategoriesWe begin with some general remarks about abelian group objects of 8-categories.
 Definition 1.2.1. A lattice is a free abelian group of finite rank. We let Ab denotethe category of abelian groups, and Lat denote the full subcategory of Ab spanned bythe lattices. We will refer to Lat as the category of lattices.
 10
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Remark 1.2.2. The category of lattices Lat is essentially small (it is equivalent to thefull subcategory of the category of abelian groups spanned by the objects tZn
 uně0).
 Remark 1.2.3. The category of lattices Lat is additive and admits finite productand coproducts.
 Definition 1.2.4. Let C be an 8-category which admits finite products. An abeliangroup object of C is a functor A : Latop
 Ñ C which commutes with finite products. Welet AbpCq denote the full subcategory of FunpLatop, Cq spanned by the abelian groupobjects of C. We will refer to AbpCq as the 8-category of abelian group objects of C.
 Example 1.2.5. Let M be an abelian group. We let hM : LatopÑ Set denote
 the functor represented by M , given by hMpΛq “ HomAbpΛ,Mq. The functor hMcommutes with finite products, and is therefore an abelian group object of Set in thesense of Definition 1.2.4.
 Remark 1.2.6 (Duality). The category Lat of lattices is canonically equivalent toits opposite Latop, via the duality functor Λ ÞÑ Λ_ “ HompΛ,Zq. Consequently, ifC is an 8-category and X : Latop
 Ñ C is an abelian group object of C, then theconstruction Λ ÞÑ XpΛ_q determines a functor X_ : Latop
 Ñ Cop. If the 8-categoryC is semiadditive (see Definition SAG.C.4.1.6 ), then X_ is an abelian group object ofCop. In this case, the construction X ÞÑ X_ induces an equivalence of 8-categoriesAbpCqop » AbpCop
 q.
 Proposition 1.2.7. The construction M ÞÑ hM of Example 1.2.5 induces an equiva-lence of categories Ab Ñ AbpSetq.
 Proof. Let A P AbpSetq Ď FunpLatop,Setq. Then the set ApZq has the structure ofan abelian group, with multiplication induced by the map
 ApZq ˆ ApZq » ApZˆZq ApδqÝÝÑ ApZq
 where δ : Z Ñ ZˆZ is the diagonal map. It is easy to check that the constructionA ÞÑ ApZq is a homotopy inverse to the functor M ÞÑ hM .
 Remark 1.2.8. Proposition 1.2.7 is a formal consequence of the fact that latticesform compact generators for the category Ab.
 Example 1.2.9. Let S denote the8-category of spaces. Then AbpSq can be identifiedwith the 8-category PΣpLatq (see §HTT.5.5.8 ), obtained by freely adjoining siftedcolimits to the 8-category Lat. Combining Propositions HTT.5.5.9.2 and 1.2.7, wededuce that AbpSq is equivalent to the underlying 8-category of the model categoryAb∆op of simplicial abelian groups.
 11
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Remark 1.2.10. Let ModcnZ denote the 8-category of connective Z-module spectra.
 We will abuse notation by identifying the category Ab of abelian groups with thefull subcategory Mod♥
 Z Ď ModcnZ spanned by the discrete objects. In particular, we
 can identify Lat with a full subcategory of ModcnZ . Invoking the universal property of
 Example 1.2.9, we see that the inclusion Lat ãÑ ModcnZ admits an essentially unique
 extension to a functor ρ : AbpSq Ñ ModcnZ which commutes with sifted colimits. By
 virtue of Proposition HA.7.1.1.15 , the functor ρ is an equivalence of 8-categories.That is, we can identify connective Z-module spectra with abelian group objects ofthe 8-category S of spaces.
 Remark 1.2.11. Let C be an essentially small 8-category which admits finite prod-ucts, and let j : C Ñ FunpCop,Sq denote the Yoneda embedding. Then j induces a fullyfaithful embedding AbpCq Ñ AbpFunpCop,Sqq » FunpCop,AbpSqq » FunpCop,Modcn
 Z q.Unwinding the definitions, we see that the essential image of this embedding consistsof those functors F : Cop
 Ñ ModcnZ for which the composition Cop F
 ÝÑ ModcnZ
 Ω8ÝÝÑ S is
 representable by an object of C.
 Example 1.2.12. Let C be an ordinary category which admits finite products. IfF : Cop
 Ñ ModcnZ is any functor having the property that the composition Cop F
 ÝÑ
 ModcnZ
 Ω8ÝÝÑ S is representable, then F must take values in the full subcategory
 Ab » Mod♥Z Ď ModZ. Consequently, Remark 1.2.11 supplies an equivalence of AbpCq
 with the full subcategory of FunpCop,Abq spanned by those functors F for which thecomposition Cop F
 ÝÑ Ab Ñ Set is representable. We can summarize the situationmore informally as follows: an object of AbpCq consists of an object C P C togetherwith an abelian group structure on the functor HomCp‚, Cq represented by C. Thisabelian group structure can be described more explicitly via a multiplication mapm : C ˆ C Ñ C satisfying suitable analogues of the axioms defining the notion ofabelian group.
 Example 1.2.13. Let C be a presentable 8-category. Using the adjoint functortheorem (Corollary HTT.5.5.2.9 and Remark HTT.5.5.2.10 ), we see that that essentialimage of the fully faithful embedding AbpCq ãÑ FunpCop,Modcn
 Z q consists of thosefunctors F : Cop
 Ñ ModcnZ which preserve small limits. It follows that AbpCq can
 be identified with the tensor product CbModcnZ , formed in the 8-category PrL of
 presentable 8-categories (see Proposition HA.4.8.1.17 ).
 Example 1.2.14. Let C be an additive presentable 8-category. Then we can regardC as tensored over the 8-category Spcn (see Theorem SAG.C.4.1.1 ). Combining
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Example 1.2.13 with Theorem HA.4.8.4.6 , we obtain an equivalence of 8-categoriesAbpCq » LModZpCq.
 Remark 1.2.15. Let C and D be 8-categories which admit finite products and letF : C Ñ D be a functor which preserves finite products. Then composition with F
 induces a functor AbpCq Ñ AbpDq. This observation applies in particular when F isthe tautological map from C to its homotopy category hC. Consequently, every abeliangroup object of C can be regarded (by neglect of structure) as an abelian group objectof the homotopy category hC.
 1.3 Commutative Monoid Objects of 8-CategoriesWe now compare Definition 1.2.4 with the theory of commutative monoid objects
 introduced in §HA.2.4.2 . We begin by recalling some definitions.
 Notation 1.3.1. For each n ě 0, we let xny denote the pointed set t1, . . . , n, ˚u. Welet F in˚ denote the category whose objects are the sets xny and whose morphisms arepointed maps. For 1 ď i ď n, we let ρi : xny Ñ x1y “ t1, ˚u denote the morphism in
 F in˚ described by the formula ρipjq “#
 1 if i “ j
 ˚ otherwise.
 Definition 1.3.2. Let C be an 8-category which admits finite products. A commu-tative monoid object of C is a functor M : F in˚ Ñ C with the following property: foreach n ě 0, the maps tMpρiq : Mpxnyq Ñ Mpx1yqu1ďiďn determine an equivalenceMpxnyq ÑMpx1yqn in the 8-category C. We let CMonpCq denote the full subcategoryof FunpF in˚, Cq spanned by the commutative monoid objects of C.
 In the special case where C “ S is the 8-category of spaces, we will denote the8-category CMonpCq simply by CMon. We will sometimes refer to CMon as the8-category of E8-spaces.
 Example 1.3.3. Let M : F in˚ Ñ Set be a commutative monoid object of thecategory of sets. The unique map u : x2y Ñ x1y satisfying u´1t˚u “ t˚u determines amultiplication map m : Mpx1yqˆMpx1yq »Mpx2yq Mpuq
 ÝÝÝÑMpx1yq. The multiplicationm is commutative, associative and unital: that is, it equips the set Mpx1yq withthe structure of a commutative monoid. The construction M ÞÑMpx1yq induces anequivalence from the category CMonpSetq to the category of commutative monoids.
 Example 1.3.4. Let C be a semiadditive 8-category (Definition SAG.C.4.1.6 ). Thenthe forgetful functor CMonpCq Ñ C is an equivalence of 8-categories: that is, every
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object of C admits an essentially unique commutative monoid structure (see RemarkSAG.C.1.5.3 ).
 Remark 1.3.5. Let C and D be 8-categories which admit finite products and letF : C Ñ D be a functor which preserves finite products. Then composition with F
 determines a functor CMonpCq Ñ CMonpDq.
 Remark 1.3.6. In the situation of Definition 1.3.2, we will often abuse notation byidentifying a commutative monoid object M P CMonpCq with the object Mpx1yq P C.
 Example 1.3.7. Let C be an 8-category which admits finite products. For eachobject C P C, the construction D ÞÑ π0 MapCpC,Dq determines a functor eC : C Ñ Setwhich commutes with finite products. It follows that if M is a commutative monoidobject of C, we can regard eC ˝M as a commutative monoid object of Set: that is, theset π0 MapCpC,Mq “ HomhCpC,Mq inherits the structure of a commutative monoid.
 Definition 1.3.8. Let C be an 8-category which admits finite products and let Mbe a commutative monoid object of C. We say that M is grouplike if, for every objectC P C, the commutative monoid π0 MapCpC,Mq of Example 1.3.7 is an abelian group.We let CMongp
 pCq denote the full subcategory of CMonpCq spanned by the grouplikecommutative monoid objects of C.
 Construction 1.3.9. Let I˚ be a pointed set. We let Hom˚pI˚,Zq denote the setof pointed maps from I˚ into Z (that is, functions e : I˚ Ñ Z satisfying ep˚q “ 0).Note that Hom˚pI˚,Zq forms a group under pointwise addition. If the set I˚ is finite,then Hom˚pI˚,Zq is a lattice. Consequently, the construction xny ÞÑ Hom˚pxny,Zqdetermines a functor λ : F in˚ Ñ Latop.
 For any 8-category C, precomposition with λ induces a functor FunpLatop, Cq ÑFunpF in˚, Cq. If C admits finite products, then this functor carries abelian groupobjects of C (in the sense of Definition 1.2.4) to grouplike commutative monoidobjects of C (in the sense of Definition 1.3.2). We therefore obtain a forgetful functorθ : AbpCq Ñ CMongp
 pCq.
 Warning 1.3.10. If C is an ordinary category, then the forgetful functor θ : AbpCq ÑCMongp
 pCq of Construction 1.3.9 is an equivalence. That is, we can identify abeliangroup objects of C with grouplike commutative monoid objects M P C. In general, thisdoes not hold. For example, if C is the 8-category of spectra, then θ can be identifiedwith the forgetful functor ModZ “ ModZpSpq Ñ Sp, which is neither fully faithful noressentially surjective.
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1.4 Abelian VarietiesWe are now ready to introduce the main objects of interest in this paper.
 Definition 1.4.1. Let R be an E8-ring. An abelian variety over R is a commutativemonoid object of the 8-category VarpRq. We let AVarpRq denote the 8-categoryCMonpVarpRqq of abelian varieties over R.
 Remark 1.4.2. If X is an abelian variety over R, we will generally abuse ter-minology by identifying X with its image under the forgetful functor AVarpRq »CMonpVarpRqq Ñ VarpRq.
 Remark 1.4.3. Let R be an E8-ring and let τě0R denote the connective cover of R.Using Proposition 1.1.3, we deduce that extension of scalars along the tautologicalmap τě0RÑ R induces an equivalence of 8-categories AVarpτě0Rq Ñ AVarpRq.
 Proposition 1.4.4. Let X be an abelian variety over an E8-ring R. Then X is agrouplike commutative monoid object of VarpRq.
 Proof. By virtue of Proposition 1.1.3, we may assume that R is connective. Letm : XˆSpetR X Ñ X denote the multiplication map and let p : XˆSpetR X Ñ X denotethe projection onto the first factor. To show that X is grouplike, it will suffice to showthat the “shearing” map pp,mq : XˆSpetR X Ñ XˆSpetR X is an equivalence. By virtueof Corollary SAG.6.1.4.12 , it will suffice to show that for every field κ and every mapη : SpetκÑ X, the induced map SpetκˆSpetR X Ñ SpetκˆSpetR X is an equivalence.Without loss of generality, we may assume that κ is algebraically closed. ReplacingR by κ, we can reduce to the case where R “ κ is a field and η is an element of thecommutative monoid Xpκq “ MapVarpκqpSpetκ,Xq of κ-valued points of X. We willcomplete the proof by showing that η is an invertible element of Xpκq.
 Since X is proper over κ, the map pp,mq : XˆSpetκ X Ñ XˆSpetκ X has closedimage. Let U Ď |XˆSpetκ X | be the complement of the image of pp,mq. The projectionmap p is flat, so U has open image in |X |. Let K Ď |X | be the complement of ppUq.Unwinding the definitions, we see that a κ-valued point x P Xpκq factors through K ifand only the multiplication map
 mx : X » SpetκˆSpetκ X xˆidÝÝÝÑ XˆSpetκ X m
 ÝÑ X
 is surjective. In particular, the unit element e P Xpκq factors through K, so K isnonempty. We will complete the proof by showing that K “ |X |. It then followsthat mη : X Ñ X is surjective. Using our assumption that κ is algebraically closed, it
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follows that multiplication by η induces a surjective map from the set Xpκq to itself,so that η is an invertible element of Xpκq as desired.
 Since the projection map X Ñ Spetκ is geometrically connected, the topologicalspace |X | is connected. Consequently, to show that K “ |X |, it will suffice to showthat K is open. Let W be the interior of K in |X |; we wish to show that W “ K.Assume otherwise: then we can choose a closed point γ of K which does not belongto W . Let us identify γ with a κ-valued point of X. Our assumption that γ belongsto K guarantees that the translation map mγ : X Ñ X is surjective. Our assumptionthat κ is algebraically closed guarantees that multiplication by γ induces a surjectionXpκq Ñ Xpκq: that is, γ admits an inverse γ´1 in the commutative monoid Xpκq. Itfollows that the map mγ is an isomorphism, and is therefore flat. It follows that thereexists an open subset V Ď |XˆSpetκ X | containing |tγu ˆSpetκ X | such that pp,mqis flat when restricted to V (Corollary SAG.6.1.4.6 ). Since the projection map p isclosed, we can assume without loss of generality that V is the inverse image of someopen set V0 Ď |X | containing γ. Our assumption γ R W guarantees that V0 Ę K:that is, we can choose a point δ P V0 which does not belong to K. Without loss ofgenerality, we may assume that δ is closed in V0 and therefore also in |X |, so that wecan identify δ with a κ-valued point of X. The assumption δ P V0 guarantees thatmγ : X Ñ X is flat. The induced map of topological spaces |X | Ñ |X | is then open(since mδ is flat) and closed (since X is proper over κ), and therefore surjective (since|X | is connected). This is a contradiction, since δ does not belong to K.
 Remark 1.4.5 (The Functor of Points). Let R be an E8-ring. Then the functor ofpoints construction VarpRq Ñ FunpCAlgR,Sq of Remark 1.1.5 induces a fully faithfulembedding
 AVarpRq “ CMonpVarpRqq“ CMongp
 pVarpRqqãÑ CMongp
 pFunpCAlgR,Sqq“ FunpCAlgR,CMongp
 pSqq.
 The essential image of this embedding consists of those functors X : CAlgR Ñ CMonfor which the underlying functor CAlgR
 XÝÑ CMon Ñ S is representable by an object
 of VarpRq.
 Variant 1.4.6. Let R be an E8-ring which is connective and n-truncated for 0 ďn ď 8. Then the composite functor
 AVarpRq ãÑ FunpCAlgR,CMonq ãÑ Funpτďn CAlgcnR ,CMonq
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is also fully faithful. Moreover, this functor takes values in the full subcategoryFunpτďn CAlgcn
 R , τďn CMonq. We therefore obtain a fully faithful embedding of 8-categories AVarpRq ãÑ Funpτďn CAlgcn
 R , τďn CMonq. If X is an abelian variety over R,we will refer to its image under this embedding as the functor of points of X.
 We now compare Definition 1.4.1 with the classical theory of abelian varieties.
 Proposition 1.4.7 (Artin). Let κ be an algebraically closed field and let X be anabelian variety over κ. Then X is schematic and the projection map X Ñ Spetκ isfiber smooth (see Definition SAG.11.2.5.5 ).
 Remark 1.4.8. It follows from Proposition 1.4.7 that in the special case where R “ κ
 is an algebraically closed field, the notion of abelian variety over R (in the sense ofDefinition 1.4.1) reduces to the usual notion of abelian variety over κ (in the sense ofclassical algebraic geometry): that is, to the notion of a group scheme over κ which isproper, smooth, and connected. More generally, if R is any commutative ring, thenthe theory of abelian varieties over R (in the sense of Definition 1.4.1) reduces to theclassical theory of abelian schemes over R (see, for example, [10]). The nontrivialpoint (due to Raynaud) is that any abelian variety over R is automatically schematic.For a proof, we refer the reader to Theorem 1.9 of [2].
 Corollary 1.4.9. Let R be a connective E8-ring and let X be an abelian variety overR. Then the projection map X Ñ SpetR is fiber smooth.
 Proof. Using Proposition SAG.11.2.3.6 , we can reduce to to the case where R is analgebraically closed field, in which case the desired result follows from Proposition1.4.7.
 Proof of Proposition 1.4.7. Let X be an abelian variety over an algebraically closedfield κ. Then X is a nonempty separated spectral algebraic space. Using CorollarySAG.3.4.2.4 , we can choose a nonempty open subspace U0 Ď X where U0 » SpetRis affine. Since X is flat and locally almost of finite presentation over κ, the E8-ring R is discrete and finitely generated as a κ-algebra. Moreover, the projectionmap X Ñ Spetκ is geometrically reduced, so that R is reduced. Replacing R by alocalization, we can assume that it is smooth over κ (in the sense of commutativealgebra), so that U0 is fiber smooth over Spetκ (in the sense of spectral algebraicgeometry).
 Let U Ď X be the largest open subspace which is schematic and fiber smoothover κ. Let Xpκq “ MapVarpκqpSpetκ,Xq be the set of κ-valued points of X, which we
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will identify with closed points of the topological space |X |. For each η P Xpκq, letmη : X Ñ X be the map given by translation by η. It follows from Proposition 1.4.4that mη is an automorphism of X, and therefore carries U into itself.
 Because U0 is nonempty, we can choose a point γ P Xpκq which factors through U0.The map mγ´1 carries U0 Ď U into U, so that U contains the identity element of Xpκq.Using the invariance of U under translations, we deduce that U contains all closedpoints of |X |. We therefore have U » X, so that X is schematic and fiber smooth overκ as desired.
 1.5 Strict Abelian VarietiesLet κ be a field and let X be a group scheme over κ which is proper, smooth, and
 connected. The group structure on X is then automatically commutative (see [10]),so that X can be regarded as an abelian variety over κ. In the context of spectralalgebraic geometry, the analogous statement is false: commutativity does not comefor free. Moreover, in the 8-categorical setting, one can consider many flavors ofcommutativity which are classically indistinguishable. We therefore introduce thefollowing variant of Definition 1.4.1:
 Definition 1.5.1. Let R be an E8-ring. A strict abelian variety over R is an abeliangroup object of the 8-category VarpRq (see Definition 1.2.4). We let AVarspRq “AbpVarpRqq denote the 8-category of abelian varieties over R.
 Remark 1.5.2. Let R be an E8-ring. Then the 8-category AVarspRq is semiadditive.Using Example 1.3.4, we deduce that the forgetful functor
 AbpAVarpRqq “ AbpCMonpVarpRqq» CMonpAbpVarpRqqÑ AbpVarpRqq“ AVarspRq
 is an equivalence of 8-categories. In other words, we can identify AVarspRq with the8-category of abelian group objects of AVarpRq, rather than VarpRq.
 Remark 1.5.3. Let R be an E8-ring and let τě0R denote the connective cover of R.Using Proposition 1.1.3, we deduce that extension of scalars along the tautologicalmap τě0RÑ R induces an equivalence of 8-categories AVarspτě0Rq Ñ AVarspRq.
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Remark 1.5.4 (The Functor of Points). Let R be an E8-ring. Then the functor ofpoints construction VarpRq Ñ FunpCAlgR,Sq of Remark 1.1.5 induces a fully faithfulembedding
 AVarspRq “ AbpVarpRqqãÑ AbpFunpCAlgR,Sqq“ FunpCAlgR,AbpSqq» FunpCAlgR,Modcn
 Z q.
 The essential image of this embedding consists of those functors X : CAlgR Ñ ModcnZ
 for which the 0th space Ω8X : CAlgR Ñ S is representable by an object of VarpRq.
 Remark 1.5.5. Applying Construction 1.3.9 to the 8-category VarpRq, we obtain aforgetful functor AVarspRq Ñ AVarpRq. In terms of the functors of points (Remark1.4.6 and 1.5.4), this forgetful functor is obtained by composition with the forgetfulfunctor AbpSq » ModZpSpcn
 q Ñ Spcn» CMongp
 pSq.We will generally abuse notation by identifying a strict abelian variety X P AVarspRq
 with its image in AVarpRq (and, by extension, with its image under the forgetfulfunctor AVarspRq Ñ AVarpRq Ñ VarpRq).
 Proposition 1.5.6. For every commutative ring R, the forgetful functor AVarspRq ÑAVarpRq is an equivalence of categories.
 Proof. Since VarpRq is equivalent to an ordinary category, Warning 1.3.10 impliesthat the forgetful functor AVarspRq “ AbpVarpRqq Ñ CMonpVarpRqq » AVarpRq is afully faithful embedding, whose essential image consists of the grouplike commutativemonoid objects of VarpRq. The desired result now follows from the fact that everyabelian variety is grouplike (Proposition 1.4.4).
 Warning 1.5.7. If R is a non-discrete E8-ring, then the forgetful functor AVarspRq ÑAVarpRq need not be an equivalence of 8-categories. However, we will see later thatit is an equivalence when π0R is an algebra over the field Q of rational numbers (seeTheorem 2.1.1).
 Warning 1.5.8. If R is an ordinary commutative ring, then the forgetful functorAVarspRq Ñ VarpRq is almost a fully faithful embedding: if X and Y are abelianvarieties over R, then any morphism f : X Ñ Y in VarpRq which preserves the identitysections is automatically a morphism of abelian varieties over R. The analogous
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statement does not hold in the setting of spectral algebraic geometry: an abelianvariety X over a non-discrete E8-ring R generally cannot be recovered from itsunderlying spectral algebraic space, even if the identity section is specified.
 2 Moduli of Elliptic CurvesLet R be an E8-ring, let X “ pX ,OXq be an abelian variety over R, and let g be
 a nonnegative integer. We will say that X has dimension g if, for every field κ andevery map π0RÑ κ, the fiber product SpetκˆSpetπ0R pX , π0 OXq has Krull dimensiong. We let AVargpRq denote the full subcategory of AVarpRq spanned by the abelianvarieties of dimension g over R, and we let AVarsgpRq denote the full subcategory ofAVarspRq spanned by the strict abelian varieties of dimension g over R.
 Remark 2.0.1. Let R be an E8-ring and let X “ pX ,OXq be an abelian variety overR. Then the function
 px P | SpecR|q ÞÑ dimpSpetκpxq ˆSpetπ0R pX , π0 OXqq
 is locally constant on SpecR. In particular, if | SpecR| is connected, then everyabelian variety over R has dimension g for some uniquely determined nonnegativeinteger g.
 Definition 2.0.2. Let R be an E8-ring. An elliptic curve over R is an abelian varietyof dimension 1 over R. A strict elliptic curve over R is a strict abelian variety ofdimension 1 over R. We let EllspRq “ AVars1pRq denote the 8-category of strictelliptic curves over R, and EllpRq “ AVar1pRq the 8-category of elliptic curves overR.
 Our goal in this section is to prove the following result:
 Theorem 2.0.3. The functors R ÞÑ EllspRq» and R ÞÑ EllpRq» are representable byspectral Deligne-Mumford stacks. That is, there exists spectral Deligne-Mumford stacksMs and M which are equipped with functorial homotopy equivalences
 MapSpDMncpSpetR,Msq » EllspRq» MapSpDMncpSpetR,Mq » EllpRq».
 We will refer to M as the moduli stack of elliptic curves, and Ms as the moduli stackof strict elliptic curves.
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We will deduce Theorem 2.0.3 using the spectral version of Artin’s representabilitytheorem (Theorem SAG.18.3.0.1 ). To verify the hypotheses of Artin’s criterion, we willneed to study the deformation theory of the functors R ÞÑ EllspRq» and R ÞÑ EllpRq»;this will occupy our attention throughout this section.
 2.1 Comparing Abelian Varieties with Strict Abelian Vari-eties
 We begin with a brief digression. In §1, we introduced the notions of abelian varietyand strict abelian variety over an arbitrary E8-ring R. Over E8-rings of characteristiczero, these two notions coincide:
 Theorem 2.1.1. Let R be an E8-algebra over Q. Then the forgetful functor
 AVarspRq Ñ AVarpRq
 is an equivalence of 8-categories.
 Theorem 2.1.1 will not be needed elsewhere in this paper. However, our proof ofTheorem 2.1.1 will showcase some of the ideas needed to establish Theorem 2.0.3. Webegin with some preliminaries.
 Proposition 2.1.2. Let R be a connective E8-ring, let X be an abelian variety overR, let e : SpecR Ñ X be the identity section, and set ω “ e˚LX SpetR P Modcn
 R .Let X : CAlgR Ñ Spcn denote the functor of points of X (see Remark 1.4.5). Forevery R-module M , we have a canonical homotopy equivalence XpR ‘Mq » XpRq ‘
 τě0MapRpω,Mq.
 Proof. For every connective R-module M , we have canonical maps XpRq Ñ XpR ‘
 Mq Ñ XpRq whose composition is the identity. We therefore obtain a direct sumdecomposition XpR ‘Mq » XpRq ‘ F pMq for some functor F : Modcn
 R Ñ Spcn. LetF 1 : Modcn
 R Ñ Spcn denote the functor given by M ÞÑ τě0MapRpω,Mq. We wish to
 show that the functors F and F 1 are equivalent.Using the definition of the cotangent complex LX SpetR, we obtain a homotopy
 equivalence α : Ω8F pMq » MapModRpω,Mq » Ω8F 1pMq, depending functorially onM . Let Exc˚pModcn
 R , Spcnq denote the full subcategory of FunpModcn
 R , Spcnq spanned
 by those functors which are reduced and excisive (see Definition HA.1.4.2.1 ), anddefine Exc˚pModcn
 R ,Sq similarly. Since the 8-category ModcnR is prestable, the functor
 M ÞÑ MapModRpω,Mq belongs to Exc˚pModcnR ,Sq. It follows that the functors Ω8 ˝F
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and Ω8 ˝ F 1 are reduced and excisive. The functor Ω8 : SpcnÑ S is conservative
 and left exact, so the functors F and F 1 are also reduced and excisive. Moreover, Ω8induces an equivalence on stabilizations, so Proposition HA.1.4.2.22 guarantees thatcomposition with Ω8 induces an equivalence of 8-categories Exc˚pModcn
 R , Spcnq Ñ
 Exc˚pModcnR ,Sq. Consequently, the equivalence α can be lifted (in an essentially
 unique way) to an equivalence of functors F » F .
 We now use Proposition 2.1.2 to establish a weak form of Theorem 2.1.1.
 Proposition 2.1.3. Let R be a connective E8-algebra over Q and let X and Ybe strict abelian varieties over R. Then the canonical map MapAVarspRqpX,Yq ÑMapAVarpRqpX,Yq is a homotopy equivalence.
 Proof. Let X, Y : CAlgcnR Ñ Modcn
 Z be the functors represented by X and Y (seeRemark 1.5.4). Let θ : Modcn
 Z Ñ Spcn denote the forgetful functor. We wish to showthat the canonical map
 MapFunpCAlgcnR ,Modcn
 ZpX, Y q Ñ MapFunpCAlgcn
 R ,SpcnpθX, θY q
 is a homotopy equivalence.Let us say that a functor Z : CAlgcn
 R Ñ ModcnZ is good if the canonical map
 MapFunpCAlgcnR ,Modcn
 ZpX,Zq Ñ MapFunpCAlgcn
 R ,SpcnpθX, θZq is a homotopy equivalence.We wish to show that Y is good. We begin with some elementary observations:
 paq Let Z : CAlgcnR Ñ Modcn
 Z be a functor which factors through the full subcategoryMod♥
 Z Ď ModcnZ . Then Z is good. This follows from the fact that the forgetful
 functor ModcnZ Ñ Spcn induces an equivalence Mod♥
 Z Ñ Sp♥.
 pbq Let Z : CAlgcnR Ñ Modcn
 Z be a functor which factors through the forgetful functorModcn
 Q Ñ ModcnZ . Then Z is good (since the forgetful functors Modcn
 Q Ñ ModcnZ
 and ModcnQ Ñ Spcn are both fully faithful).
 pcq The collection of good functors Z : CAlgcnR Ñ Modcn
 Z is closed under limits.
 For each n ě 0, define Yn : CAlgcnR Ñ Modcn
 Z by the formula YnpAq “ Y pτďnAq.Using Proposition SAG.17.3.2.3 , we see that Y can be identified with the limit of thetower tYnuně0. Consequently, to show that Y is good, it will suffice to show that eachYn is good. The proof proceeds by induction on n. In the case n “ 0, the functor Y0
 takes values in Mod♥Z , so the desired result follows from paq.
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We now carry out the inductive step. Assume that n ą 0 and that the functorYn´1 is good. For every object A P CAlgcn
 R , Theorem HA.7.4.1.26 supplies a canonicalpullback diagram
 τďnA //
 τďn´1A
 τďn´1A // pτďn´1Aq ‘ Σn`1pπnAq.
 It follows from Example SAG.17.3.1.2 that this diagram remains a pullback squareafter applying the functor Y . Writing Y ppτďn´1Aq‘Σn`1pπnAqq “ Y pτďn´1Aq‘KpAq,we obtain a pullback square
 YnpAq //
 Yn´1pAq
 Yn´1pAq // Yn´1pAq ‘KpAq
 in the 8-category ModcnZ , depending functorially on A. By virtue of pcq, to show
 that the functor Yn is good, it will suffice to show that the functor A ÞÑ KpAq isgood. Let ω P ModR be as in the statement of Proposition 2.1.2. Then Proposition2.1.2 supplies canonical equivalences θKpAq » τě0Map
 Rpω,Σn`1πnAq. Since R is a
 Q-algebra, the homotopy group πnA admits the structure of a vector space over Q. Itfollows that the homotopy groups of KpAq are also vector spaces over Q, so that thefunctor K : CAlgcn
 R Ñ ModcnZ factors through Modcn
 Q . Applying pbq, we deduce thatthe functor K is good, as desired.
 Proposition 2.1.4. The constructions R ÞÑ AVarpRq and R ÞÑ AVarspRq determinecohesive functors CAlgcn
 Ñ Cat8, in the sense of Definition SAG.19.2.1.1 . In otherwords, for every pullback diagram
 R01 //
 R0
 R1 // R
 of connective E8-rings for which the underlying ring homomorphisms π0R0 Ñ π0RÐ
 π0R1 are surjective, the diagrams of 8-categories
 AVarpR01q //
 AVarpR0q
 AVarspR01q //
 AVarspR0q
 AVarpR1q // AVarpRq AVarspR1q // AVarspRq
 23

Page 24
                        

are pullback squares.
 Proof. It follows from Theorem SAG.19.4.0.2 and Proposition SAG.19.4.5.6 thatthe construction R ÞÑ VarpRq is cohesive. The desired result now follows from theobservation that the constructions C ÞÑ CMonpCq and C ÞÑ AbpCq preserve limits.
 Proposition 2.1.5. The constructions R ÞÑ AVarpRq and R ÞÑ AVarspRq determinenilcomplete functors CAlgcn
 Ñ Cat8, in the sense of Definition SAG.19.2.1.1 . Inother words, for every connective E8-ring R, the canonical maps
 AVarpRq Ñ limÐÝ
 AVarpτďnRq AVarspRq Ñ limÐÝ
 AVarspτďnRq
 are equivalences of 8-categories.
 Proof. It follows from Theorem SAG.19.4.0.2 and Proposition SAG.19.4.5.6 that theconstruction R ÞÑ VarpRq is nilcomplete. The desired result now follows from theobservation that the constructions C ÞÑ CMonpCq and C ÞÑ AbpCq preserve limits.
 Proof of Theorem 2.1.1. Let R be an E8-algebra over Q; we wish to show that theforgetful functor θR : AVarspRq Ñ AVarpRq is an equivalence of 8-categories. UsingRemarks 1.4.3 and 1.5.3, we can assume without loss of generality that R is connective.In this case, Proposition 2.1.5 guarantees that we can write θ as the limit of a towerof functors θτďnR : AVarspτďnRq Ñ AVarpτďnRq. It will therefore suffice to show thateach θn is an equivalence. In oother words, we are reduced to proving Theorem 2.1.1in the special case where R is connective and n-truncated for some n ě 0.
 The proof now proceeds by induction on n. In the case n “ 0, the E8-ring R
 is discrete and the desired result follows from Proposition 1.5.6. To carry out theinductive step, suppose that R is n-truncated for n ą 0 and set R0 “ τďn´1R. SetM “ πnR, so that R is a square-zero extension of R0 by ΣnM (Theorem HA.7.4.1.26 ).We therefore have a pullback diagram of E8-rings
 R //
 R0
 R0 // R0 ‘ Σn`1M.
 Applying Proposition 2.1.4, we deduce that the diagram
 θR //
 θR0
 θR0
 // θR0‘Σn`1M
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is a pullback square in the8-category Funp∆1, Cat8q. The functor θR0 is an equivalenceby virtue of our inductive hypothesis and the functor θR0‘Σn`1M is fully faithful byvirtue of Proposition 2.1.3, so that θR is also an equivalence of 8-categories.
 2.2 Deformation Theory of Abelian VarietiesWe begin with an analysis of the functor R ÞÑ AVarpRq.
 Proposition 2.2.1. Let n ě 0 be a nonnegative integer and let F : τďn CAlgcnÑ Cat8
 be the functor given by F pRq “ AVarpRq. Then F commutes with filtered colimits.(More informally, the functor AVar is locally almost of finite presentation.)
 The proof of Proposition 2.2.1 will require some preliminaries.
 Lemma 2.2.2. Let tCαu be a filtered diagram of 8-categories. Suppose that each Cαadmits finite products and that each of the transition maps Cα Ñ Cβ preserves finiteproducts. Assume further that there exists an integer n such that each Cα is equivalentto an n-category. Then the canonical map
 θ : limÝÑ
 MonpCαq Ñ MonplimÝÑCαq
 is an equivalence of 8-categories.
 Proof. For every 8-category D which admits finite products, let UpDq denote thefull subcategory of Funp∆op,Dq spanned by the category objects of D. Note that ifD is equivalent to an n-category, Theorem SAG.A.8.2.3 allows us to identify UpDqwith the full subcategory of Funp∆op
 ďn`2,Dq spanned by the pn` 2q-skeletal categoryobjects (see Definition SAG.A.8.2.2 ). Since the pn` 1q-skeleton of the simplicial setNp∆op
 ďn`3q is finite, the canonical map limÝÑ
 UpCαq Ñ UplimÝÑCαq is an equivalence of
 8-categories. Moreover, if D admits finite products, then we can identify MonpDqwith the full subcategory of UpDq spanned by those simplicial objects D‚ for whichD0 is a final object of D. It follows that we have a pullback diagram of 8-categories
 limÝÑ
 MonpCαq θ //
 MonplimÝÑCαq
 limÝÑ
 UpCαq // UplimÝÑCαq,
 which shows that θ is an equivalence of 8-categories.
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Lemma 2.2.3. Let tCαu be a filtered diagram of 8-categories. Suppose that each Cαadmits finite products and that each of the transition maps Cα Ñ Cβ preserves finiteproducts. Assume further that there exists an integer n such that each Cα is equivalentto an n-category. Then the canonical map
 θ : limÝÑ
 CMonpCαq Ñ CMonplimÝÑCαq
 is an equivalence of 8-categories.
 Proof. For each k ě 0, we have a commutative diagram
 limÝÑ
 CMonpCαq θ //
 CMonplimÝÑCαq
 limÝÑ
 MonEkpCαqθk //MonEkplimÝÑ Cαq;
 here MonEkpDq denotes the 8-category Ek-monoid objects of D (see DefinitionHA.2.4.2.1 ). Our assumption that each Cα is equivalent to an n-category guar-antees that the vertical maps are equivalences of 8-categories for k ą n (ExampleHA.5.1.2.3 ). It will therefore suffice to show that θk is an equivalence of 8-categoriesfor each k ě 1. We proceed by induction on k. For k ą 1, Theorem HA.5.1.2.2 allowsus to factor θk as a composition
 limÝÑα
 MonEkpCαq » limÝÑα
 MonpMonEk´1pCαqq
 θ1ÝÑ Monplim
 ÝÑα
 MonEk´1pCαqq
 θ2ÝÑ MonpMonEk´1plimÝÑ Cαqq» MonEkplimÝÑ Cαq,
 where θ1 is an equivalence by virtue of Lemma 2.2.2 and θ2 is an equivalence by ourinductive hypothesis.
 Remark 2.2.4. In the situation of Lemma 2.2.3, the functor θ restricts to an equiva-lence of full subcategories lim
 ÝÑCMongp
 pCαq Ñ CMongpplimÝÑCαq.
 Proof of Proposition 2.2.1. According to Corollary SAG.19.4.5.7 , the functor R ÞÑVarpRq commutes with filtered colimits when restricted to τďn CAlgcn. Moreover, if Ris n-truncated, then VarpRq is equivalent to an pn`1q-category (Lemma SAG.1.6.8.8 ).Invoking Lemma 2.2.3, we conclude that the functor
 R ÞÑ AVarpRq » CMonpVarpRqq
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also commutes with filtered colimits when restricted to τďn CAlgcn.
 Lemma 2.2.5. Let K be a simplicial set and let FK : CAlgcnÑ S denote the functor
 given by the formula FKpRq “ FunpK,AVarpRqq». Then the functor FK admits ap´1q-connective cotangent complex.
 Proof. Define G : CAlgcnÑ S by the formula GpRq “ FunpF in˚ˆK,VarpRqq». For
 every connective E8-ring R, we can identify FKpRq with the summand of GpRqspanned by those functors X : F in˚ˆK Ñ VarpRq. which satisfy the followingcondition:
 p˚q For every vertex v P K, the restriction X|F in˚ˆtvu : F in˚ Ñ VarpRq is acommutative monoid object of VarpRq.
 Theorem SAG.19.4.0.2 implies that the functor G admits a p´1q-connective cotangentcomplex LG P QCohpGq. We claim that the image LG in the 8-category QCohpFKqis a cotangent complex for FK . To prove this, it will suffice to show that for everyconnective E8-ring R and every connective R-module M , the diagram
 FKpR ‘Mq //
 FKpRq
 GpR ‘Mq // GpRq
 is a pullback square. Without loss of generality, we may assume that K “ ∆0; in thiscase, we must show that a diagram F in˚ Ñ VarpR ‘Mq is a commutative monoidobject of VarpR‘Mq if and only if the composite map F in˚ Ñ VarpR‘Mq Ñ VarpRqis a commutative monoid object of VarpRq. This is clear, since the extension-of-scalarsfunctor VarpR ‘Mq Ñ VarpRq is conservative (Proposition 1.1.4).
 Proposition 2.2.6. Let K be a finite simplicial set, and let FK : CAlgcnÑ S be
 the functor given by FKpRq “ FunpK,AVarpRqq». Then the functor FK admits acotangent complex which is connective and almost perfect.
 Remark 2.2.7. In the situation of Proposition 2.2.6, the connectivity of the cotangentcomplex LFK does not require the assumption that K is finite. In fact, the generalcase can be deduced from the case where K is finite, using Remark SAG.17.2.4.5 .
 Proof. Proposition 2.2.1 implies that the functor FK is locally almost of finite presen-tation, and Lemma 2.2.5 guarantees that the cotangent complex LFK P QCohpFKq
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exists and is p´1q-connective. Applying Corollary SAG.17.4.2.2 , we deduce that LFKis almost perfect. We will complete the proof by showing that LFK is connective.
 Let R be a connective E8-ring and choose a point in η P FKpRq. We wish toshow that M “ η˚LFK P ModR is connective. Since M is p´1q-connective andalmost perfect, the homotopy group π´1M is finitely generated as a module over thecommutative ring π0R. We wish to show that π´1M vanishes. Using Nakayama’slemma, we are reduced to proving that the vector space
 π´1pκbRMq » Torπ0R0 pκ, π´1Mq
 vanishes for every residue field κ of R. We may therefore replace R by κ and therebyreduce to the case where R “ κ is a field. Moreover, we may assume without loss ofgenerality that κ is algebraically closed.
 Let A “ κrεspε2q denote the ring of dual numbers over κ, and let ηA P FKpAq “FunpK,AVarpAqq» denote the image of η. Unwinding the definitions, we see that thedual space Homκpπ´1M,κq can be identified with the set of automorphisms of ηAwhich restrict to the identity automorphism of η. We wish to prove that every suchautomorphism is trivial. To establish this, it suffices to treat the case where K “ ∆0,in which case we are reduced to the following classical assertion:
 p˚q Let X be an abelian variety over κ and let f be an automorphism of XA “
 SpetA ˆSpetκ X (in the category of abelian varieties over A). If f restricts tothe identity on X, then f “ idXA .
 To prove p˚q, let g : XA Ñ XA denote the difference f ´ idXA (computed withrespect to the group structure on X). If f restricts to the identity on X, then g factorsset-theoretically through the closed point of |XA | » |X |. Choose an affine opensubspace U Ď X containing the identity of X (which exists by virtue of Proposition1.4.7), and write U “ SpetR for some commutative κ-algebra R. The identity sectionof X then determines a κ-algebra map e : RÑ κ. The map g factors as a compositionXA Ñ g0 SpetA ˆSpetκ U ãÑ XA, where g0 is classified by a morphism of A-algebrasφ : Rrεspε2q Ñ π0ΓpXA; OXAq.
 Let u : A Ñ π0ΓpXA; OXAq be the unit map. Since the projection map XA Ñ
 SpetA is proper, locally almost of finite presentation, geometrically reduced, andgeometrically connected, the map u is an isomorphism (Proposition SAG.8.6.4.1 ). Lete : π0ΓpXA; OXAq Ñ A be the map given by evaluation at the identity of XA. Then e
 is left inverse to u, and is therefore also an isomorphism. To show that f “ idXA , we
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must show that φ coincides with the composition
 ψ : Rrεspε2q eÝÑ κrεspε2q
 uÝÑ π0ΓpXA; OXAq.
 Equivalently, we must show that e ˝ φ “ e ˝ ψ. This follows from the observation thatg vanishes along the identity section of XA (since f is an automorphism of abelianvarieties over XA, and therefore preserves the identity sections).
 2.3 Deformation Theory of Strict Abelian VarietiesWe now establish analogues of the results of §2.2 for the theory of strict abelian
 varieties.
 Proposition 2.3.1. Let R be a connective E8-ring and suppose we are given strictabelian varieties X,Y P AVarspRq. For every morphism of connective E8-rings RÑ R1,let XR1 “ SpetR1 ˆSpetR X and YR1 “ SpetR1 ˆSpetR X be the images of X and Y inAVarspRq, and set F pR1q “ MapAVarspR1qpXR1 ,YR1q. For each n ě 0, the functorF : CAlgcn
 R Ñ S commutes with filtered colimits when restricted to τďn CAlgcn.
 Proof. Fix an integer n ě 0; we will show that the functor F |τďn CAlgcnR
 commutes withfiltered colimits. Without loss of generality, we may replace R by τďnR and therebyreduce to the case where R is n-truncated. For every object R1 P τďn CAlgcn
 R , let us useRemark 1.4.6 identify AVarspR1q with its essential image in Funpτďn CAlgcn
 R1 ,ModcnZ q,
 and let XR1 and YR1 denote the images of X and Y in AVarspRq. If M is a connectiveZ-Z bimodule spectrum, we define FM : τďn CAlgcn
 R Ñ S by the formula FMpR1q “MapFunpτďn CAlgcn
 R1,Modcn
 Z qpM bZ XR1 ,YR1q. We will say that M is good if the functor FM
 commutes with filtered colimits. We now proceed in several steps:
 paq The construction M ÞÑ FM carries colimits in the 8-category ModcnZbZ to limits
 in the 8-category Funpτďn CAlgcnR ,Sq. Consequently, the collection of good
 objects M P ModcnZbZ is closed under finite colimits.
 pbq The module M “ ZbZ is good. This follows from the calculation
 FMpR1q “ MapFunpCAlgcn
 R1,Modcn
 Z qppZbZq bZ XR1 ,YR1q
 » MapFunpCAlgcnR1,SpcnqpXR1 ,YR1q
 » MapAVarpRqpXR1 ,YR1q,
 together with Proposition 2.2.1.
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pcq Every connective perfect pZbZq-module is good; this follows from paq and pbq.
 pdq If f : M Ñ M 1 is a morphism of connective pZbZq-modules that induces anequivalence τďnM Ñ τďnM
 1, then the induced map FM 1 Ñ FM is an equivalenceof functors. Consequently, M is good if and only if M 1 is good.
 peq Every almost perfect pZbZq-module is good (this follows from pcq and pdq, byvirtue of Corollary SAG.2.7.2.2 ).
 To complete the proof, we note that F |τďn CAlgcnR
 can be identified with the functorFZ. By virtue of peq, we are reduced to showing that Z is almost perfect when regardas a pZbZq-module. This follows from the criterion of Proposition HA.7.2.4.17 , sincethe E8-ring ZbZ is Noetherian (which follows from Theorem HA.7.2.4.31 , sinceZbZ is almost of finite presentation over Z).
 We need the following analogue of Lemma 2.2.5:
 Lemma 2.3.2. Let K be a simplicial set and let FK : CAlgcnÑ S denote the functor
 given by the formula FKpRq “ FunpK,AVarspRqq». Then the functor FK admits ap´1q-connective cotangent complex.
 Proof. We proceed as in the proof of Lemma 2.2.5, with some minor modifications.Define G : CAlgcn
 Ñ S by the formula GpRq “ FunpLatopˆK,VarpRqq». For every
 connective E8-ring R, we can identify FKpRq with the summand of GpRq spanned bythose functors X : Latop
 ˆK Ñ VarpRq. which satisfy the following condition:
 p˚q For every vertex v P K, the restriction X|Latopˆtvu : LatopÑ VarpRq is an
 abelian group object of VarpRq.
 Theorem SAG.19.4.0.2 implies that the functor G admits a p´1q-connective cotangentcomplex LG P QCohpGq. We claim that the image LG in the 8-category QCohpFKqis a cotangent complex for FK . To prove this, it will suffice to show that for everyconnective E8-ring R and every connective R-module M , the diagram
 FKpR ‘Mq //
 FKpRq
 GpR ‘Mq // GpRq
 is a pullback square. Without loss of generality, we may assume that K “ ∆0; inthis case, we must show that a diagram Latop
 Ñ VarpR ‘Mq commutes with finite
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products if and only if the composite map LatopÑ VarpR‘Mq Ñ VarpRq commutes
 with finite products VarpRq. This is clear, since the extension-of-scalars functorVarpR ‘Mq Ñ VarpRq is conservative (Proposition 1.1.4).
 Proposition 2.3.3. The construction R ÞÑ AVarspRq is locally almost of finite pre-sentation: that is, it commutes with filtered colimits when restricted to τďn CAlgcn, foreach n ě 0.
 Proof. For every simplicial set K, define FK : CAlgcnÑ S by the formula FKpRq “
 FunpK,AVarspRqq». To prove Proposition 2.3.3, it will suffice to show that wheneverK is finite, the functor FK is locally almost of finite presentation (that is, it commuteswith filtered colimits when restricted to τďn CAlgcn for each n ě 0). In fact, weprove more generally that for every inclusion of finite simplicial sets K 1 ãÑ K, therestriction map FK Ñ FK1 is locally almost of finite presentation. Our proof proceedsby induction on the dimension k of K. Since the collection of morphisms which arelocally almost of finite presentation is closed under composition, we can reduce to thecase where K is obtained from K 1 by adjoining a single nondegenerate simplex: thatis, there exists a pushout diagram
 B∆d //
 ∆d
 K 1 // K
 for some d ď k. We then have a pullback diagram
 FK //
 FK1
 F∆d
 // FB∆d .
 We may therefore replace K by ∆d and K 1 by B∆d. If d ě 2, then we have acommutative diagram
 F∆d//
 !!
 FB∆d
 ||FΛd1
 where the left diagonal morphism is an equivalence (and therefore locally almostof finite presentation), and the right diagonal morphism is locally almost of finite
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presentation by our inductive hypothesis. It then follows that the horizontal arrow is alocally almost of finite presentation, as desired. If d “ 1, then the assertion that thatF∆d Ñ FB∆d is locally almost of finite presentation is a reformulation of Proposition2.3.1.
 It will therefore suffice to treat the case d “ 0. We have evident maps of simplicialsets B∆1 ãÑ ∆1 Ñ ∆0 which induce maps F∆0
 δÝÑ F∆1 Ñ FB∆1 , hence a fiber sequence
 δ˚LF∆1FB∆1 Ñ LF∆0FB∆1 Ñ LF∆0F∆1 (where the relevant cotangent complexes arewell-defined by virtue of Lemma 2.3.2). The first term in this fiber sequence isalmost perfect (this follows from Proposition 2.3.1 and Corollary SAG.17.4.2.2 )and the third term vanishes (since the forgetful functor VarpR ‘Mq Ñ VarpRq isconservative for any connective E8-ring R and every connective R-module M , by virtueof Proposition 1.1.4). It follows that the cotangent complex LF∆0FB∆1 is almost perfect.We now observe that the identification FB∆1 » F∆0 ˆ F∆0 induces an equivalenceLF∆0FB∆1 » ΣLF∆0 , so that LF∆0 is almost perfect. Using Propositions 1.5.6 and 2.2.1,we deduce that the functor F∆0 commutes with filtered colimits when restricted toCAlg♥. Applying Corollary SAG.17.4.2.2 (note that F∆0 is infinitesimally cohesive byProposition 2.1.4), we conclude that F∆0 is locally almost of finite presentation, asdesired.
 Proposition 2.3.4. Let K be a finite simplicial set, and let FK : CAlgcnÑ S be
 the functor given by FKpRq “ FunpK,AVarspRqq». Then the functor FK admits acotangent complex which is connective and almost perfect.
 Proof. Proposition 2.3.3 implies that the functor FK is locally almost of finite presen-tation, and Lemma 2.3.2 guarantees that the cotangent complex LFK P QCohpFKqexists. Applying Corollary SAG.17.4.2.2 , we deduce that LFK is almost perfect. Tocomplete the proof, it will suffice to show that LFK is connective. Equivalently, wemust show that if R is a discrete E8-ring and M is a discrete R-module, then theforgetful functor θ : FunpK,AVarspR ‘Mqq» Ñ FunpK,AVarspRqq» is injective onautomorphism groups. Using Proposition 1.5.6, we can identify θ with the forget-ful functor FunpK,AVarpR ‘Mqq» Ñ FunpK,AVarpRqq», so that the desired resultfollows from Proposition 2.2.6.
 2.4 The Moduli Stack of Elliptic CurvesWe are now ready to give the proof of Theorem 2.0.3. In fact, we will establish
 the following slightly stronger assertion:
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Theorem 2.4.1. The functors R ÞÑ EllspRq» and R ÞÑ EllpRq» are representableby spectral Deligne-Mumford 1-stacks Ms and M which are locally almost of finitepresentation over the sphere spectrum.
 Remark 2.4.2. Let Mc denote the classical moduli stack of elliptic curves, whichwe regard as a 0-truncated spectral Deligne-Mumford stack. Then Mc represents thefunctor R ÞÑ EllspRq» » EllpRq» on the category CAlg♥ of commutative rings. Itfollows that we can identify Mc with the ordinary Deligne-Mumford stack underlyingboth M and Mw. In particular, we have closed immersions of spectral Deligne-Mumford stacksMc
 ÑMsÑM which are equivalences at the level of the underlying
 8-topoi. At the level of structure sheaves, one can show that both of these mapsare rational equivalences (for the map Ms
 ÑM, this follows from Theorem 2.1.1).However, their integral structures are quite different.
 Proof of Theorem 2.4.1. We will give the proof for the functor R ÞÑ EllspRq»; theproof in the other case is similar. Let F : CAlgcn
 Ñ S be the functor given byF pRq “ EllspRq». Note that the inclusion map Ellsp‚q» ãÑ AVarsp‚q» is an openimmersion of functors (Remark 2.0.1). Combining Proposition SAG.19.2.4.3 withPropositions 2.1.4, 2.1.5, 2.3.3, and 2.3.4, we deduce that the functor F is cohesive,nilcomplete, locally almost of finite presentation, and admits a cotangent complexwhich is connective and almost perfect. It follows immediately from the definitions thatthe functor F satisfies descent for the etale topology and carries discrete E8-rings to1-truncated spaces. By virtue of the spectral version of Artin’s representability theorem(Theorem SAG.18.3.0.1 ), the functor F is representable by a spectral Deligne-Mumford1-stack which is locally almost of finite presentation over the sphere spectrum if andonly if it is integrable (Definition SAG.17.3.1.1 ). Using Proposition SAG.17.3.5.1 , wecan formulate the integrability of F as follows:
 p˚q Let A be a complete local Noetherian commutative ring with maximal ideal m.Then the canonical map F pAq Ñ lim
 ÐÝnF plimÐÝ
 Amnq is a homotopy equivalence.
 In the situation of p˚q, Corollary SAG.8.5.3.3 implies that the canonical map ρ :VarpAq Ñ lim
 ÐÝnVarpAmnq is a fully faithful embedding (which commutes with finite
 products). It follows that we have a pullback diagram of 8-categories
 AVarspAq //
 limÐÝn
 AVarspAmnq
 VarpAq // lim
 ÐÝnVarpAmnq.
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Consequently, the upper horizontal map is a fully faithful embedding. We wish toshow that its essential image contains every object of lim
 ÐÝnEllspAmnq, which is an
 immediate consequence of Proposition SAG.?? .Let M be a spectral Deligne-Mumford stack which represents the functor F and
 let F` : CAlg Ñ S be the functor given by F`pRq “ MapSpDMncpSpetR,Mq. Sincethe structure sheaf OM is connective, the functor F` is a left Kan extension of itsrestriction F`|CAlgcn to connective E8-rings: more concretely, the canonical mapF`pτě0Rq Ñ F`pRq is an equivalence for every E8-ring R. To complete the proof,it will suffice to show that the functor R ÞÑ EllspRq» has the same property, whichfollows from Remark 1.5.3.
 3 Cartier DualityLet A be a commutative ring and let FFGpAq denote the category of commutative
 finite flat group schemes over A. The category FFGpAq is equipped with a canonicalanti-involution G ÞÑ DpGq, given by Cartier duality. This operation admits severaldescriptions:
 paq Let G be a commutative finite flat group scheme over A. For every commutativeA-algebra B, the abelian group DpGqpBq of B-valued points of DpGq can beidentified with the set of morphisms f : GB Ñ GL1 in the category of groupschemes over B, where GB “ SpecB ˆSpecA G denote the group scheme over Bobtained from G by extension of scalars.
 pbq Let G be a commutative finite flat group scheme over A. Then we can writeG “ SpecH, where H is a (commutative and cocommutative) Hopf algebra overA which is projective of finite rank as an A-module. The A-linear dual H_ isalso a commutative and cocommutative Hopf algebra over A, whose spectrumSpecH_ can be identified with the Cartier dual DpGq of G.
 In this section, we study a generalization of Cartier duality, where we replacecategory Mod♥
 A of (discrete) A-modules by an arbitrary symmetric monoidal 8-category. To any symmetric monoidal 8-category C, we associate an 8-categorybAlgpCq of (commutative and cocommutative) bialgebra objects of C (Definition 3.3.1).The 8-category bAlgpCq comes equipped with fully faithful “functor of points” SpecC :bAlgpCqop Ñ FunpCAlgpCq,CMonq (Variant 3.4.2). Our main result (Proposition3.8.1) asserts that if H is a bialgebra object of C which is dualizable in C, then the dual
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H_ can also be regarded as a bialgebra object of C, so that the spectrum SpecC H_
 classifies natural transformations SpecC H Ñ A1, where A1 : CAlgpCq Ñ CMondenotes the “affine line” (that is, the functor corepresented by the unit object 1 P C;see Construction 3.5.1). More informally, this result asserts that the equivalencebetween paq and pbq extends to the setting of an arbitrary symmetric monoidal 8-category C (and to commutative monoids which are not necessarily grouplike; wespecialize to the grouplike case in §3.9).
 In this paper, we will be primarily interested in the following examples:
 • When A is a commutative ring and we take C to be the category Mod♥A of
 discrete A-modules, then our theory reproduces the classical theory of Cartierduality (in a slightly more general form: it applies to all finite flat commutativemonoid schemes over A, rather than merely to finite flat commutative groupschemes).
 • If A is an E8-ring and we take C to be the 8-category ModA of all A-modules,then we obtain an analogue of Cartier duality in the setting of spectral algebraicgeometry. We will return to this example in §6.3.
 • Let A be a connective E8-ring and take C “ LinCatStA to be the 8-category
 of stable A-linear 8-categories (see Definition SAG.D.1.4.1 ). The theory ofTannaka duality supplies a fully faithful embedding VarpAq ãÑ CAlgpCqop, whichextends to a fully faithful embedding AVarpAq ãÑ bAlgpCqop (see Proposition4.4.1). In this case, the theory of Cartier duality developed in this sectionspecializes to the duality theory of abelian varieties, which we will explain indetail in §4 and §5.
 3.1 Coalgebra Objects of 8-CategoriesWe begin with some general remarks. For every symmetric monoidal 8-category C,
 we let CAlgpCq denote the 8-category of commutative algebra objects of C (DefinitionHA.2.1.3.1 ). Note that a symmetric monoidal structure on an8-category C determinesa symmetric monoidal structure on the opposite 8-category Cop (Remark HA.2.4.2.7 ),which motivates the following:
 Definition 3.1.1. Let C be a symmetric monoidal 8-category. A commutativecoalgebra object of C is a commutative algebra object of the opposite 8-category Cop.We let cCAlgpCq denote the 8-category CAlgpCop
 qop; we will refer to cCAlgpCq as the8-category of commutative coalgebra objects of C.
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Proposition 3.1.2. Let C be a symmetric monoidal 8-category and let K be asimplicial set. If C admits K-indexed colimits, then the 8-category cCAlgpCq admitsK-indexed colimits, and the forgetful functor cCAlgpCq Ñ C preserves K-indexedcolimits.Proof. Apply Corollary HA.3.2.2.5 to the symmetric monoidal 8-category Cop.Proposition 3.1.3. Let C be a symmetric monoidal 8-category. Suppose that C isaccessible and that the tensor product functor b : Cˆ C Ñ C is accessible. Then the8-category cCAlgpCq of commutative coalgebra objects of C is accessible.Proof. Let us regard C as a commutative monoid object of the 8-category yCat8 of8-categories which are not necessarily small, given by a map F : F in˚ Ñ yCat8. Thefunctor F is classified by a Cartesian fibration q : E Ñ F inop
 ˚ , whose fiber over anobject xny P F inop
 ˚ can be identified with Cn. Let D “ FunF inop˚pF inop
 ˚ , Eq denote the8-category of sections of q. Unwinding the definitions, we can identify cCAlgpCqwith the full subcategory of D spanned by those functors F : F inop
 ˚ Ñ E which carryinert morphisms of F inop
 ˚ to q-Cartesian morphisms in E . It follows from CorollaryHTT.5.4.7.17 that the8-category D is accessible and that, for each object xny P F inop
 ˚ ,evaluation at xny determines an accessible functor E Ñ Cn. Applying PropositionHTT.5.4.6.6 , we deduce that cCAlgpCq is also accessible.Corollary 3.1.4. Let C be a symmetric monoidal 8-category. Suppose that the8-category C is presentable and that the tensor product functor b : Cˆ C Ñ C isaccessible (this condition is satisfied, for example, if the functor b preserves smallcolimits separately in each variable). Then the 8-category cCAlgpCq is presentableand the forgetful functor cCAlgpCq Ñ C preserves small colimits.Proof. Combine Propositions 3.1.2 and 3.1.3.Corollary 3.1.5. Let C be a symmetric monoidal 8-category. Suppose that the 8-category C is presentable and that the tensor product functor b : Cˆ C Ñ C is accessible.Then the forgetful functor cCAlgpCq Ñ C admits a right adjoint V : C Ñ cCAlgpCq.Proof. Use Corollary 3.1.4 and the adjoint functor theorem (Corollary HTT.5.5.2.9 ).
 Remark 3.1.6. In the situation of Corollary 3.1.5, we will refer to the functorV : C Ñ cCAlgpCq as the cofree coalgebra functor. We do not know any explicitdescription of the functor V , except in special cases. On a similar note, Corollary 3.1.4implies that the 8-category cCAlgpCq admits small limits, which we do not know howto construct directly.
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3.2 Duality between Algebra and Coalgebra ObjectsLet C be a symmetric monoidal 8-category with unit object 1. Recall that an
 object C P C is said to be dualizable if there exists another object C_ P C, togetherwith maps
 e : C_ b C Ñ 1 c : 1 Ñ C b C_
 for which the composite maps
 C » 1b C cbidÝÝÑ C b C_ b C
 idbeÝÝÝÑ C b 1 » C
 C_ » C_ b 1 idbcÝÝÝÑ C_ b C b C_
 ebidÝÝÑ 1b C_ » C_
 are homotopic to the identity (for more details, we refer the reader to §HA.4.6.1 ). Welet Cfd denote the full subcategory of C spanned by the dualizable objects. This choiceof notation is motivated by the following example:
 Example 3.2.1. Let κ be a field and let C “ Mod♥κ be the category of vector spaces
 over κ. Then Cfd is the category of finite-dimensional vector spaces over κ. Moregenerally, if C “ Mod♥
 A is the category of (discrete) modules over a commutativering A, then Cfd is the full subcategory of C spanned by those A-modules which areprojective of finite rank.
 Example 3.2.2. Let A be a connective E8-ring and let C “ ModcnA denote the 8-
 category of connective A-modules. Then Cfd is the full subcategory of C spanned bythe projective A-modules of finite rank.
 Example 3.2.3. Let A be an E8-ring and let C “ ModA denote the 8-category of allA-modules. Then Cfd is the full subcategory of C spanned by the perfect A-modules.
 If C is a dualizable object of a symmetric monoidal 8-category C, then the dualC_ depends functorially on C. In fact, we can be more precise:
 Proposition 3.2.4. Let C be a symmetric monoidal8-category. Then the constructionC ÞÑ C_ determines an equivalence of symmetric monoidal 8-categories Cop
 fd Ñ Cfd.
 Proof. Replacing C by Cfd if necessary, we may assume that every object of C isdualizable. Let M denote the fiber product pCˆ Cq ˆC C1 whose objects are triplespC,D, eq, where C and D are objects of C and e : C b D Ñ 1 is a morphism in C.Then projection onto the first factor determines a right fibration λ : M Ñ Cˆ C.We regard λ as a pairing of 8-categories, in the sense of Definition HA.5.2.1.8 . Our
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assumption that every object of C is dualizable guarantees that λ is left (and right)representable, and therefore determines a duality functor Dλ : Cop
 Ñ C, given onobjects by C ÞÑ C_. Note that an object pC,D, eq P M is left universal (in thesense of Definition HA.5.2.1.8 ) if and only if it is right universal: both conditionsare equivalent to the requirement that e exhibits C and D as duals of one another.Applying Corollary HA.5.2.1.22 , we deduce that Dλ is an equivalence of 8-categories.
 Note that the symmetric monoidal structure on C induces a symmetric monoidalstructure on M and on the functor λ. We may therefore regard λ as a pairing ofsymmetric monoidal 8-categories, in the sense of Definition HA.5.2.2.20 . It followsfrom Remark HA.5.2.2.25 that the functor Dλ inherits the structure of a lax symmetricmonoidal functor. To show that this functor is actually symmetric monoidal, it sufficesto observe that the collection of left representable objects of M is closed under tensorproducts.
 In the situation of Proposition 3.2.4, the construction C ÞÑ C_ exchanges commu-tative algebras with commutative coalgebras:
 Corollary 3.2.5. Let C be a symmetric monoidal 8-category. Then there is acanonical equivalence of 8-categories CAlgpCfdq
 op » cCAlgpCfdq, given on objects bythe construction A ÞÑ A_.
 Remark 3.2.6 (Functoriality). The equivalence of Corollary 3.2.5 depends functoriallyon C, in the following precise sense: the constructions C ÞÑ CAlgpCfdq
 op and C ÞÑcCAlgpCfdq are equivalent when regarded as functors CAlgpCat8q Ñ Cat8. Moreinformally: if F : C Ñ D is a symmetric monoidal functor, then F carries dualizableobjects of C to dualizable objects of D, and we have a commutative diagram of8-categories
 CAlgpCfdqop F //
 CAlgpDfdqop
 cCAlgpCfdq
 F // cCAlgpDfdq,
 where the vertical maps are the equivalences supplied by Corollary 3.2.5.
 3.3 Bialgebra Objects of 8-CategoriesWe now study objects of symmetric monoidal 8-categories which simultaneously
 admit the structure of a commutative algebra and a commutative coalgebra, in acompatible way.
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Definition 3.3.1. Let C be a symmetric monoidal 8-category, so that the 8-categoryCAlgpCq inherits a symmetric monoidal structure (see Construction HA.3.2.4.1 ). Abialgebra object of C is a commutative coalgebra object of CAlgpCq. We let bAlgpCqdenote the 8-category cCAlgpCAlgpCqq of bialgebra objects of C.
 Remark 3.3.2. The notion of bialgebra object introduced in Definition 3.3.1 mightmore properly be referred to as a commutative and cocommutative bialgebra object.We will omit mention of commutativity, since we have no need to consider bialgebraswhich are not commutative (and cocommutative) in this paper.
 It is not immediately obvious from Definition 3.3.1 that the notion of bialgebraobject is self-dual: that is, that the8-categories cCAlgpCAlgpCqq and CAlgpcCAlgpCqqare equivalent. To see that this is the case, it is convenient to characterize the 8-category bAlgpCq by a universal property. Recall that an 8-category E is said to besemiadditive if it admits both finite products and finite coproducts, and the Cartesiansymmetric monoidal structure on E agrees with the coCartesian symmetric monoidalstructure on E (see Definition SAG.C.4.1.6 ).
 Proposition 3.3.3. Let C be a symmetric monoidal 8-category. Then:
 paq The 8-category bAlgpCq of bialgebra objects of C is semiadditive (DefinitionSAG.C.4.1.6 ): that is, it admits a zero object, and the canonical map C >D Ñ
 C ˆD is an equivalence for every pair of objects C,D P C.
 pbq The symmetric monoidal structure on C induces a symmetric monoidal structureon bAlgpCq which is both Cartesian and coCartesian.
 pcq Let E be any semiadditive 8-category, and regard E as equipped with theCartesian symmetric monoidal structure (or, equivalently, with the coCarte-sian symmetric monoidal structure). Then the forgetful functor bAlgpCq Ñ Cinduces an equivalence of 8-categories FunbpE , bAlgpCqq Ñ FunbpE , Cq. HereFunbpE , Cq denotes the 8-category of symmetric monoidal functors from E to C,and FunbpE , bAlgpCqq is defined similarly.
 We can summarize Proposition 3.3.3 more informally as follows: if C is a symmetricmonoidal 8-category, then bAlgpCq is universal among Cartesian and coCartesiansymmetric monoidal 8-categories E equipped with a symmetric monoidal functorE Ñ C. Note that this description is manifestly self-dual:
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Corollary 3.3.4. Let C be a symmetric monoidal 8-category. Then there is acanonical (symmetric monoidal) equivalence bAlgpCop
 q » bAlgpCqop. In other words,the 8-categories cCAlgpCAlgpCqq and CAlgpcCAlgpCqq are canonically equivalent.
 Proof of Proposition 3.3.3. We first prove pbq. Observe that the symmetric monoidalstructure on CAlgpCq is coCartesian (Proposition HA.3.2.4.7 ); in particular, the 8-category CAlgpCq admits finite coproducts. Applying Corollary HA.3.2.2.5 (to the8-category CAlgpCqop), we deduce that the 8-category bAlgpCq “ cCAlgpCAlgpCqqalso admits finite coproducts, and that the forgetful functor θ : bAlgpCq Ñ CAlgpCqpreserves finite coproducts. Moreover, Proposition HA.3.2.4.7 implies that the sym-metric monoidal structure on bAlgpCq is Cartesian (and in particular that bAlgpCqadmits finite products). We will complete the proof of pbq by showing that the symmet-ric monoidal structure on bAlgpCq is also coCartesian: that is, it satisfies conditionsp1q and p2q of Definition HA.2.4.0.1 :
 p1q Let 1 denote the unit object of bAlgpCq; we wish to show that 1 is initial. Sincethe forgetful functor θ is conservative and preserves finite coproducts, it willsuffice to show that θp1q is an initial object of CAlgpCq. Because θ is a symmetricmonoidal functor, we can identify θp1q with the unit object of CAlgpCq. Thedesired result now follows from the fact that the symmetric monoidal structureon CAlgpCq is coCartesian (Proposition HA.3.2.4.7 ).
 p2q Let C and D be objects of bAlgpCq; we wish to show that the canonical maps
 C » C b 1 µÝÑ C bD
 νÐÝ 1bD » D
 exhibit C bD as a coproduct of C and D in the 8-category bAlgpCq. Becausethe functor θ is conservative and preserves finite coproducts, it will suffice toshow that θpµq and θpνq exhibit θpC bDq as a coproduct of θpCq and θpDq inthe 8-category CAlgpCq. This again follows from the fact that the symmetricmonoidal structure on CAlgpCq is coCartesian (Proposition HA.3.2.4.7 ).
 Assertion paq is a formal consequence of pbq (see Remark SAG.C.4.1.8 ). We nowprove pcq. Let E be a semiadditive 8-category, and regard E as equipped withthe Cartesian (or equivalently the coCartesian) symmetric monoidal structure. Wewish to show that the composite functor FunbpE , bAlgpCqq ρ
 ÝÑ FunbpE ,CAlgpCqq ρ1ÝÑ
 FunbpE , Cq is an equivalence of 8-categories. Since the symmetric monoidal structureon E is coCartesian, we can use Remark HA.3.2.4.9 to identify ρ1 with the forgetfulfunctor FunpE ,CAlgpCAlgpCqqq Ñ FunpE ,CAlgpCq, which is an equivalence by virtueof Example HA.3.2.4.5 . A similar argument shows that ρ is an equivalence.
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Corollary 3.3.5. Let C be a symmetric monoidal 8-category. Suppose that the 8-category C is presentable and that the tensor product b : Cˆ C Ñ C preserves smallcolimits separately in each variable. Then the 8-category bAlgpCq is presentable.
 Proof. Corollary HA.3.2.3.5 implies that the 8-category CAlgpCq is presentable.Moreover, the tensor product functor b : CAlgpCq ˆ CAlgpCq Ñ CAlgpCq preservessifted colimits, and is therefore accessible. Applying Corollary 3.1.4, we deduce thatthe 8-category bAlgpCq “ cCAlgpCAlgpCqq is presentable.
 Remark 3.3.6. Let C be as in Corollary 3.3.5. Using Corollaries 3.1.4 and 3.3.4, wededuce that the forgetful functor bAlgpCq » CAlgpcCAlgpCqq Ñ cCAlgpCq admits aleft adjoint, given by the construction C ÞÑ Sym˚
 C C. In other words, the commutativediagram of 8-categories
 bAlgpCq //
 cCAlgpCq
 CAlgpCq // C
 is left adjointable. More informally: if C is a commutative coalgebra object of C, thenthe free commutative algebra Sym˚
 C C inherits the structure of a bialgebra object ofC. In particular, if 1 denotes the unit object of C, then we can regard Sym˚
 C 1 as abialgebra object of C.
 3.4 The Spectrum of a BialgebraLet κ be a field and let H be a (commutative and cocommutative) Hopf algebra
 over κ. Then the comultiplication ∆ : H Ñ H bκ H endows the affine scheme SpecHwith the structure of a (commutative) group scheme over κ. In other words, thefunctor of points pA P CAlg♥
 κ q ÞÑ MapCAlg♥κpH,Aq can be regarded as an abelian
 group in the functor category FunpCAlg♥κ ,Setq. We now extend this observation to
 bialgebra objects of an arbitrary symmetric monoidal 8-category.
 Notation 3.4.1 (The Spectrum of a Commutative Algebra). Let C be a symmetricmonoidal 8-category. For every commutative algebra object A P CAlgpCq, we letSpecC
 pAq : CAlgpCq Ñ S denote the functor corepresented by A, given by the formulaSpecC
 pAqpBq “ MapCAlgpCqpA,Bq. We will refer to SpecCpAq as the spectrum of A. We
 regard SpecC as a functor from the 8-category CAlgpCqop to the functor 8-categoryFunpCAlgpCq,Sq. This functor is fully faithful (it is the Yoneda embedding for the8-category CAlgpCqop).
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Variant 3.4.2 (The Spectrum of a Bialgebra). Let C be a symmetric monoidal8-category. Then the symmetric monoidal structure on CAlgpCq is coCartesian(Proposition HA.3.2.4.7 ), so the induced monoidal structure on CAlgpCqop is Cartesian.Applying Proposition HA.2.4.2.5 , we obtain a canonical equivalence of 8-categoriesbAlgpCqop “ CAlgpCAlgpCqopq » CMonpCAlgpCqopq. Composing this equivalencewith the Yoneda embedding SpecC : CAlgpCqop Ñ FunpCAlgpCq,Sq of Notation 3.4.1,we obtain a fully faithful functor
 bAlgpCqopÑ CMonpFunpCAlgpCq,Sqq “ FunpCAlgpCq,CMonq.
 We will abuse notation by denoting this functor also by SpecC. By construction, wehave a commutative diagram of 8-categories
 bAlgpCqop
 SpecC
 // CAlgpCqop
 SpecC
 FunpCAlgpCq,CMonpSqq // FunpCAlgpCq,Sq,
 where the horizontal maps are the evident forgetful functors. We can summarizethe situation more informally as follows: if H is a bialgebra object of C, then thespectrum SpecC
 pHq can be regarded as a CMon-valued functor on the 8-categoryCAlgpCq. In particular, if A is a commutative algebra object of C, then the mappingspace MapCAlgpCqpH,Aq inherits the structure of an E8-space.
 Remark 3.4.3. Let C be a symmetric monoidal 8-category and let X : CAlgpCq ÑCMon be a functor. The following conditions are equivalent:
 paq There exists an equivalence X » SpecCpHq for some bialgebra object H P
 bAlgpCq.
 pbq The composite functor CAlgpCq XÝÑ CMon Ñ S is corepresentable.
 In this case, we will say that the functor X is corepresentable.
 3.5 The Affine LineLet κ be a field and let A1
 κ “ Specκrts denote the affine line over κ. For everycommutative κ-algebra R, the set A1
 κpRq of R-valued points of A1κ can be identified
 with R itself, and therefore inherits the structure of a commutative ring. We can
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summarize the situation by saying that the affine line A1κ is a commutative ring object
 in the category of κ-schemes.In this section, we will consider a generalization of the affine line, replacing the
 category Mod♥κ of κ-vector spaces by an arbitrary symmetric monoidal 8-category C.
 In this more general setting, one does not expect the affine line to admit an addition(the addition on A1
 κ is tied to the additive structure of the category Mod♥κ ). However,
 the multiplicative structure survives:
 Construction 3.5.1 (The Affine Line). Let C be a symmetric monoidal 8-category,let 1 be the unit object of C, and let e : C Ñ S denote the functor given byepCq “ MapCp1, Cq. Then we can regard e as a lax symmetric monoidal functor(where we endow S with the Cartesian monoidal structure). Passing to commutativealgebra objects, we obtain a functor A1 : CAlgpCq Ñ CAlgpSq “ CMon. We will referto A1 as the affine line.
 Example 3.5.2. Let R be a commutative ring and let C “ Mod♥R be the category of
 (discrete) R-modules, so that CAlgpCq is equivalent to the category of commutativeR-algebras. Then the functor A1 : CAlgpCq Ñ CMon assigns to each commutativeR-algebra A its underlying set, regarded as a commutative monoid with respect tomultiplication.
 Example 3.5.3. Let A be a connective E8-ring and let C “ ModcnA be the 8-category
 of connective A-modules. Then CAlgpCq can be identified with the 8-category CAlgcnA
 of connective E8-algebras over A. In this case, the affine line A1 : CAlgcnA Ñ CMon
 is given by the construction B ÞÑ Ω8B, where we regard the 0th space Ω8B as anE8-space using the multiplication on B.
 Example 3.5.4. [Representability of A1] Let C be a symmetric monoidal 8-category.Suppose that C is presentable and that the tensor product b : Cˆ C Ñ C preservessmall colimits separately in each variable. Let 1 denote the unit object of C, andregard the symmetric algebra Sym˚
 C 1 as a bialgebra object as in Remark 3.3.6 (so that,for every bialgebra object H P bAlgpCq, we have a canonical homotopy equivalenceMapbAlgpCqpSym˚
 C 1, Hq » MapcCAlgpCqp1, Hq). Unwinding the definitions, we see thatthe affine line A1 can be identified with the spectrum SpecC
 pSym˚C 1q (see Variant
 3.4.2).
 Remark 3.5.5 (Functoriality). Let C and D be symmetric monoidal 8-categoriesand let f : C Ñ D be a symmetric monoidal functor. Suppose that f admits a
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right adjoint g. Then g is a lax symmetric monoidal functor, and therefore induces afunctor G : CAlgpDq Ñ CAlgpCq. Let A1
 C and A1D be the functors obtained by applying
 Construction 3.5.1 to the8-categories C andD, respectively. Unwinding the definitions,we see that A1
 D is given by the composition CAlgpDq GÝÑ CAlgpCq A1
 CÝÝÑ CMon.
 Proposition 3.5.6. Let C be a symmetric monoidal 8-category and let H be abialgebra object of C. Then there is a canonical homotopy equivalence
 α : MapFunpCAlgpCq,CMonqpSpecC H,A1q » MapcCAlgpCqp1, Hq.
 The proof of Proposition 3.5.6 is based on the following:
 Lemma 3.5.7. Let C 1 be a symmetric monoidal 8-category, let C Ď C 1 be a fullsubcategory which contains the unit object and is closed under tensor products, andlet H be a bialgebra object of C (so that we can also regard H as a bialgebra object ofC 1). Then the functor SpecC1
 pHq : CAlgpC 1q Ñ CMon is a left Kan extension of thefunctor SpecC
 pHq : CAlgpCq Ñ CMon.
 Proof. We prove a stronger claim: the functor SpecC1pHq is a left Kan extension
 of SpecC H when regarded as a functor from CAlgpC 1q to FunpF in˚,Sq. To provethis, it suffices to show that for each object xky P F in˚, the functor pSpecC1 Hqpxkyq :CAlgpC 1q Ñ S is a left Kan extension of its restriction to CAlgpCq. This is clear, sincethe functor pSpecC1 Hqpxkyq is corepresented by an object of CAlgpCq (namely, the kthtensor power of H).
 Proof of Proposition 3.5.6. Enlarging the universe if necessary, we may assume thatthe 8-category C is small. Let C 1 “ FunpCop,Sq denote the 8-category of S-valuedpresheaves on C, and let j : C Ñ C 1 be the Yoneda embedding. We will abuse notationby identifying C with its essential image in C 1. Using Proposition HA.4.8.1.10 , wededuce that C 1 admits an essentially unique symmetric monoidal structure (givenby Day convolution) for which the functor j is symmetric monoidal and the tensorproduct b : C 1ˆ C 1 Ñ C 1 preserves small colimits separately in each variable. Let A1
 C :CAlgpCq Ñ CMon and A1
 C1 : CAlgpC 1q Ñ CMon be given by applying Construction3.5.1 in the 8-categories C and C 1, respectively. Using Example 3.5.4, we obtaincanonical homotopy equivalences
 MapcCAlgpCqp1, Hq » MapcCAlgpC1qp1, Hq» MapbAlgpC1qpSym˚
 C1 1, Hq
 » MapFunpCAlgpC1q,CMonqpSpecC1 H,A1C1q.
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To complete the proof, it will suffice to show that the restriction map
 MapFunpCAlgpC1q,CMonqpSpecC1 H,A1C1q Ñ MapFunpCAlgpCq,CMonqpSpecC H,A1
 Cq
 is a homotopy equivalence, which follows from Lemma 3.5.7.
 3.6 Smash Products of E8-SpacesLet X, Y , and Z be commutative monoids. We say that a map b : X ˆ Y Ñ Z is
 bilinear if it satisfies the identities
 bpx, 0q “ 0 “ bp0, yq bpx` x1, yq “ bpx, yq ` bpx1, yq bpx, y ` y1q “ bpx, yq ` bpx, y1q.
 For fixed X and Y , there exists a bilinear map b0 : X ˆ Y Ñ Z0 which is universalin the following sense: every bilinear map b : X ˆ Y Ñ Z factors uniquely as acomposition
 X ˆ Yb0ÝÑ Z0
 φÝÑ Z,
 where φ is a homomorphism of commutative monoids. In this case, we say that b0
 exhibits Z0 as the tensor product of X and Y (in the category of commutative monoids).Note that when X and Y are abelian groups, this recovers the usual theory of tensorproducts in the category of abelian groups.
 We now generalize this notion of tensor product to the setting of E8-spaces(that is, commutative monoid objects of the 8-category S of spaces, rather thanthe ordinary category of sets). To avoid confusion with the various other notionsof tensor product appearing in this paper, we will denote the relevant operation by^ : CMonˆCMon Ñ CMon, which we refer to as the smash product of E8-spaces(this terminology is motivated by a close relationship with the usual smash product ofspectra; see Remark 3.6.5 below).
 Proposition 3.6.1 (The Smash Product). Let CMon denote the 8-category of E8-spaces, and let Sym˚ : S Ñ CMon denote a left adjoint to the forgetful functor. Thenthere exists an essentially unique symmetric monoidal structure on the 8-categoryCMon with the following properties:
 piq The underlying bifunctor CMonˆCMon Ñ CMon preserves small colimitsseparately in each variable.
 piiq The functor Sym˚S : S Ñ CMon is symmetric monoidal, where we endow S with
 the Cartesian symmetric monoidal structure (in particular, for every pair of
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spaces X and Y , we have a canonical homotopy equivalence Sym˚SpX ˆ Y q »
 Sym˚SpXq ^ Sym˚
 SpY q.
 Notation 3.6.2. We will refer to the symmetric monoidal structure of Proposition3.6.1 as the smash product symmetric monoidal structure on the8-category CMon, andwill denote the underlying bifunctor by CMonˆCMon Ñ CMon by pX, Y q ÞÑ X ^ Y .
 Proof of Proposition 3.6.1. Let PrL denote the 8-category whose objects are pre-sentable 8-categories and whose morphisms are colimit-preserving functors (see Defi-nition HTT.5.5.3.1 ). We will regard PrL as a symmetric monoidal 8-category, whosetensor product b : PrLˆPrL Ñ PrL can be characterized as follows: for every tripleof objects C,D, E P PrL, we can identify colimit-preserving functors F : CbD Ñ Ewith bifunctors f : CˆD Ñ E which preserve colimits separately in each variable (see§HA.4.8.1 ). Let L : PrL Ñ PrL be the functor given by C ÞÑ CbCMon. The functorSym˚
 S determines a natural transformation idPrL Ñ L. It follows from PropositionSAG.C.4.1.9 that L is a localization functor whose essential image consists of thepresentable semiadditive 8-categories. It follows that the functor Sym˚
 S : S Ñ CMonexhibits CMon as an idempotent object of the symmetric monoidal 8-category PrL, inthe sense of Definition HA.4.8.2.1 ). Applying Proposition HA.4.8.2.9 , we deduce thatSym˚
 S can be promoted (in an essentially unique way) to a morphism of commutativealgebra objects of PrL.
 Remark 3.6.3. Let Fin» denote the category whose objects are finite sets and whosemorphisms are bijections. Then the nerve NpFin»q is a Kan complex which we canidentify with the image of the one-point space ˚ under the functor Sym˚
 S : S Ñ CMon.In particular, NpFin»q admits the structure of an E8-space (whose multiplication isinduced by the disjoint union functor > : Fin»ˆFin» Ñ Fin»). Moreover, since S isthe unit object of the symmetric monoidal 8-category PrL and a colimit-preservingfunctor F : S Ñ CMon is determined by the object F p˚q, we can replace conditionpiiq of Proposition 3.6.1 with the following a priori weaker condition:
 pii1q The E8-space NpFin»q is a unit object of CMon.
 Remark 3.6.4 (Comparision with Tensor Products of Commutative Monoids). LetSet denote the category of sets. Then Set can be regarded as an idempotent object ofthe 8-category PrL (see Example HA.4.8.1.23 ). Note that the category CMonpSetqof commutative monoids can be identified with the tensor product SetbCMon, andis therefore also an idempotent object of the 8-category PrL. Applying Proposition
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HA.4.8.2.9 , we deduce that there is an essentially unique symmetric monoidal structureon the category CMonpSetq with the following properties:
 piq The tensor product on CMonpSetq preserves small colimits separately in eachvariable.
 piiq The unit object of CMonpSetq is the commutative monoid Zě0.
 It follows from uniqueness that this symmetric monoidal structure must coincide(up to essentially unique equivalence) with the usual tensor product on commutativemonoids, described in the introduction to this section.
 Note that the functor π0 : CMon Ñ CMonpSetq can be identified with the tensorproduct of the identity functor idCMon with the functor π0 : S Ñ Set, and can thereforebe regarded as a morphism of commutative algebra objects of PrL. In particular, ifX and Y are E8-spaces, then the commutative monoid π0pX ^ Y q can be identifiedwith the tensor product of the commutative monoids π0X and π0Y .
 Remark 3.6.5 (Comparison with Smash Products of Spectra). Let Spcn denote the8-category of connective spectra, and regard Spcn as a symmetric monoidal8-categoryvia the usual smash product of spectra. Since the 8-category Spcn is semiadditive,there is an essentially unique symmetric monoidal functor F : CMon Ñ Spcn whichcommutes with small colimits. Moreover, if we neglect symmetric monoidal structures,then F is characterized up to equivalence by the requirement that F carries theunit object NpFin»q P CMon to the sphere spectrum S P Spcn. It follows that thecomposition of F with the equivalence Spcn
 » CMongppSq can be identified with a
 left adjoint to the inclusion CMongppSq ãÑ CMonpSq (this left adjoint is given by the
 formation of group completion in the setting of E8-spaces).
 Remark 3.6.6 (Comparison with Tensor Products of 8-Operads). Let Op8 denotethe 8-category of 8-operads (see Definition HA.2.1.4.1 ). Then we can identify the8-category CMon of E8-spaces with the full subcategory of Op8 spanned by those8-operads q : Ob Ñ F in˚ for which q is a left fibration. This observation determines afully faithful embedding CMon ãÑ Op8, which admits a left adjoint U : Op8 Ñ CMon.One can show that this left adjoint is a symmetric monoidal functor, where we regardOp8 as equipped with the symmetric monoidal structure described in §HA.2.2.5 , andCMon as equipped with the symmetric monoidal structure of Proposition 3.6.1. Inparticular, the functor U carries tensor products of 8-operads to smash products ofE8-spaces.
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3.7 The Cartier Dual of a FunctorLet R be a commutative ring and let G be a finite flat commutative group scheme
 over R. Recall that the Cartier dual of G is another finite flat group scheme overR which parametrizes homomorphisms G Ñ Gm. We now consider an analogousconstruction in a more general setting.
 Construction 3.7.1 (Cartier Duality). Let C be a symmetric monoidal 8-category.We regard the 8-category FunpCAlgpCq,CMonq as equipped with the symmetricmonoidal structure given by pointwise smash product (see Proposition 3.6.1), whoseunderlying multiplication
 ^ : FunpCAlgpCq,CMonq ˆ FunpCAlgpCq,CMonq Ñ FunpCAlgpCq,CMonq
 is described by the formula pX ^ Y qpAq “ XpAq ^ Y pAq. Note that this operationpreserves small colimits separately in each variable.
 Assume now that the 8-category C is essentially small. Then the functor 8-category FunpCAlgpCq,CMonq is presentable (Proposition HTT.5.5.3.6 ). It followsthat the smash product monoidal structure on FunpCAlgpCq,CMonq is closed (seeDefinition HA.4.1.1.15 ). In particular, for every object X P FunpCAlgpCq,CMonqthere exists another object DpXq P FunpCAlgpCq,CMonq equipped with a map α :X ^ DpXq Ñ A1 with the following universal property: for every functor Y P
 FunpCAlgpCq,CMonq, composition with α induces a homotopy equivalence
 MapFunpCAlgpCq,CMonqpY,DpXqq Ñ MapFunpCAlgpCq,CMonqpX ^ Y,A1q.
 In this case, we will refer to DpXq as the Cartier dual of X, and we will say that αexhibits DpXq as a Cartier dual of X.
 Variant 3.7.2. For some applications, it is inconvenient to assume that the8-categoryC appearing in Construction 3.7.1 is essentially small. Without this assumption, onecannot apply Construction 3.7.1 directly, because the symmetric monoidal 8-categoryFunpCAlgpCq,CMonpCqq is generally not closed. However, one can correct this defectby passing to a larger universe which contains C: if we then let pS denote the 8-category of spaces which are not necessarily small, then the symmetric monoidalstructure on the 8-category FunpCAlgpCq,CMonppSqq is closed, so that any functorX P FunpCAlgpCq,CMonq Ď FunpCAlgpCq,CMonppSqq admits a Cartier dual DpXq PFunpCAlgpCq,CMonppSqq. In cases of interest to us, one can then check directly thatDpXq belongs to (the essential image of) the full subcategory FunpCAlgpCq,CMonq ĎFunpCAlgpCq,CMonppSqq.
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Our next goal is to give a a more explicit description of the Cartier dual DpXq asa functor. We begin by evaluating DpXq at the initial object of CAlgpCq.
 Example 3.7.3. Let C be a symmetric monoidal 8-category and let 1 denote theunit object of C, which we regard as a commutative algebra object (namely, the initialobject of CAlgpCq). Let E denote the unit object of FunpCAlgpCq,CMonq, given bythe constant functor taking the value NpFin»q P CMon (see Remark 3.6.3). Note thatE is a left Kan extension of its restriction to the subcategory t1u Ď CAlgpCq. For anyfunctor X : CAlgpCq Ñ CMon, we obtain canonical homotopy equivalences
 DpXqp1q » MapSp˚,DpXqp1qq» MapCMonpNpFin»q,DpXqp1qq» MapFunpCAlgpCq,CMonqpE,DpXqq» MapFunpCAlgpCq,CMonqpX ^ E,A1
 q
 » MapFunpCAlgpCq,CMonqpX,A1q.
 We now study the behavior of Construction 3.7.1 as the 8-category C varies.
 Notation 3.7.4. Let f : C Ñ D be a symmetric monoidal functor between essentiallysmall symmetric monoidal 8-categories, and suppose that f admits a right adjointg. Then g inherits the structure of a lax symmetric monoidal functor, so that f andg determine an adjunction CAlgpCq F //CAlgpDq
 Goo . The functor G induces another
 adjunctionFunpCAlgpCq,CMonq G˚ //FunpCAlgpDq,CMonq
 G!oo ,
 whereG˚ is given by pointwise composition with G andG! is given by left Kan extensionalong G. Note that G˚ is a symmetric monoidal functor (with respect to formationof pointwise smash products). For every pair of functors X : CAlgpCq Ñ CMon andY : CAlgpDq Ñ CMon, the composition
 G˚pXq ^ Y Ñ G˚pXq ^G˚G!pY q » G˚pX ^G!pY qq
 classifies a map βX,Y : G!pG˚pXq ^ Y q Ñ X ^G!pY q.
 Lemma 3.7.5 (Projection Formula). In the situation of Notation 3.7.4, supposethat the functor G is a coCartesian fibration of 8-categories. Then, for every pairof functors X : CAlgpCq Ñ CMon and Y : CAlgpDq Ñ CMon, the map βX,Y :G!pG
 ˚pXq ^ Y q Ñ X ^G!pY q is an equivalence.
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Proof. Fix an object C P CAlgpCq; we wish to show that βX,Y induces an equivalencewhen evaluated at C. Let CAlgpDqC “ CAlgpDq ˆCAlgpCq CAlgpCqC denote the 8-category whose objects are pairs pD, uq, where D P CAlgpDq and u : GpDq Ñ C is amorphism in CAlgpCq. Unwinding the definitions, we wish to show that the canonicalmap
 ρ : limÝÑ
 pD,uqPCAlgpDqC
 pXpGpDqq ^ Y pDqq Ñ XpCq ^ limÝÑ
 pD,uqPCAlgpDqC
 Y pDq
 is an equivalence in the 8-category CMon. Let CAlgpDq˝C denote the full sub-category of CAlgpDqC spanned by those pairs pD, uq where u is an equivalence.Our assumption that G is a coCartesian fibration guarantees that the inclusionCAlgpDq˝C ãÑ CAlgpDqC admits a left adjoint, and is therefore left cofinal. Conse-quently, we can identify ρ with the canonical map
 limÝÑ
 pD,uqPCAlgpDq˝C
 pXpGpDqq ^ Y pDqq Ñ XpCq ^ limÝÑ
 pD,uqPCAlgpDq˝C
 Y pDq,
 which is an equivalence by virtue of the fact that the smash product functor ^ :CMonˆCMon Ñ CMon preserves small colimits separately in each variable.
 Proposition 3.7.6. In the situation of Notation 3.7.4, suppose that the functor G isa coCartesian fibration of 8-categories. Then, for any functor X : CAlgpCq Ñ CMon,there is a canonical equivalence G˚pDpXqq » DpG˚Xq.
 Proof. Let A1C and A1
 D be the functors obtained by applying Construction 3.5.1 to the8-categories C and D, respectively. Remark 3.5.5 then supplies a canonical equivalenceA1
 D » G˚A1C. Let Y : CAlgpDq Ñ CMon be any functor. Using Lemma 3.7.5, we
 obtain canonical homotopy equivalences
 MapFunpCAlgpDq,CMonqpY,G˚pDpXqqq » MapFunpCAlgpCq,CMonqpG!Y,DpXqq
 » MapFunpCAlgpCq,CMonqpX ^G!Y,A1Cq
 » MapFunpCAlgpCq,CMonqpG!ppG˚Xq ^ Y q,A1
 Cq
 » MapFunpCAlgpDq,CMonqppG˚Xq ^ Y,G˚A1
 Cq
 » MapFunpCAlgpDq,CMonqppG˚Xq ^ Y,A1
 Dq
 » MapFunpCAlgpDq,CMonqpY,DpG˚Xqq.
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Example 3.7.7. Let C be a symmetric monoidal 8-category and let A be a commu-tative algebra object of C. Suppose that C admits geometric realizations of simplicialobjects and that the tensor product functor b : Cˆ C Ñ C preserves geometricrealizations of simplicial objects, so that the 8-category of A-modules ModApCq in-herits a symmetric monoidal structure (given by the relative tensor product bA);see §HA.4.5.2 . Extension and restriction of scalars then determine an adjunction
 Cf //ModApCqgoo . Passing to commutative algebra objects, we obtain an adjunc-
 tion CAlgpCq F //CAlgpModApCqqGoo . Let us identify the 8-category CAlgpModApCqq
 with the 8-category CAlgpCqA. Given any functor X : CAlgpCq Ñ CMon, we letXA “ G˚X denote the composite functor CAlgpCqA G
 ÝÑ CAlgpCq XÝÑ CMon. Since the
 functor G is a left fibration of 8-categories, Proposition 3.7.6 supplies a canonicalequivalence DpXAq » DpXqA in the 8-category FunpCAlgpCqA,CMonq. In otherwords, the formation of Cartier duality commutes with extension of scalars.
 Proposition 3.7.8. Let C be a symmetric monoidal 8-category. Suppose that Cadmits geometric realizations of simplicial objects and that the tensor product functorb : Cˆ C Ñ C preserves geometric realizations of simplicial objects. Then, for everyfunctor X : CAlgpCq Ñ CMon, we have canonical homotopy equivalences DpXqpAq »MapFunpCAlgpCqA,CMonpXA,A1
 Aq, where XA and A1A are defined as in Example 3.7.7.
 Proof. Combine Examples 3.7.7 and 3.7.3.
 3.8 Duality for BialgebrasWe now specialize the Cartier duality construction of §3.7 to the case of corepre-
 sentable functors.
 Proposition 3.8.1. Let C be a symmetric monoidal 8-category. Assume that C admitsgeometric realizations of simplicial objects and that the tensor product b : Cˆ C Ñ Cpreserves geometric realizations of simplicial objects. Let H be a bialgebra object ofC, and set X “ SpecC H P FunpCAlgpCq,CMonq. Assume that H is dualizable as anobject of C, and let H_ denote the image of H under the forgetful functor
 bAlgpCfdq Ñ cCAlgpCfdq » CAlgpCfdqopĎ CAlgpCqop
 (see Corollary 3.2.5). Then H_ corepresents the functor CAlgpCq DpXqÝÝÝÑ CMon Ñ S.
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We can summarize the contents of Proposition 3.8.1 more informally as follows:if H is a bialgebra object of C which is dualizable as an object of C, then the dualH_ also admits the structure of a bialgebra object of C. Moreover, we can identifySpecC H_ with the Cartier dual of SpecC H.
 Proof of Proposition 3.8.1. Let A be a commutative algebra object of C. Combin-ing Proposition 3.7.8, Proposition 3.5.6, and Corollary 3.2.5, we obtain homotopyequivalences
 DpXqpAq » MapFunpCAlgpModApCqq,CMonqpXA,A1Aq
 » MapFunpCAlgpModApCqq,CMonqpSpecModApCqpAbHq,A1Aq
 » MapcCAlgpModApCqqpA,AbHq
 » MapCAlgpModApCqqpAbH_, Aq
 » MapCAlgpCqpH_, Aq.
 Moreover, these homotopy equivalences depend functorially on A (see Remark 3.2.6).
 Remark 3.8.2. In the statement of Proposition 3.8.1, the assumption that C admitsgeometric realizations of simplicial objects is not necessary: it can be eliminatedby embedding C into a larger symmetric monoidal 8-category, as in the proof ofProposition 3.5.6. We leave the details to the reader.
 Remark 3.8.3. Let C be as in Proposition 3.8.1. It follows from Proposition 3.8.1that there exists a unique functor D : bAlgpCfdq
 op Ñ bAlgpCfdq for which the diagram
 bAlgpCfdqop D //
 SpecC
 bAlgpCfdq
 SpecC
 FunpCAlgpCq,CMonqop // FunpCAlgpCq,CMonq
 commutes, where the bottom vertical map is given by Cartier duality. Moreover,Proposition 3.8.1 also establishes the commutativity of the diagram
 bAlgpCfdqop D //
 bAlgpCfdq
 cCAlgpCfdq
 op // CAlgpCfdq,
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where the vertical maps are the forgetful functors and the bottom horizontal map isthe equivalence of Corollary 3.2.5.
 Using more refined arguments, one can give a more direct description of the functorD: it is obtained by combining Proposition 3.2.4 with Corollary 3.3.4 to obtainequivalences
 bAlgpCfdqop
 “ cCAlgpCAlgpCfdqqop
 » CAlgpcCAlgpCopfd qq
 » CAlgpcCAlgpCfdqq
 » cCAlgpCAlgpCfdqq
 “ bAlgpCfdq.
 Remark 3.8.4. Let C be a symmetric monoidal 8-category, let H,H 1 P bAlgpCq bebialgebra objects of C, and suppose that H is dualizable as an object of C. Let usregard R “ H bH 1 as a commutative algebra object of C, so that we have tautologcialpoints η P pSpecC HqpAq and η1 P pSpecC H 1qpRq. Suppose that we are given a naturaltransformation µ : pSpecC Hq ^ pSpecC H 1q Ñ A1. Then the induced map of S-valuedfunctors
 pSpecC Hq ˆ pSpecC H 1q Ñ pSpecC Hq ^ pSpecC H 1
 qµÝÑ A1
 carries pη, η1q to a point of the space A1pRq, which we can identify with a mapµη,η1 : 1 Ñ R “ H bH 1 in the 8-category C.
 It follows from Proposition 3.8.1 that the dual H_ admits the structure of abialgebra object of C, and that µ is classified by a map of bialgebras u : H_ Ñ H 1.Unwinding the definitions, we see that the image of u under the forgetful functorbAlgpCq Ñ C coincides with the composition
 H_idbµη,η1ÝÝÝÝÝÑ H_
 bH bH 1 eÝÑ 1bH 1
 » H 1,
 where e : H_ bH Ñ 1 is the evaluation map. In particular, u is an equivalence if andonly if the map µη,η1 exhibits H 1 as a dual of H in the symmetric monoidal 8-categoryC.
 Suppose we are given a symmetric monoidal 8-category C and a pair of functorsX,X 1 : CAlgpCq Ñ CMon. Every natural transformation µ : X ^X 1 Ñ A1 inducesmaps
 α : X Ñ DpX 1q β : X 1
 Ñ DpXq.
 53

Page 54
                        

We will say that µ exhibits X as a Cartier dual of X 1 if α is an equivalence, and thatµ exhibits X 1 as a Cartier dual of X if β is an equivalence. Combining Proposition3.8.1 with Remark 3.8.4, we obtain the following:
 Proposition 3.8.5. Let C be a symmetric monoidal 8-category containing bialgebraobjects H,H 1 P bAlgpCq representing functors X “ SpecC H and X 1 “ SpecC H 1, andsuppose a morphism µ : X ^X 1 Ñ A1. The following conditions are equivalent:
 p1q The image of H in C is dualizable, and the map µ exhibits functor µ exhibits X 1
 as a Cartier dual of X.
 p2q The image of H 1 in C is dualizable, and the map µ exhibits functor µ exhibits Xas a Cartier dual of X 1.
 p3q Let η P XpHq and η1 P X 1pH 1q be the tautological points, and let θ denote theimage of pη, η1q under the composite map
 XpHq ˆX 1pH 1q Ñ XpH bH 1
 q ˆX 1pH bH 1
 q
 Ñ pX ^X 1qpH bH 1
 qµÝÑ A1
 pH bH 1q
 “ MapCp1, H bH 1q.
 Then θ : 1 Ñ H bH 1 determines a duality between H and H 1 in the symmetricmonoidal 8-category C.
 3.9 Duality for Hopf AlgebrasIn the classical theory of Cartier duality, it is more common describe the Cartier
 dual of a finite flat commutative group scheme G as the scheme parametrizing groupscheme homomorphisms from G into GL1, rather than monoid scheme homomorphismsfrom G into A1. Of course, there is no difference: if G is a group scheme, then anymonoid scheme homomorphism G Ñ A1 automatically factors through the openimmersion GL1 ãÑ A1. This observation extends to the more general setting ofConstruction 3.7.1.
 Definition 3.9.1. Let C be a symmetric monoidal 8-category and let X : CAlgpCq ÑCMon be a functor. We will say that X is grouplike if, for every object A P CAlgpCq,the E8-space XpAq is grouplike (that is, the commutative monoid π0XpAq is anabelian group).
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Remark 3.9.2. Let C be a symmetric monoidal8-category and let X, Y : CAlgpCq ÑCMon be two functors. If either X or Y is grouplike, then the (pointwise) smashproduct X ^ Y is grouplike.
 Remark 3.9.3. The inclusion functor ι : CMongppSq ãÑ CMon admits both a
 left adjoint ιL (given by group completion) and a right adjoint ιR. For any sym-metric monoidal 8-category C, the inclusion functor FunpCAlgpCq,CMongp
 pSqq ÑFunpCAlgpCq,CMonq also admits left and right adjoints, given by postcompositionwith ιL and ιR respectively.
 Construction 3.9.4 (The Functor GL1). Let C be a symmetric monoidal 8-categorywith unit object 1. For every commutative algebra object R P CAlgpCq, we let GL1pRq
 denote the summand of MapCp1, Rq given by the union of those connected componentswhich are invertible in the commutative monoid π0 MapCp1, Rq (where the monoidstructure is induced by the multiplication on R). We regard GL1 as a functor fromthe 8-category CAlgpCq to the 8-category CMongp
 pSq of grouplike E8-spaces.
 Remark 3.9.5. Let C be a symmetric monoidal8-category. Then we have a canonicalinclusion of functors GL1 ãÑ A1, which exhibits GL1 as universal among grouplikefunctors X : CAlgpCq Ñ CMon equipped with a map X Ñ A1 (see Remark 3.9.3).
 Proposition 3.9.6. Let C be a symmetric monoidal 8-category and let X be agrouplike object of FunpCAlgpCq,CMonq. Then:
 paq The Cartier dual DpXq : CAlgpCq Ñ CMon is grouplike.
 pbq The canonical map X ^ DpXq Ñ A1 factors through GL1 (in an essentiallyunique way).
 pcq The resulting map µ : X ^DpXq Ñ GL1 has the following universal property:for every functor Y : CAlgpCq Ñ CMon, composition with µ induces a homotopyequivalence
 MapFunpCAlgpCq,CMonpY,DpXqq Ñ MapFunpCAlgpCq,CMonpX ^ Y,GL1q.
 Proof. Assertions pbq and pcq follow immediately from Remarks 3.9.2 and 3.9.5. Wewill prove paq. Let ιL : CMon Ñ CMongp
 pSq be as in Remark 3.9.3 and set Y “
 ιL ˝DpXq. It follows from Remark 3.6.5 that the localization functor ιL on CMon iscompatible with the smash product monoidal structure. Consequently, the canonical
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map f : X ^DpXq Ñ X ^ Y induces an equivalence after group completion. SinceX ^DpXq and X ^ Y are already grouplike (Remark 3.9.2), it follows that f is anequivalence. It follows that the canonical map X ^DpXq Ñ A1 factors through f (inan essentially unique way). Invoking the definition of DpXq, we see that the canonicalmap DpXq Ñ Y admits a left homotopy inverse, so that DpXq is a retract of Y andis therefore grouplike, as desired.
 Definition 3.9.7. Let C be a symmetric monoidal 8-category and let H P bAlgpCqbe a bialgebra object of C. We will say that H is a Hopf algebra object of C if thefunctor SpecC
 pHq : CAlgpCq Ñ CMon is grouplike, in the sense of Definition 3.9.1.
 More concretely: a bialgebra object H P bAlgpCq is a Hopf algebra if and onlyif every commutative algebra morphism f : H Ñ A in C is invertible (with respectto the commutative monoid structure on π0 MapCAlgpCqpH,Aq determined by thecomultiplication on H).
 Remark 3.9.8. The terminology of Definition 3.9.7 is potentially misleading: ournotion of Hopf algebra object might more properly be referred to as a commutative,cocommutative Hopf algebra object (see Remark 3.3.2).
 Proposition 3.9.9. Let C be a symmetric monoidal 8-category and let H be a Hopfalgebra object of C. Suppose that H is dualizable as an object of C, so that the dualH_ admits the structure of a bialgebra object of C (as in Proposition 3.8.5). The H_
 is also a Hopf algebra object of C.
 Proof. Combine Propositions 3.8.5 and 3.9.6.
 4 Biextensions and the Fourier-Mukai TransformLet A be a connective E8-ring and let X be an abelian variety over A. Then
 QCohpXq can be regarded as a symmetric monoidal 8-category in two different ways:
 • Via the usual tensor product of quasi-coherent sheaves pF ,G q ÞÑ F bG .
 • Via the convolution product pF ,G q ÞÑ F ‹G “ m˚pF b G q, where m :XˆSpetR X Ñ X denotes the addition law on X (see §4.6 for more details).
 In this section, we will show that these two symmetric monoidal structures arecompatible with one another in the following sense: they exhibit QCohpXq as a
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Hopf algebra in the 8-category LinCatStR of stable R-linear 8-categories (where the
 multiplication on QCohpXq is given by the usual tensor product, and the tensorproduct is dual to the convolution product). Pairing this observation with the generalversion of Cartier developed in §3, we obtain a notion of “duality pairing” betweenabelian varieties. In §4.4, we use Tannaka duality to show that such a pairing canbe identified with the classical notion of biextension (see Theorem 4.4.4). We willapply these ideas in §5 to extend the classical duality theory of abelian varieties tothe setting of spectral algebraic geometry.
 4.1 Line Bundles and Invertible SheavesWe begin by reviewing some terminology (for more details, we refer the reader to
 §SAG.2.9.4 ).
 Definition 4.1.1. Let X be a spectral Deligne-Mumford stack and let L be a quasi-coherent sheaf. We say that L is an invertible sheaf if it is an invertible objectof QCohpXq: that is, if there exists an object L ´1
 P QCohpXq and an equivalenceL bL ´1
 » OX. We let Pic:pXq denote the subcategory of QCohpXq whose objectsare invertible sheaves and whose morphisms are equivalences.
 We say that a sheaf L P QCohpXq is a line bundle if there exists an etale surjectionU Ñ X and an equivalence L |U » OU. We let PicpXq denote the subcategory ofQCohpXq whose objects are line bundles and whose morphisms are equivalences.
 Remark 4.1.2. Let X be a spectral Deligne-Mumford stack. Every line bundle on Xis an invertible sheaf on X: that is, we have an inclusion PicpXq Ď Pic:pXq.
 Remark 4.1.3 (Tensor Products of Line Bundles). Let X be a spectral Deligne-Mumford stack. The collection of line bundles on X contains the structure sheaf OX
 and is closed under tensor products. Consequently, the symmetric monoidal structureon QCohpXq restricts to symmetric monoidal structures on the Kan complex PicpXq.Consequently, the space PicpXq admits a commutative monoid structure, dependingfunctorially on X. Moreover, this monoid structure is grouplike (note that if L is aline bundle on X, then the inverse L ´1 is also a line bundle on X): that is, we canregard PicpXq as an infinite loop space. Similarly, the space Pic:pXq also admits agrouplike commutative monoid structure, depending functorially on X.
 Remark 4.1.4. Let X be a spectral Deligne-Mumford stack, and suppose that theunderlying topological space X is connected. Then a sheaf L P QCohpXq is invertible
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if and only if some suspension Σn L is a line bundle. A similar assertion holds when|X | is not connected, but in this case we must replace the integer n by a (locallyconstant) function on |X |; see Corollary SAG.2.9.5.7 .
 Construction 4.1.5 (The Classifying Stack of Line Bundles). We define functorsBGL1,BGL:1 : CAlgcn
 Ñ CMon by the formulae
 BGL1pAq “ PicpSpetAq BGL:1pAq “ Pic:pSpetAq.
 We will refer to BGL1 as the classifying stack of line bundles, and BGL:1 as theclassifying stack of invertible sheaves.
 Remark 4.1.6. In more concrete terms: the functor BGL:1 assigns to each connectiveE8-ring A the Kan complex of projective A-modules of rank 1, while the functorBGL1 assigns to each connective E8-ring A the Kan complex of invertible A-modules.
 Remark 4.1.7. Let A be a connective E8-ring. Then π0 BGL1pAq can be identifiedwith the set of isomorphism classes of locally free A-modules of rank 1. Moreover, wehave canonical isomorphisms
 πn BGL1pAq »
 #
 pπ0Aqˆ if n “ 1
 πn´1A if n ą 1.
 Applying Corollary HA.7.2.2.19 , we see that the canonical map
 πi BGL1pAq Ñ πi BGL1pπ0Aq
 is an isomorphism for i P t0, 1u.
 Remark 4.1.8. Let X be a spectral Deligne-Mumford stack. Then the space PicpXqcan be identified with the mapping space MapFunpCAlg,SqpX,BGL1q; here we abusenotation by identifying X with its functor of points, and BGL1 with the compositefunctor CAlg BGL1
 ÝÝÝÑ CMon Ñ S. Similarly, we have a canonical homotopy equivalencePic:pXq » MapFunpCAlg,SqpX,BGL:1q.
 Variant 4.1.9. Let R be some fixed E8-ring. Then the composite functors
 CAlgR Ñ CAlg BGL1ÝÝÝÑ CMon CAlgR Ñ CAlg BGL:1
 ÝÝÝÑ CMon
 determine functors CAlgR Ñ CMon. We will abuse notation by denoting thesefunctors also by BGL1 and BGL:1.
 58

Page 59
                        

4.2 Biextensions of Abelian VarietiesWe begin by adapting the theory of biextensions to the setting of spectral algebraic
 geometry.
 Definition 4.2.1 (Biextensions). Let R be a connective E8-ring and let X andY be abelian varieties over R, which we identify with their functors of pointsX,Y : CAlgR Ñ CMon (Remark 1.4.5). A biextension of pX,Yq is a morphismµ : X^Y Ñ BGL1 in the 8-category FunpCAlgR,CMonq. We let BiExtpX,Yq “MapFunpCAlgR,CMonqpX^Y,BGL1q denote the space of biextensions of pX,Yq.
 Remark 4.2.2. Let X and Y be abelian varieties over an E8-ring R. Given aline bundle L P QCohpXˆSpetR Yq, an R-algebra A, and a pair of A-valued pointsx P XpAq, y P YpAq, we let L x,y denote the A-module obtained by pulling L
 back along the map SpetA px,yqÝÝÝÑ XˆSpetR Y. Definition 4.2.1 can be phrased more
 informally as follows: a biextension of pX,Yq is a line bundle L on XˆSpetR Y whichis equipped with equivalences
 L x`x1,y » L x,y bL x1,y L x,y`y1 » L x,y bL x,y1 ,
 for x, x1 P XpAq and y, y1 P YpAq, which are coherently commutative and associativeand depend functorially on A. For a more complete discussion from this point of view,we refer the reader to [3].
 In the setting of Definition 4.2.1, it does not matter if we use line bundles orinvertible sheaves:
 Proposition 4.2.3. Let R be a connective E8-ring and let X and Y be abelian varietiesover R, which we idenitfy with their functors of points. Then any map X^Y Ñ BGL:1factors through the subfunctor BGL1 Ď BGL:1.
 Proof. Let A be a connective R-algebra; we wish to show that the canonical mapXpAq ^ YpAq Ñ BGL:1pAq factors through BGL1pAq. Note that we can identifyπ0pXpAq ^ YpAqq with the tensor product of the abelian groups π0 XpAq and π0 YpAq,so that π0pXpAq ^ YpAqq is generated as an abelian group by the image of the mapπ0pXpAq ˆ YpAqq Ñ π0pXpAq ^ YpAqq. It will therefore suffice to show that thecomposite map
 XpAq ˆ YpAq Ñ XpAq ^ YpAq Ñ BGL:1pAq
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factors through BGL1pAq, for each A P CAlgcnR . Equivalently, we wish to show that
 the composite mapρ : XˆSpetR Y Ñ X^Y Ñ BGL:1
 factors through BGL1. Let us identify the map ρ with an invertible sheaf L P
 QCohpXˆSpetR Yq (see Remark 4.1.8). The failure of L to be a line bundle ismeasured by some locally constant function s : |XˆSpetR Y | Ñ Z (Remark 4.1.4); wewish to show that s vanishes. Since the projection map X Ñ SpetR is geometricallyconnected, the map s factors as a composition |XˆSpetR Y | Ñ |Y | s1
 ÝÑ Z; it willtherefore suffice to show that s1 vanishes. Let e : SpetRÑ X be the identity section,so that e induces a map eY : Y Ñ XˆSpetR Y. Then s1 can be identified with thecomposition |Y | eY
 ÝÑ |XˆSpetR Y | sÝÑ Z. We are therefore reduced to showing that the
 pullback e˚Y L is a line bundle on Y. In fact, we can say more: since the map ρ factorsthrough the smash product X^Y, there is a canonical equivalence e˚Y L » OY.
 In the setting of classical algebraic geometry, biextensions exist in great abundance:
 Proposition 4.2.4. Let R be a commutative ring and let X,Y P AVarpRq. Then thereis a canonical fiber sequence
 BiExtpX,Yq Ñ PicpXˆSpetR Yq eÝÑ PicpXq ˆPicpSpetRq PicpYq,
 where e is the map defined by restriction along the zero sections of X and Y.
 More informally: in the setting of classical algebraic geometry, any line bundle L
 on the product XˆSpetR Y which is equipped with compatible trivializations along Xand Y can be regarded as a biextension of pX,Yq in an essentially unique way.
 Example 4.2.5. [The Biextension Associated to a Line Bundle] Let R be a com-mutative ring, let X be an abelian variety over R, and let L be a line bundle onX which is equipped with a trivalization α along the zero section e : SpetR Ñ X.Let π, π1 : XˆSpetR X Ñ X denote the projection maps and let m : XˆSpetR X Ñ Xdenote the multiplication. Then P “ m˚L bπ˚L ´1
 bπ1˚L ´1 is a line bundle onXˆSpetR X, and α determines compatible trivializations of P along Xˆteu and teuˆX.Using Proposition 4.2.4, we see that P is the underlying line bundle of a biextensionX^X Ñ BGL1.
 Proof of Proposition 4.2.4. For the proof, it will be convenient to borrow some nota-tions and results from §5.3 and 5.4. Let R be a commutative ring, let X and Y beabelian varieties over R with identity sections eX P XpRq and eY P YpRq, and let L
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be a line bundle on XˆSpetR Y equipped with compatible trivalizations α of L |XˆteYu
 and β of L |teXuˆY.Let PiceX denote the spectral algebraic space over R which parametrizes line
 bundles on X equipped with a trivialization along the identity section (Notation 5.4.1)and let PicmX be the spectral algebraic space parametrizing multiplicative line bundleson X (see Definition 5.3.1 and Proposition 5.5.1). The pair pL , αq is classified by a mapof spectral algebraic spaces f : Y Ñ PiceX. We will complete the proof by showing thatf admits an essentially unique factorization as a composition Y f
 ÝÑ PicmX Ñ PiceX, andthat f can be promoted to a morphism of commutative monoids in an essentially uniqueway. Let τď0 PicmX and τď0 PiceX denote the underlying classical algebraic spaces ofPicmX and PiceX, respectively. Using Proposition 5.4.9, we see that the canonical mapτď0 PicmX Ñ τď0 PiceX is a closed and open immersion. Set U “ Yˆτď0 PiceXτď0 PicmX ,so that we can regard U as a closed and open substack of Y. The existence ofthe trivialization β shows that the identity section eY factors through U. Since theprojection map Y Ñ SpetR is geometrically connected, it follows that U “ Y, whichis equivalent to the existence (and uniqueness) of the map f . To complete the proof,it will suffice to show that the map f can be promoted to a morphism of commutativemonoids. Using Proposition 5.4.9, we see that this is equivalent to promoting f to amorphism of commutative monoids. Unwinding the definitions, we see that this isequivalent to showing that the map g : X Ñ PiceY classifying pL , βq factors throughPicmY . This follows by repeating the preceding argument, with roles of X and Yexchanged.
 4.3 Digression: Tannaka DualityWe now briefly review the theory of Tannaka duality for spectral algebraic spaces
 and introduce some terminology which we will need. For a more detailed discussion,we refer the reader to §SAG.9.6 .
 Notation 4.3.1. Let R be an E8-ring and let ModR denote the 8-category of R-module spectra. Then we can regard ModR as a commutative algebra object of the8-category PrL of presentable 8-categories. Recall that a stable R-linear 8-categoryis a presentable 8-category C which is tensored over ModR, for which the actionbR : ModRˆ C Ñ C preserves small colimits separately in each variable. We letLinCatSt
 R denote the 8-category ModModRpPrLq. We will refer to LinCatStR as the
 8-category of stable R-linear 8-categories (the morphisms in LinCatStR are colimit-
 preserving R-linear functors). For more details, we refer the reader to §SAG.D.1 .
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Warning 4.3.2. The 8-category LinCatStR is not locally small: if C and D are stable
 R-linear 8-categories, then the collection of equivalences classes of R-linear functorsfrom C to D generally forms a proper class. For readers who prefer to avoid suchconstructs, this is easily remedied. For our applications, it is sufficient to restrictour attention to R-linear 8-categories which are compactly generated and R-linearfunctors which preserve compact objects. These restrictions single out a symmetricmonoidal subcategory E Ď LinCatSt
 R which is locally small (in fact, even presentable),which can be used as a replacement for LinCatSt
 R in all the constructions which follow.
 Example 4.3.3. Let R be a connective E8-ring and let X be a spectral Deligne-Mumford stack over R. Then QCohpXq is a stable R-linear 8-category, which wecan regard as an object of LinCatSt
 R . Moreover, the tensor product of quasi-coherentsheaves on X determines a symmetric monoidal structure on QCohpXq (compatiblewith the symmetric monoidal structure on ModR), so that QCohpXq can be regardedas a commutative algebra object of LinCatSt
 R .
 Theorem 4.3.4 (Tannaka Duality for Spectral Algebraic Spaces). Let R be a connec-tive E8-ring. Suppose that X and Y are spectral Deligne-Mumford stacks over R. If Xis a quasi-compact, quasi-separated spectral algebraic space, then the canonical map
 MapSpDM SpetRpY,Xq Ñ MapCAlgpLinCatSt
 R qpQCohpXq,QCohpYqq
 is a homotopy equivalence.
 Proof. This is an immediate consequence of Theorem SAG.9.6.0.1 .
 Corollary 4.3.5. Let R be a connective E8-ring. Then the construction A ÞÑ ModAinduces a fully faithful embedding Θ : CAlgcn
 R Ñ CAlgpLinCatStR q.
 Remark 4.3.6. Corollary 4.3.5 is much more elementary (and general) than Theorem4.3.4; see §HA.4.8.5 .
 Notation 4.3.7. Let R be a connective E8-ring. We let AlgSpacepRq denote the8-category of quasi-compact, quasi-separated spectral algebraic spaces over R (whichwe regard as a full subcategory of SpDMSpetR; here SpDM denotes the 8-categoryof spectral Deligne-Mumford stacks). We regard VarpRq as a full subcategory ofAlgSpacepRq.
 Corollary 4.3.8. Let R be a connective E8-ring. Then the construction X ÞÑ
 QCohpXq determines a fully faithful embedding AlgSpacepRq Ñ CAlgpLinCatStR q
 op.Moreover, this embedding commutes with finite limits.
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Proof. The first assertion follows from Theorem 4.3.4 and the second is a special caseof Remark SAG.10.2.6.4 .
 We would like to apply the Cartier duality formalism of §3 to study bialgebraobjects of LinCatSt
 R . To this end, let us consider some examples of functors whosedomain is the 8-category CAlgpLinCatSt
 R q.
 Construction 4.3.9 (The Spectrum of a Symmetric Monoidal 8-Category). LetR be a connective E8-ring and let A be a commutative algebra object of LinCatSt
 R :that is, a presentable symmetric monoidal 8-category, equipped with a symmetricmonoidal functor ModR Ñ A. We let Spec‹pAq : CAlgpLinCatSt
 R q ÑpS denote the
 functor corepresented by A (see Notation 3.4.1); here pS denotes the 8-category ofspaces which are not necessarily small (Warning 4.3.2).
 In the special case where A is a bialgebra object of the 8-category LinCatStR , we
 regard Spec‹pAq as a functor from the 8-category CAlgpLinCatStR q to the 8-category
 CMonppSq of (not necessarily small) E8-spaces (see Variant 3.4.2).
 Remark 4.3.10. In the situation of Construction 4.3.9, suppose that the8-categoryAis compactly generated and that every compact object of A is dualizable (this conditionis satisfied, for example, if A “ QCohpXq where X is a quasi-compact, quasi-separatedspectral algebraic space; see Proposition SAG.9.6.1.1 ). Then, for every commutativealgebra object B P CAlgpLinCatSt
 R q, the space MapCAlgpLinCatStR qpA,Bq is essentially
 small. Consequently, we can regard Spec‹pAq as a functor from CAlgpLinCatStR q to S.
 To prove this, we observe that there exists a regular cardinal κ such that the unitobject of B is κ-compact. It follows that every dualizable object of B is κ-compact, sothat every symmetric monoidal functor F : AÑ B carries compact objects of A toκ-compact objects of B.
 Construction 4.3.11 (The Functor of Invertible Objects). Let R be a connectiveE8-ring. We let GL‹1 : CAlgpLinCatSt
 R q Ñ CMonpSq denote the functor obtained byapplying Construction 3.9.4 to the symmetric monoidal 8-category C “ LinCatSt
 R .More concretely, if A is a commutative algebra object of LinCatSt
 R (that is, an R-linear symmetric monoidal 8-category), then GL‹1pAq can be identified with the fullsubcategory of A» spanned by the invertible objects.
 Remark 4.3.12. In the situation of Construction 4.3.11, the space GL‹1pAq is alwaysessentially small. To see this, we observe that if the unit object 1 P A is κ-compactfor some regular cardinal κ, then every invertible object of A is κ-compact.
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Example 4.3.13. Let X be a spectral Deligne-Mumford stack over a connective E8-ring R. Then we have a canonical homotopy equivalence GL‹1pQCohpXqq » Pic:pXq.
 Example 4.3.14. Let R be a connective E8-ring, let Θ : CAlgcnR Ñ CAlgpLinCatSt
 R q
 denote the fully faithful embedding of Corollary 4.3.5, and let
 Θ˚ : FunpCAlgpLinCatStR q,Sq Ñ FunpCAlgcn
 R ,Sq
 be the functor given by composition with Θ. Then we have a canonical equivalenceΘ˚pGL‹1q » BGL:1 (this is a restatement of Example 4.3.13). If X is a quasi-compact,quasi-separated spectral algebraic space over R, then Theorem 4.3.4 supplies a canon-ical equivalence Θ˚pSpec‹ QCohpXqq » X (here we abuse notation by identifying Xwith its functor of points CAlgcn
 R Ñ S).
 4.4 Biextensions: Tannakian PerspectiveWe now apply the ideas of §4.3 to give a reformulation of Definition 4.2.1. Our
 starting point is the following observation:
 Proposition 4.4.1 (Tannaka Duality for Abelian Varieties). Let R be a connectiveE8-ring. Then the construction X ÞÑ QCohpXq determines a fully faithful embeddingAVarpRq Ñ HopfpLinCatSt
 R qop.
 Proof. Combine Corollary 4.3.8 with Proposition 1.4.4.
 Remark 4.4.2. If X is an abelian variety over R, then the algebra structure onQCohpXq is given by the usual tensor product of quasi-coherent sheaves, while thecoalgebra structure on QCohpXq is related to the operation of convolution (with respectto the multiplication on X); we will explain this in more detail in §4.6.
 Construction 4.4.3. Let R be a connective E8-ring and suppose we are given abelianvarieties X,Y P AVarpRq, which we regard as functors X,Y : CAlgcn
 R Ñ CMon. UsingProposition 4.4.1, we can regard QCohpXq and QCohpYq as Hopf algebra objects ofthe 8-category LinCatSt
 R , which in turn determine functors
 Spec‹pQCohpXqq, Spec‹pQCohpYqq : CAlgpLinCatStR q Ñ CMonppSq
 (see Construction 4.3.9). Set E “ FunpCAlgpLinCatStR q,Sq, and let Θ˚ : E Ñ
 FunpCAlgcnR ,Sq be as in Example 4.3.14. Combining Example 4.3.14 with Propo-
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sition 4.2.3, we obtain a canonical map
 MapEpSpec‹pQCohpXqq ^ Spec‹pQCohpYqq,GL‹1q
 Θ˚
 MapFunpCAlgcnR ,CMonpSqqpX^Y,BGL:1q
 MapFunpCAlgcnR ,CMonpSqqpX^Y,BGL1q
 „
 OO
 BiExtpX,Yq.
 Theorem 4.4.4. Let R be a connective E8-ring and let X,Y P AVarpRq be abelianvarieties over R. Then Construction 4.4.3 determines a homotopy equivalence
 MapFunpCAlgpLinCatStR q,CMonqpSpec‹pQCohpXqq ^ Spec‹pQCohpYqq,GL‹1q Ñ BiExtpX,Yq.
 Proof. Let C 1 denote the 8-category CAlgpLinCatStR q, let C denote the full subcategory
 of C 1 spanned by those 8-categories of the form QCohpZq, where Z is a quasi-compact,quasi-separated spectral algebraic space over R, and let C0 Ď C denote the fullsubcategory spanned by those 8-categories of the form ModA » QCohpSpetAq forA P CAlgcn
 R . Define
 FX “ Spec‹pQCohpXqq FY “ Spec‹pQCohpYqq G “ GL‹1,
 which we regard as functors from C 1 to the 8-category CMonpSq. Unwinding thedefinitions, we are reduced to showing that the composite map
 MapFunpC1,CMonpSqqpFX ^ FY, Gq
 φ
 MapFunpC,CMonpSqqppFX ^ FYq|C, G|Cq
 ψ
 MapFunpC0,CMonpSqqppFX ^ FYq|C0 , G|C0q
 is a homotopy equivalence. We first observe that G|C is a left Kan extension of G|C0
 (see Proposition SAG.6.2.4.1 ), so the map ψ is a homotopy equivalence. To complete
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the proof, it will suffice to show that the functor FX ^ FY is a left Kan extension ofits restriction to C, so that φ is also a homotopy equivalence.
 Fix an object C P CAlgpLinCatStR q “ C 1 and set CC “ CˆC1 C 1C . We then have a
 commutative diagram
 plimÝÑBPCC
 FXpBqq ^ limÝÑBPCC
 pFYpBqq
 α
 γ
 **limÝÑBPCC
 pFXpBq ^ FYpBqqβ // FXpCq ^ FYpCq
 in the 8-category CMonppSq, and we wish to show that β is an equivalence. Since the8-category C is closed under finite colimits in C 1 (Corollary 4.3.8), the 8-categoryCC is filtered. The smash product functor ^ : CMonppSq ˆ CMonppSq Ñ CMonppSqcommutes with (not necessarily small) colimits separately in each variable, so the mapα is an equivalence. We are therefore reduced to proving that γ is an equivalence. Thisis clear, since the functors F |X and F |Y are left Kan extensions of their restrictions toC (Lemma 3.5.7).
 4.5 Categorical DigressionWe now collect some general categorical remarks which will be useful for our study
 of convolution of quasi-coherent sheaves in §4.6. Recall that a stable monoidal 8-category C is locally rigid if it is compactly generated, the tensor product b : Cb C Ñ Cpreserves small colimits separately in each variable, and the compact objects of C areprecisely the dualizable objects (see Definition SAG.D.7.4.1 ).
 Proposition 4.5.1. Let C and D be locally rigid symmetric monoidal 8-categories andlet F : C Ñ D be a symmetric monoidal functor which preserves small colimits, so thatthe tensor product on D determines a (symmetric monoidal) functor m : DbC D Ñ D.Then F admits a C-linear right adjoint G : D Ñ C which preserves small colimits.Moreover, the composite functor
 e : DbC D mÝÑ D G
 ÝÑ C
 exhibits D as a self-dual object of the 8-category ModCpPrLq of C-linear presentablestable 8-categories.
 Proof. Let us regard DbC D as a symmetric monoidal 8-category, and let b :DˆD Ñ DbC D denote the canonical map. Note that if D,D1 P D are compact
 66

Page 67
                        

objects, then the object D b D1 P DbC D is also compact (see the proof of LemmaSAG.D.5.3.3 ). In particular, the unit object 1 b 1 P DbC D is compact.
 Since DbC D is generated under small colimits by objects of the form D b D1, itfollows that DbC D is compactly generated. Moreover, the full subcategory of DbC Dspanned by the compact objects is the smallest stable subcategory which is closedunder retracts and contains D b D1, whenever D,D1 P D are compact. It followsthat every compact object of DbC D is dualizable: that is, the symmetric monoidal8-category DbC D is locally rigid (see Definition SAG.D.7.4.1 ).
 It follows from Example SAG.D.7.4.5 that the functor F : C Ñ D admits aC-linear right adjoint G : D Ñ C which preserves small colimits. Similarly, ExampleSAG.D.7.4.5 guarantees that the functor m : DbC D admits a colimit-preserving rightadjoint δ : D Ñ DbC D, which can be regarded as a pDbC Dq-linear functor (and, inparticular, a C-linear functor). Let c : C Ñ DbC D denote the C-linear functor givenby the composition
 C FÑ D δ
 Ñ DbC D .
 We will show that e and c are compatible evaluation and coevaluation maps for aduality datum in the symmetric monoidal 8-category ModCpPrLq. To prove this, itsuffices to show that the composite maps
 D idbcÝÝÝÑ DbC DbC D ebid
 ÝÝÑ D
 D cbidÝÝÑ DbC DbC D idbe
 ÝÝÝÑ D
 are homotopic to the identity. We consider the first of these composite maps; theproof in the other case is identical. Unwinding the definitions, we must show that thecomposite functor
 D idbFÝÝÝÑ DbC D idbδ
 ÝÝÝÑ DbC DbC D mbidÝÝÝÑ DbC D Gbid
 ÝÝÝÑ D
 is homotopic to the identity (as a C-linear functor from D to itself).Note that the composite functors
 D idbFÝÝÝÑ DbC D m
 ÝÑ D
 D δÝÑ DbC D Gbid
 ÝÝÝÑ D
 are homotopic to the identity. Concatenating these, we deduce that the functor
 D idbFÝÝÝÑ DbC D m
 ÝÑ D δÝÑ DbC D Gbid
 ÝÝÝÑ D
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is homotopic to the identity. To complete the proof, it will suffice to show that thatthe C-linear functors
 δ ˝m, pmb idq ˝ pidbδq : DbC D Ñ DbC D
 are homotopic. We have a commutative diagram of C-linear 8-categories σ :
 DbC DbC Didbm //
 mbid
 DbC Dm
 DbC D m // D,
 which determines a C-linear natural transformation β : pm b idq ˝ pidbδq Ñ δ ˝m.To complete the proof, it will suffice to show that β is an equivalence. For this, wecan ignore the C-linearity: we must show that σ is right adjointable as a diagram of8-categories.
 For Z P D, let rZ : DbC D Ñ DbC D be the functor given by the action of Zon the second tensor factor (so that rZpX b Y q » X b pY b Zq ). For every pair ofobjects X, Y P D, β induces a map
 βX,Y : rY pδXq Ñ δpX b Y q
 in the 8-category DbC D. We wish to show that each of the maps βX,Y is anequivalence. Since the construction Y ÞÑ βX,Y commutes with filtered colimits, wemay assume without loss of generality that Y P D is compact and therefore admitsa dual Y _. Since DbC D is generated (under small colimits) by objects of the formD b D1, it will suffice to show that βX,Y induces a homotopy equivalence
 θ : MapDbC DpD b D1, rY pδXqq Ñ MapDbC DpD b D1, δpX b Y qq
 for each D,D1 P D. Unwinding the definitions, we see that θ is given by the compositionof homotopy equivalences
 MapDbC DpD b D1, rY pδXqq » MapDbC DpD b pD1 b Y _q, δXq
 » MapDpD bD1b Y _, Xq
 » MapDpD bD1, X b Y q
 » MapDbC DpD b D1, δpX b Y qq.
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Proposition 4.5.2. Suppose we are given a commutative diagram
 Cf˚
 h˚
 D g˚ // E ,
 where C, D, E are locally rigid symmetric monoidal 8-categories and f˚, g˚, and h˚ arecolimit-preserving symmetric monoidal functors. Let us regard g˚ as a C-linear functorfrom D to E, and let F : E Ñ D denote the dual of g˚ (where we use Proposition4.5.1 to identify D and E with their own duals in the symmetric monoidal 8-categoryModCpPrLq). Then F can be identified with the right adjoint g˚ of g˚ (as a C-linearfunctor; see Example SAG.D.7.4.5 ).
 Proof. Let eE : E bC E Ñ C be the evaluation map appearing in the statement ofProposition 4.5.1, and cD : C Ñ DbC D be the coevaluation map appearing in theproof of Proposition 4.5.1. Unwinding the definitions, we see that F is given by thecomposition
 E idbcDÝÝÝÝÑ E bC DbC D
 idbg˚bidÝÝÝÝÝÝÑ E bC E bC D
 eEbidÝÝÝÑ D .
 Let mD : DbC D Ñ D and mE : E bC E Ñ E be the multiplication maps, and denotetheir right adjoints by δD : D Ñ DbC D and δE : E Ñ E bC E . Then F is homotopicto the composition
 E idbf˚ÝÝÝÝÑ E bC DidbδDÝÝÝÝÑ E bC DbC D
 idbg˚bidÝÝÝÝÝÝÑ E bC E bC DmEbidÝÝÝÝÑ E bC Dh˚bidÝÝÝÑ D;
 here h˚ denotes a right adjoint to h˚.Let F0 denote the composition
 E bC DidbδDÝÝÝÝÑ E bC DbC D
 idbg˚bidÝÝÝÝÝÝÑ E bC E bC DmEbidÝÝÝÝÑ E bC D,
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so that F » ph˚ b idq ˝ F0 ˝ pidbf˚q. Let Γ˚ denote the composition
 E bC Didbg˚ÝÝÝÝÑ E bC E
 mEÝÝÑ E .
 Then Γ˚ admits a C-linear right adjoint Γ˚ “ δE ˝ pidbg˚q. We will prove:
 p˚q There is a canonical equivalence of C-linear functors F0 » Γ˚ ˝ Γ˚.
 Assuming p˚q, we deduce that F is homotopic to the composition pph˚ b idq ˝ Γ˚q ˝pΓ˚ ˝ pidbf˚qq. Combining this with the evident equivalences
 ph˚ b idq ˝ Γ˚ » g˚ Γ˚ ˝ pidbf˚q » id
 we conclude that F is homotopic to g˚, as desired.It remains to prove p˚q. We have a commutative diagram of C-linear functors σ :
 E bC DbC DidbmD//
 Γ˚bid
 E bC DΓ˚
 E bC D Γ˚ // E ,
 which induces a C-linear natural transformation
 β : F0 “ pΓ˚ b idq ˝ pidbδDq Ñ Γ˚ ˝ Γ˚.
 In order to prove p˚q, it suffices to show that β is an equivalence. Once again, this isa statement that can be checked at the level of the underlying functor: we can ignorethe C-linearity.
 We now proceed as in the proof of Proposition 4.5.1. Given a pair of objects X P E ,Y P D, we let X b Y denote the image of the pair pX, Y q in the 8-category E bC D.If Z P E , we let rZ : DbC D Ñ E bC D be given by the action of Z on the first factor.For every pair of objects X P E , Y P D, β induces a map
 βX,Y : rXpδDY q Ñ Γ˚Γ˚pX b Y q
 in the 8-category E bC D. We wish to show that each of the maps βX,Y is anequivalence. Since the construction X ÞÑ βX,Y commutes with filtered colimits, wemay assume without loss of generality that X P E is compact and therefore admits adual X_. Note that E bC D is generated (under small colimits) by objects of the form
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E b D, where E P E and D P D. Consequently, to prove that βX,Y is an equivalence,it will suffice to show that βX,Y induces a homotopy equivalence
 θ : MapE bC DpE b D, rXpδDY qq Ñ MapE bC DpE b D,Γ˚Γ˚pX b Y qq.
 Unwinding the definitions, we see that θ is obtained by composing homotopy equiva-lences
 MapE bC DpE b D,mXpδDY qq » MapE bC DppX_b Eqb D, pg˚ b idqpδDY qq
 φÑ MapE bC DppX
 _b Eqb D,Γ˚g˚Y q
 » MapEpX_b E b g˚D, g˚Y q
 » MapEpE b g˚D,X b g˚Y q
 » MapE bC DpE b D,Γ˚Γ˚pX b Y qq,
 where φ is given by composition with the map αY : pg˚ b idq ˝ ∆˚pY q Ñ Γ˚g˚Ydetermined by the commutative diagram of 8-categories τ :
 DbC DmD //
 g˚bid
 Dg˚
 E bC D Γ˚ // E .
 It now suffices to observe that the diagram τ is right adjointable, which follows fromthe assumption that D is locally rigid (see Remark SAG.D.7.4.4 ).
 4.6 The Convolution ProductLet R be a connective E8-ring, let X be an abelian variety over R. Let p, q :
 XˆSpetR X Ñ X denote the projection maps onto the first and second factor, andlet m : XˆSpetR X Ñ X denote the addition map. Then the construction pF ,G q ÞÑ
 m˚pp˚F bq˚ G q determines a functor ‹ : QCohpXq ˆ QCohpXq Ñ QCohpXq, which
 we will refer to as the convolution product. In this section, we will apply the results of§4.5 to show that the convolution product endows QCohpXq with the structure of asymmetric monoidal 8-category (Example 4.6.6).
 Construction 4.6.1. Let R be a connective E8-ring. According to Corollary 4.3.8,the construction X ÞÑ QCohpXq determines a functor QCoh : AlgSpacepRq ÑCAlgpLinCatSt
 R qop which commutes with finite products. Let us regard AlgSpacepRq
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as equipped with the Cartesian symmetric monoidal structure, so that we can regardQCoh as a symmetric monoidal functor (note that the symmetric monoidal structureon LinCatSt
 R induces a Cartesian symmetric monoidal structure on CAlgpLinCatStR q
 op;see Proposition HA.3.2.4.7 ). Composing with the (symmetric monoidal) forget-ful functor CAlgpLinCatSt
 R q Ñ LinCatStR , we obtain a symmetric monoidal func-
 tor AlgSpacepRq Ñ pLinCatStR q
 op, which we will also denote by QCoh. For eachX P AlgSpacepRq, the R-linear 8-category QCohpXq is compactly generated (Propo-sition SAG.9.6.1.1 ), and is therefore dualizable as an object of LinCatSt
 R (TheoremSAG.D.7.0.7 ). We denote the dual of QCohpXq by QCoh_pXq. Using Proposition3.2.4, we see that the construction X ÞÑ QCoh_pXq can be regarded as a symmetricmonoidal functor QCoh_ : AlgSpacepRq Ñ LinCatSt
 R .
 Remark 4.6.2 (Behavior of QCoh_ on Objects). Let q : X Ñ Y be a morphism ofquasi-compact, quasi-separated spectral algebraic spaces. Applying Proposition 4.5.1to the pullback functor q˚ : QCohpYq Ñ QCohpXq, we deduce that the compositefunctor
 QCohpXq bQCohpYq QCohpXq bÝÑ QCohpXq q˚ÝÑ QCohpYq
 exhibits QCohpXq as a self-dual object in the 8-category ModQCohpYqpPrLq. In thespecial case where Y “ SpetR is affine, we obtain a canonical R-linear equivalenceQCoh_pXq » QCohpXq. Nevertheless, it will be convenient to distinguish in notationbetween QCohpXq and QCoh_pXq, because they have (a priori) different variance in X:the construction X ÞÑ QCohpXq determines a contravariant functor from AlgSpacepRqto LinCatSt
 R , while the construction X ÞÑ QCoh_pXq determines a covariant functorfrom AlgSpacepRq to LinCatSt
 R .
 Remark 4.6.3 (Behavior of QCoh_ on Products). Let R be a connective E8-ring.The functor QCoh_ : AlgSpacepRq Ñ LinCatSt
 R is symmetric monoidal. Consequently,for every pair of objects X,Y P AlgSpacepRq, we have a canonical R-linear equivalence
 α : QCoh_pXq bR QCoh_pYq » QCoh_pXˆSpetR Yq
 Under the equivalence of Remark 4.6.2, we can identify α with the R-linear equivalence
 β : QCohpXq bR QCohpYq » QCohpXˆSpetR Yq
 determines by the symmetric monoidal structure on the functor QCoh. Concretely, βclassifies the R-bilinear functor b : QCohpXq ˆQCohpYq Ñ QCohpXˆSpetR Yq givenby F b G “ p˚F bq˚ G , where p : XˆSpetR Y Ñ X and q : XˆSpetR Y Ñ Y denotethe projection maps.
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Remark 4.6.4 (Behavior of QCoh_ on Morphisms). Let R be a connective E8-ringand let g : X Ñ Y be a morphism between quasi-compact, quasi-separated spectralalgebraic spaces over R. Then g induces an R-linear functor QCoh_pgq : QCoh_pXq ÑQCoh_pYq. Applying Proposition 4.5.2 to the diagram
 QCohpSpetRq
 vv ((QCohpYq g˚ // QCohpXq,
 we deduce that the functor QCoh_pgq fits into a commutative diagram
 QCoh_pXq QCoh_pgq //
 QCoh_pYq
 QCohpXq g˚ // QCohpYq,
 where the vertical maps are the equivalences of Remark 4.6.2.
 Remark 4.6.5 (Functoriality). With more effort, one can show that the identificationof functors g˚ » QCoh_pgq supplied by Remark 4.6.4 is coherently associative (withrespect to composition in AlgSpacepRq). More precisely, one can show that the com-posite functor AlgSpacepRq QCoh_
 ÝÝÝÝÑ LinCatStR Ñ Cat8 classifies a Cartesian fibration
 C Ñ AlgSpacepRqop, which is also a coCartesian fibration classified by the compositefunctor AlgSpacepRqop QCoh
 Ñ LinCatStR Ñ Cat8.
 Example 4.6.6 (The Convolution Product). Let R be a connective E8-ring and let Xbe an abelian variety over R, which we can identify with a commutative monoid objectof AlgSpacepRq. Applying the symmetric monoidal functor QCoh_ : AlgSpacepRq ÑLinCatSt
 R , we see that the 8-category QCoh_pXq can be identified with a commutativealgebra object of LinCatSt
 R . In other words, there is a symmetric monoidal structure onthe 8-category QCoh_pXq, and the action of R on QCoh_pXq is given by a symmetricmonoidal functor ModR Ñ QCoh_pXq.
 Using Remark 4.6.2, we obtain anR-linear equivalence of8-categories QCoh_pXq »QCohpXq. Transporting the symmetric monoidal structure on QCoh_pXq along thisequivalence, we obtain a new symmetric monoidal structure on the 8-categoryQCohpXq. Using Remarks 4.6.3 and 4.6.4, we see that this symmetric monoidalstructure agrees with the convolution product
 ‹ : QCohpXq ˆQCohpXq Ñ QCohpXq F ‹G “ m˚pp˚F bG q
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defined at the beginning of this section. Here p, q : XˆSpetR X Ñ X denote theprojection maps onto the first and second factor, while m : XˆSpetR X Ñ X denotesthe addition map on X.
 We can summarize the situation more informally as follows: if X is an abelianvariety over R, then the convolution product ‹ : QCohpXq ˆ QCohpXq Ñ QCohpXqendows the 8-category QCohpXq with the structure of a symmetric monoidal 8-category. That is, the convolution product is commutative and associative up tocoherent homotopy.
 4.7 The Fourier-Mukai TransformWe now show that every biextension of abelian varieties µ P BiExtpX,Yq gives
 rise to a functor FMukµ : QCohpXq Ñ QCohpYq, which we will refer to as theFourier-Mukai transform.
 Construction 4.7.1 (QCoh_pXq as a Hopf algebra). Let R be a connective E8-ringand let X be an abelian variety over R. Then we can regard the 8-category QCohpXqas a Hopf algebra object of the 8-category LinCatSt
 R . Note that QCohpXq is dualizableas an object of LinCatSt
 R (see Construction 4.6.1). Applying Proposition 3.9.9, we seethat the dual QCoh_pXq inherits the structure of a Hopf algebra object of X, which ischaracterized (up to equivalence) by the requirement that Spec‹pQCoh_pXqq is theCartier dual of Spec‹pQCohpXqq in the 8-category FunpCAlgpLinCatSt
 R q,CMonq.
 Remark 4.7.2. Let X be as in Construction 4.7.1. Then the Hopf algebra structureon QCoh_pXq determines a commutative algebra structure on QCoh_pXq: that is, itexhibits QCoh_pXq as a symmetric monoidal 8-category (equipped with a symmetricmonoidal functor ModR Ñ QCoh_pXq). Using Proposition 3.8.1, we see that thiscommutative algebra structure coincides with the structure described in Example 4.6.6.In other words, under the equivalence QCoh_pXq » QCohpXq supplied by Remark4.6.2, the multiplication on QCoh_pXq is given by convolution of quasi-coherentsheaves.
 Construction 4.7.3 (Fourier-Mukai Transform Associated to a Biextension). LetR be a connective E8-ring, let X,Y P AVarpRq be abelian varieties over R, and letµ : X^Y Ñ BGL1 be a biextension of pX,Yq. Using Theorem 4.4.4, we can identify µwith a map
 µ : Spec‹pQCohpXqq ^ Spec‹pQCohpYqq Ñ GL‹1
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in the 8-category FunpCAlgpLinCatStR q,CMonq, which we can identify with a map
 Spec‹pQCohpXqq Ñ DpSpec‹pQCohpYqqq » Spec‹pQCoh_pYqq
 or with a map FMukµ : QCoh_pXq Ñ QCohpYq in the 8-category HopfpLinCatStR q.
 We will refer to FMukµ as the Fourier-Mukai transform associated to µ.Remark 4.7.4. In the situation of Construction 4.7.3, we can identify µ with amap Y^X Ñ BGL1, which determines another Fourier-Mukai transform FMuk1µ :QCoh_pYq Ñ QCohpXq.Remark 4.7.5. Let R be a connective E8-ring and let X,Y P AVarpRq be abelianvarieties over R. The passage from a biextension µ P BiExtpX,Yq to the associatedFourier-Mukai transform FMukµ does not lose any information. More precisely,the construction µ ÞÑ FMukµ determines a homotopy equivalence BiExtpX,Yq »MapHopfpLinCatSt
 R qpQCoh_pXq,QCohpYqq (this is the essential content of Theorem 4.4.4).
 Remark 4.7.6 (The Underlying R-Linear Functor of FMukµ). Let µ : X^Y Ñ BGL1
 be a biextension of abelian varieties over a connective E8-ring R, and let L µ denotethe underlying line bundle on XˆSpetR Y, which we can identify with an R-linearfunctor ModR Ñ QCohpXˆSpetR Yq » QCohpXq bR QCohpYq.
 Let FMukµ : QCoh_pXq Ñ QCohpYq denote the Fourier-Mukai transform asso-ciated to µ, regarded as an R-linear functor (that is, we ignore the Hopf algebrastructures on QCoh_pXq and QCohpYq). Using Remark 3.8.4, we can identify thefunctor FMukµ with the composition
 QCoh_pXq idbL µÝÝÝÝÑ QCoh_pXq bR QCohpXq bR QCohpYq ebid
 ÝÝÑ QCohpYq,
 where e : QCoh_pXq bR QCohpXq Ñ ModR is the evaluation map.Let us identify QCoh_pXq with QCohpXq using Remark 4.6.2, so that the evaluation
 functor e is given by the composition
 QCohpXq bR QCohpXq » QCohpXˆSpetR Xqδ˚ÝÑ QCohpXqΓÝÑ ModR,
 where δ : X Ñ XˆSpetR X denotes the diagonal map. Under this identification, wesee that the Fourier-Mukai transform FMukµ corresponds to the functor QCohpXq ÑQCohpYq given by F ÞÑ q˚pL µbp
 ˚F q, where
 p : XˆSpetR Y Ñ X q : XˆSpetR Y Ñ Y
 denote the projection maps.
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Remark 4.7.7. Let µ : X^Y Ñ BGL1 be a biextension of abelian varieties over aconnective E8-ring R. The Fourier-Mukai transform FMukµ is a morphism of Hopfalgebra objects of LinCatSt
 R . In particular, it is a morphism of commutative algebraobjects of LinCatSt
 R . It follows that the functor
 FMukµ : QCohpXq Ñ QCohpYq F ÞÑ q˚pL µbp˚F q
 of Remark 4.7.6 is symmetric monoidal, where we regard QCohpXq as equipped withthe symmetric monoidal structure given by convolution of quasi-coherent sheaves,and QCohpYq with the symmetric monoidal structure given by tensor products ofquasi-coherent sheaves.
 5 Duality Theory for Abelian VarietiesLet κ be a field and let X be an abelian variety over κ. We let PicpXq denote the
 Picard scheme of X (whose A-valued points are given by line bundles L on the productXA “ XˆSpecκ SpecA, together with a trivialization of L along the identity sectionof XA). Then the identity component Pic˝pXq Ď PicpXq is an abelian variety, calledthe dual abelian variety of X. Moreover, the relationship between X and Pic˝pXq issymmetric: we can recover the original abelian variety X (up to canonical isomorphism)as the dual of Pic˝pXq.
 In the setting of spectral algebraic geometry, the situation is more subtle. Supposethat R is a connective E8-ring and that X is an abelian variety over R. We canagain consider line bundles on X which are trivialized along the identity sectione : SpetR Ñ X: these are parametrized by a spectral algebraic space PiceX (seeNotation 5.4.1). Inside PiceX, we can consider the open subspace given by the unionsof the identity components of each fiber of the projection map PiceX Ñ SpetR.However, this open subspace is usually not an abelian variety over R, because it neednot be flat over R.
 To remedy the situation, let us return for a moment to the setting of classicalalgebraic geometry and consider an alternative description of the dual abelian varietyPic˝pXq: it parametrizes line bundles L on X which are multiplicative in the sense thatthe associated Gm-torsor on X determines an extension 0 Ñ Gm Ñ
 rX Ñ X Ñ 0 in thecategory of commutative group schemes. From this description, it follows immediatelythat the universal multiplicative line bundle P on the product XˆSpecκ Pic˝pXq can beregarded as a biextension of pX,Pic˝pXqq (in the sense of Definition 4.2.1). Moreover,this biextension is universal in the following (closely related) senses:
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paq For any abelian variety Y over κ, there is a canonical bijection
 HomAVarspκqpY,Pic˝pXqq » BiExtpX,Yq.
 pbq The Fourier-Mukai transform associated to P (Construction 4.7.3) induces anequivalence of 8-categories QCohpXq » QCohpYq.
 In the setting of spectral algebraic geometry, we will define the dual of an abelianvariety X to be another abelian variety pX for which there is a biextension µ P
 BiExtpX, pXq having the property pbq (Definition 5.1.1). From this perspective, itfollows immediately that the dual pX is uniquely determined by X up to equivalence,and that the relation of duality is symmetric in X and pX (Proposition 5.1.3). However,it is not obvious that such a universal biextension should exist: proving this is themain goal of this section. Our strategy can be outlined as follows:
 piq Given a connective E8-ring R and an abelian variety X P AVarpRq, we introducethe notion of a multiplicative extension of X. The classification of multiplicativeextensions determines a functor PicmX : CAlgcn
 R Ñ CMon. Essentially bydefinition, there is a biextension µ : X^PicmX Ñ BGL1 which is universal inthe sense paq above.
 piiq Using Artin’s representability theorem, we show that PicmX is representable bya spectral algebraic space over R (Proposition 5.5.1), which we will also denoteby PicmX .
 piiiq In the special case where R “ κ is an algebraically closed field, we show that theidentity component Y of the reduced subspace pPicmX qred is an abelian varietyover κ, and that the biextension X^Y Ñ X^PicmX
 µÝÑ BGL1 satisfies condition
 pbq (see the proof of Lemma 5.6.3). It follows formally that the same biextensionalso satisfies paq, so that Y “ PicmX and therefore PicmX is also an abelian varietyover κ.
 pivq Returning to the case where R is an arbitrary connective E8-ring, we use piiiq toshow that PicmX is an abelian variety over R and that the biextension µ satisfiesthe universal property pbq (Theorem 5.6.4), and therefore exhibits PicmX as adual of X.
 Warning 5.0.1. In the setting of classical algebraic geometry, there is direct approachto step piiq which avoids the use of Artin’s representability theorem. Any abelian
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variety X over a field κ is a projective variety over κ, so we can choose an ampleline bundle L on X. The construction px P Xq ÞÑ m˚
 x L bL ´1 then determines amap f : X Ñ Pic˝pXq (where we regard Pic˝pXq as a functor, not a priori assumed tobe representable). Using the assumption that L is ample, one can then argue thatK “ kerpfq is representable by a finite group scheme over κ and that f induces anisomorphism X K » Pic˝pXq, thereby proving that Pic˝pXq is representable by anabelian variety (for more details, we refer the reader to [10]).
 There are several obstacles to adapting this style of argument to the spectralsetting:
 • In general, one does not expect an abelian variety X over an E8-ring R to be“projective” in any useful sense. Consequently, there is no obvious candidate forthe line bundle L on X.
 • Given a line bundle L on X, there is no reason to expect line bundles of the formm˚x L bL ´1 to be multiplicative (in classical algebraic geometry, this depends
 on the “theorem of the cube”, which does not extend to spectral algebraicgeometry).
 In general, it does not seem reasonable to expect that the dual pX » PicmX can beconstructed as a quotient of X.
 5.1 Perfect BiextensionsWe begin by introducing the notion of a perfect biextension of abelian varieties.
 Definition 5.1.1. Let R be a connective E8-ring, let X and Y be abelian varietiesover R, and let µ : X^Y Ñ BGL1 be a biextension of pX,Yq.
 We will say that µ is perfect if the functor
 ModRbR L µÝÝÝÝÑ QCohpXˆSpetR Yq » QCohpXq bR QCohpYq
 exhibits QCohpXq as a dual of QCohpYq in the 8-category LinCatStR of stable R-linear
 8-categories; here L µ denotes the underlying line bundle of µ. In this case, we willalso say that µ exhibits Y as a dual of X, or that µ exhibits X as a dual of Y.
 Remark 5.1.2. Let R be a connective E8-ring and let X be an abelian varietyover R. If there exists an abelian variety Y P AVarpRq and a biextension µ P
 BiExtpX,Yq which exhibits Y as a dual of X, then the abelian variety Y and the
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biextension µ are determined up to equivalence (in fact, up to a contractible spaceof choices). However, it is not immediately clear from the definitions that the dualY exists: to prove this, we must show that QCoh_pXq P HopfpLinCatSt
 R q belongs tothe essential image of the embedding AVarpRq ãÑ HopfpLinCatSt
 R qop of Proposition
 4.4.1. Note that this is equivalent to the a priori weaker assertion that, as an object ofCAlgpLinCatSt
 R q, the 8-category QCoh_pXq to the essential image of the embeddingVarpRq ãÑ CAlgpLinCatSt
 R qop provided by Corollary 4.3.8.
 Specializing Proposition 3.8.5 to the present situation, we obtain the following:
 Proposition 5.1.3. Let R be a connective E8-ring, let X,Y P AVarpRq be abelianvarieties over R, and let µ : X^Y Ñ BGL1 be a biextension. The following conditionsare equivalent:
 p1q The Fourier-Mukai transform FMukµ : QCoh_pXq Ñ QCohpYq is an equivalenceof 8-categories.
 p2q The Fourier-Mukai transform FMuk1µ : QCoh_pYq Ñ QCohpXq (see Remark4.7.4) is an equivalence of 8-categories.
 p3q The biextension µ is perfect.
 We now supply a more concrete criterion for a biextension to be perfect:
 Proposition 5.1.4. Let R be a connective E8-ring, let X,Y P AVarpRq be abelianvarieties over R, let µ : X^Y Ñ BGL1 be a biextension, and let L µ denote theunderlying line bundle on XˆSpetR Y. Then µ is perfect if and only if it satisfies bothof the following conditions:
 paq Let π : XˆSpetR Y Ñ X denote the projection map. Then π˚L µ is invertiblewith respect to the convolution product on QCohpXq.
 pbq Let π1 : XˆSpetR Y Ñ Y denote the projection map. Then π1˚L µ is invertiblewith respect to the convolution product on QCohpYq.
 Proof. In what follows, let us abuse notation by using Remark 4.6.2 to identifyQCoh_pXq with QCohpXq and QCoh_pYq with QCohpYq. Note first that if µ isperfect, then the Fourier-Mukai functors
 FMukµ : QCohpXq Ñ QCohpYq FMuk1µ : QCohpYq Ñ QCohpXq
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are equivalences of 8-categories (Proposition 5.1.3). In this case, it follows that thecomposite functors
 pFMuk1µ ˝FMukµq : QCohpXq Ñ QCohpXq
 pFMukµ ˝FMuk1µq : QCohpYq Ñ QCohpYq
 are also equivalences of 8-categories. Conversely, if the functors pFMuk1µ ˝FMukµqand pFMukµ ˝FMuk1µq are both equivalences, then FMukµ admits a left homotopyinverse (given by pFMuk1µ ˝FMukµq´1 ˝ FMuk1µ) and a right homotopy inverse (givenby FMuk1µ ˝pFMukµ ˝FMuk1µq´1), and is therefore an equivalence of 8-categories.Using Proposition 5.1.3 again, we see that µ is perfect if and only if the followingconditions are satisfied:
 pa1q The functor pFMuk1µ ˝FMukµq : QCohpXq Ñ QCohpXq is an equivalence of8-categories.
 pb1q The functor pFMukµ ˝FMuk1µq : QCohpYq Ñ QCohpYq is an equivalence of8-categories.
 To complete the proof, it will suffice to show that paq ô pa1q and pbq ô pb1q. We willshow that paq ô pa1q; the other case follows by symmetry. For this, we need to givean explicit description of the composite functor FMuk1µ ˝FMukµ.
 Consider the diagram
 XˆSpetR YˆSpetR X
 puu
 q
 ))XˆSpetR Y
 p1zz
 q1
 ))
 YˆSpetR X
 p2
 uu
 q2
 %%X Y X .
 Using the description of the Fourier-Mukai transform supplied by Remark 4.7.6, wecan identify the composition FMuk1µ ˝FMukµ with the functor
 F ÞÑ q2˚pL µbp2˚q1˚pL µbp
 1˚F q
 » q2˚pL µbq˚p˚pL µbp
 1˚F qq
 » q2˚q˚pq˚L µbp
 ˚L µbp˚p1˚F q.
 Let r0, r1 : XˆSpetR X Ñ X denote the projection onto the first and second factor,respectively, and let u : XˆSpetR YˆSpetR X Ñ XˆSpetR X denote the projection onto
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the outer factors. Then q2 ˝ q » r1 ˝ u and p1 ˝ p » r0 ˝ u, so that FMuk1µ ˝FMukµ isgiven by
 F ÞÑ r1˚u˚pq˚L µbp
 ˚L µbu˚r˚0 F q
 » r1˚pu˚pq˚L µbp
 ˚L µq b r˚0 F q
 “ r1˚pE br˚0 F q,
 where E “ u˚pq˚L µbp
 ˚L µq.Let m : XˆSpetR X Ñ X denote the multiplication on X, so that m induces a
 map mY : XˆSpetR YˆSpetR X Ñ XˆSpetR Y. Since L µ is the line bundle associatedto a biextension µ, we have a canonical equivalence q˚L µbp
 ˚L µ » m˚Y L µ. The
 pullback diagramXˆSpetR YˆSpetR X mY //
 u
 XˆSpetR Yπ
 XˆSpetR X m // X
 determines an equivalence of functors m˚π˚ Ñ u˚m˚Y, and therefore an equivalence
 E » m˚π˚L µ.Let s : X Ñ X denote the map given by multiplication by p´1q, and let us regard
 the pair pm, s˝r0q as an equivalence of XˆSpetR X with itself, having homotopy inversepm, sq´1. We then compute
 pFMuk1µ ˝FMukµqpF q » r1˚pm˚π˚L µbr
 ˚0 F q
 » r1˚pm, sq˚pr˚0π˚L µbr
 ˚1s˚F q
 » r1˚pm, sq´1˚ pr
 ˚0π˚L µbr
 ˚1s˚F q
 » m˚pr˚0π˚L µbr
 ˚1s˚F q
 “ pπ˚L µq ‹ ps˚F q,
 where ‹ denotes the convolution product of §4.6. Since the pullback functor s˚ is anequivalence, it follows that FMuk1µ ˝FMukµ is an equivalence if and only if the objectπ˚L µ P QCohpXq is invertible with respect to convolution.
 5.2 Dualizing SheavesLet µ : X^Y Ñ BGL1 be a biextension of abelian varieties over a connective
 E8-ring R, let L µ be the underlying line bundle on XˆSpetR Y, and let
 π : XˆSpetR Y Ñ X π1 : XˆSpetR Y Ñ Y
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denote the projection maps. If µ is perfect, then π˚L µ P QCohpXq and π1˚L µ P
 QCohpYq are invertible objects with respect to the convolution product on QCohpXqand QCohpYq respectively. In this case, we can explicitly identify the objects π˚L µ
 and π1˚L µ using the language of Grothendieck duality (see §SAG.6 ). We begin withsome general remarks.
 Notation 5.2.1 (The Dualizing Sheaf). Let R be a connective E8-ring and let X bean abelian variety over R. We let ωX “ ωX SpetR denote the relative dualizing sheafof the projection map X Ñ SpetR (Definition SAG.6.4.5.3 ). We let ω˝X denote thepullback e˚ωX P QCohpSpetRq » ModR, where e : SpetR Ñ X denotes the identitysection.
 Remark 5.2.2. Let R be a connective E8-ring and let X be an abelian variety overR. Since X is fiber smooth (Corollary 1.4.9), the sheaf ωX is an invertible object ofQCohpXq (with respect to the tensor product). If X is an abelian variety of dimensiong over R, then Σ´gωX is a line bundle on X.
 Proposition 5.2.3. Let R be a connective E8-ring, let X be an abelian variety overR, and let q : X Ñ SpetR denote the projection map. Then there is a canonicalequivalence ωX » q˚ω˝X in the 8-category QCohpXq.
 Proof. Let π, π1 : XˆSpetR X Ñ X denote the projection onto the first and secondfactor, respectively, and let m : XˆSpetR X Ñ X be the addition map. Then we have adiagram of pullback squares
 Xq
 XˆSpetR Xπoo π1 //
 m
 Xq
 SpetR Xqoo q // SpetR.
 Let ωm P QCohpXˆSpetR Xq denote the relative dualizing sheaf of m. Applying RemarkSAG.6.4.2.6 , we obtain equivalences π˚ωX » ωm » π1˚ωX. The desired result nowfollows by applying the functor f˚ to this equivalence, where f : X Ñ XˆSpetR X isthe map given by pid, 0q.
 Remark 5.2.4 (The Adjoint Fourier-Mukai Transform). Let µ : X^Y Ñ BGL1
 be a biextension of abelian varieties over a connective E8-ring R and let FMukµ :QCoh_pXq Ñ QCohpYq be the Fourier-Mukai transform associated to µ. According
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to Remark 4.7.6, the functor FMukµ is given by the composition of functors
 QCoh_pXq » QCohpXqπ˚ÝÑ QCohpXˆSpetR YqbL µÝÝÝÑ QCohpXˆSpetR Yqπ1˚ÝÑ QCohpYq,
 where π : XˆSpetR Y Ñ X and π1 : XˆSpetR Y Ñ Y denote the projection maps andL µ is the underlying line bundle of µ. It follows that the functor FMukµ admits aright adjoint, given by the construction
 F ÞÑ π˚pL´1µ bπ˚ωX b π
 1˚F q » ωX b π˚pL´1µ bπ1˚F q.
 Remark 5.2.5. Let X be an abelian variety over a connective E8-ring R and lete : SpetRÑ X be the zero section. The morphism e is proper, locally almost of finitepresentation, and of finite Tor-amplitude, and therefore admits a relative dualizingsheaf ωe “ ωSpetRX P QCohpSpetRq. Applying Corollary SAG.6.4.2.8 to the diagram
 Xq
 ##SpetR
 e
 ;;
 id // SpetR,
 we obtain a canonical equivalence ω˝Xbωe » ωSpetRSpetR » OSpetR. It follows that thesheaf ωe can be identified with pω˝Xq´1. Applying Corollary SAG.6.4.2.7 , we deducethat the direct image functor e˚ : QCohpSpetRq Ñ QCohpXq admits a right adjoint,given by F ÞÑ pω˝Xq
 ´1 b e˚F .
 Construction 5.2.6 (The Roots of a Biextension). Let µ : X^Y Ñ BGL1 be abiextension of abelian varieties over a connective E8-ring R and let L µ be theunderlying line bundle on XˆSpetR Y. Let e : SpetRÑ X denote the identity sectionand form a pullback square
 Y eY //
 π
 XˆSpetR Yπ
 SpetR e // X .
 The multiplicativity of L µ supplies a trivialization of the pullback e˚Y L µ, whichdetermines an equivalence
 α : π˚OY » π˚e˚Y L µ » e˚π˚L µ .
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Using Remark 5.2.5, we obtain a canonical homotopy equivalence
 MapQCohpYqpOY,OYq » MapQCohpSpetRqpOSpetR, π˚OYqαÝÑ MapQCohpSpetRqpOSpetR, e
 ˚π˚L µq
 » MapQCohpXqpe˚pω˝Xq´1, π˚L µq.
 We let ρµ : e˚pω˝Xq´1 Ñ π˚L µ denote the image of the identity map idOY under thishomotopy equivalence.
 Applying the same construction with the roles of X and Y reversed, we obtain amorphism ρ1µ : e1˚pω˝Yq´1 Ñ π1˚L µ, where e1 : SpetR Ñ Y and π1 : XˆSpetR Y Ñ Ydenote the identity section and projection map, respectively. We will refer to ρµ andρ1µ as the roots of the biextension µ.
 Remark 5.2.7. Let µ : X^Y Ñ BGL1 be a biextension of abelian varieties over aconnective E8-ring R and let ρµ : e˚pω˝Xq´1 Ñ π˚L µ be as in Construction 5.2.6. IfR fi 0, then ρµ is not nullhomotopic (by construction, ρµ is nullhomotopic if and onlyif the identity map id : OY Ñ OY is nullhomotopic).
 We have the following refinement of Proposition 5.1.4:
 Proposition 5.2.8. Let µ : X^Y Ñ BGL1 be a biextension of abelian varieties overa connective E8-ring R. Then µ is perfect if and only if the roots
 ρµ : e˚pω˝Xq´1Ñ π˚L µ ρ1µ : e1˚pω˝Yq´1
 Ñ π1˚L µ
 of Construction 5.2.6 are equivalences in the 8-categories QCohpXq and QCohpYq,respectively.
 Proof. We will employ the notation of Construction 5.2.6. Note that pω˝Xq´1 is aninvertible object of the 8-category QCohpSpetRq » ModR. Moreover, the directimage functor e˚ : QCohpSpetRq Ñ QCohpXq is symmetric monoidal, if we regardQCohpXq as equipped with the convolution product of §4.6. Consequently, if ρµ isan equivalence, then π˚L µ P QCohpXq is invertible with respect to the convolutionproduct. Similarly, if ρ1µ is an equivalence, then π1˚L µ is invertible with respect tothe convolution product on QCohpYq. Applying Proposition 5.1.4, we see that if ρµand ρ1µ are both equivalences, then µ is perfect.
 We now prove the converse. Suppose that µ is a perfect biextension; we will showthat ρµ and ρ1µ are equivalences. Working locally with respect to the Zariski topologyon R, we may assume without loss of generality that R ‰ 0 and that X and Y have
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fixed dimensions g and g1, respectively. Localizing further if necessary, we may assumethat ω˝X » Σg OSpetR and ω˝Y » Σg1 OSpetR (see Remark 5.2.2). Moreover, we mayassume without loss of generality that g ď g1.
 Let FMuk1µ : QCoh_pYq Ñ QCohpXq denote the Fourier-Mukai transform associ-ated to µ, so that FMuk1µ is an equivalence of 8-categories (Proposition 5.1.3). Let Gdenote a homotopy inverse of the functor FMuk1µ. Note that FMuk1µpOYq » π˚L µ
 (see Remark 4.7.6), so there exists an equivalence Gpπ˚L µq » OY. The functor G isalso right adjoint to FMuk1µ, so Remark 5.2.4 supplies a calculation
 Gpe˚ω˝Xq´1q » ωY b π
 1˚pL
 ´1µ bπ˚e˚pω
 ˝Xq´1q
 » ωY b π1˚pL
 ´1µ beY ˚π
 ˚pω˝Xq
 ´1q
 » ωY b π1˚eY ˚pe
 ˚Y L ´1
 µ bπ˚pω˝Xq´1q
 » ωY b π1˚eY ˚pπ
 ˚pω˝Xq
 ´1q
 » ωY b π˚pω˝Xq
 ´1
 » Σg1´g OY .
 It follows that we can identify Gpρµq with a morphism γ : Σg1´g OY Ñ OY in QCohpYq.We claim that γ is an equivalence. To prove this, we may assume without loss ofgenerality that R “ κ is a field (see Corollary SAG.2.7.4.4 ). Our assumption that Yis geometrically reduced and geometrically connected then supplies isomorphisms
 π˚ΓpY; OYq »
 #
 κ if ˚ “ 00 if ˚ ą 0.
 Since the map γ does not vanish (Remark 5.2.7), we conclude that g “ g1 and thatγ is an equivalence. Since G is an equivalence of 8-categories, we conclude that ρµis an equivalence. Applying the same argument (with the roles of X and Y reversed;note that the above argument shows that g1 ď g), we conclude that ρ1µ is also anequivalence.
 Corollary 5.2.9. Let µ : X^Y Ñ BGL1 be a biextension of abelian varieties overa connective E8-ring R. Suppose that, for every morphism R Ñ κ where κ is analgebraically closed field, the induced map µκ : Xκ^Yκ Ñ BGL1 is a perfect biextensionof abelian varieties over κ. Then µ is perfect.
 Proof. Combine Proposition 5.2.8 with Corollary SAG.2.7.4.4 .
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Remark 5.2.10. Let µ : X^Y Ñ BGL1 be a biextension of abelian varieties over aconnective E8-ring R with underlying line bundle L µ. If µ is perfect, then Proposition5.1.4 supplies canonical equivalences
 pω˝Xq´1» ΓpXˆSpetR Y; L µq » pω
 ˝Yq´1.
 In particular, ω˝X and ω˝Y are canonically equivalent (as invertible objects of ModR).
 5.3 Multiplicative Line BundlesLet R be a connective E8-ring and let X be an abelian variety over R. If X admits
 a dual pX (in the sense of Definition 5.1.1), then pX is determined by X up to equivalence(Remark 5.1.2). We now make this observation more explicit by describing pX in termsof its functor of points.
 Definition 5.3.1 (Multiplicative Line Bundles). Let R be a connective E8-ring andlet X be an abelian variety over R, which we identify with its functor of pointsX : CAlgcn
 R Ñ CMon, and let BGL1 : CAlgcnR Ñ CMon be as in Construction 4.1.5.
 A multiplicative line bundle on X is a morphism L : X Ñ BGL1 in the 8-categoryFunpCAlgcn
 R ,CMonq.For every connective R-algebra A, we let PicmX pAq denote the mapping space
 MapFunpCAlgcnR ,CMonpXA,BGL1q of multiplicative line bundles on XA “ X |CAlgcn
 A.
 Remark 5.3.2. In the situation of Definition 5.3.1, we can regard the constructionA ÞÑ PicmX pAq as a functor from the 8-category CAlgcn
 R to the 8-category CMonof E8 spaces. This functor is equipped with a map e : X^PicmX Ñ BGL1 with thefollowing universal property: for every functor Y : CAlgcn
 R Ñ CMon, composition withe induces a homotopy equivalence
 MapFunpCAlgcnR ,CMonpSqqpY,PicmX q » MapFunpCAlgcn
 R ,CMonpX^Y,BGL1q.
 This follows from a slight variant of the arguments given in §3.7.
 Example 5.3.3. Let R be a connective E8-ring and suppose we are given abelianvarieties X,Y P AVarpRq. Then we have a canonical homotopy equivalence
 MapFunpCAlgcnR ,CMonqpY,PicmX q » BiExtpX,Yq.
 Combining Example 5.3.3 with Theorem 4.4.4, we obtain the following:
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Proposition 5.3.4. Let R be a connective E8-ring and let µ : X^Y Ñ BGL1 be aperfect biextension of abelian varieties over R. Then the induced map α : Y Ñ PicmXis an equivalence.
 Corollary 5.3.5. Let R be a connective E8-ring and let X be an abelian varietyover R. If X admits a dual pX, then there is a canonical equivalence pX » PicmX . Inparticular, PicmX is (representable by) an abelian variety over R.
 Warning 5.3.6. Let µ : X^Y Ñ BGL1 be a biextension of abelian varieties over aconnective E8-ring R. If X admits a dual pX, then the converse of Proposition 5.3.4holds: if α : Y Ñ PicmX » pX is an equivalence, then the biextension µ is perfect.However, if we do not yet know that X admits a dual, then the converse of Proposition5.3.4 not obvious.
 To understand the issue, let FMukµ : QCoh_pXq Ñ QCohpYq be the Fourier-Mukai transform associated to µ. For every connective R-algebra A, we can identifyαpAq : YpAq Ñ PicmX pAq with the map
 MapCAlgpLinCatStR qpQCohpYq,ModAq Ñ MapCAlgpLinCatSt
 R qpQCoh_pXq,ModAq
 given by precomposition with FMukµ. Using Proposition 5.1.3, we obtain the following:
 paq The biextension µ is perfect if and only if, for every commutative algebraobject C of LinCatSt
 R , the Fourier-Mukai transform FMukµ induces a homotopyequivalence
 MapCAlgpLinCatStR qpQCohpYq, Cq Ñ MapCAlgpLinCatSt
 R qpQCoh_pXq, Cq.
 pbq The map α is an equivalence if and only if, for every commutative algebra objectC of LinCatSt
 R having the form ModA for some A P CAlgcnR , the Fourier-Mukai
 transform FMukµ induces a homotopy equivalence
 MapCAlgpLinCatStR qpQCohpYq, Cq Ñ MapCAlgpLinCatSt
 R qpQCoh_pXq, Cq.
 The implication paq ñ pbq is the contents of Proposition 5.3.4. To prove the converse,it would suffice to show that QCoh_pXq can be obtained as an inverse limit (in the8-category CAlgpLinCatSt
 R q) of 8-categories of the form ModA, for A P CAlgcnR . This
 condition is satisfied if X admits a dual (we then have QCoh_pXq » QCohppXq), but isnot obvious from the definitions.
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We now study the deformation-theoretic properties of the functor PicmX .
 Proposition 5.3.7. Let R be a connective E8-ring, let X be an abelian variety overR, and let us regard PicmX as a functor from the 8-category CAlgcn
 R to the 8-categoryS of spaces. Then:
 paq For every object R1 P CAlgcnR , the space PicmX pR1q is essentially small.
 pbq The functor PicmX : CAlgcnR Ñ S is nilcomplete.
 pcq The functor PicmX : CAlgcnÑ S is cohesive.
 pdq The functor PicmX admits a p´1q-connective cotangent complex (relative to R).
 Proof. For every object R1 P CAlgcnR , let us regard the commutative monoids XR1 and
 BGL1 as defining a map of simplicial sets NpF in˚q ˆ B∆1 Ñ FunpCAlgcnR1 ,Sq. For
 every map of simplicial sets f : T Ñ NpF in˚q ˆ∆1, let TB denote the inverse image ofNpF in˚q ˆ B∆1 in T , and let FT pR1q denote the fiber of the categorical fibration
 FunpT,FunpCAlgcnR1 ,Sqq Ñ FunpTB,FunpCAlgcn
 R1 ,Sqq
 over the point determined by the pair pXR1 ,BGL1q. Then we can regard FT as defininga functor CAlgcn
 R ÑpS.
 Let T 1 be a simplicial subset of T containing TB. We will prove the following:
 pa1q For every R1 P CAlgcnR , the map of spaces FT pR1q Ñ FT 1pR
 1q has essentially smallhomotopy fibers.
 pb1q The natural transformation FT Ñ FT 1 is nilcomplete.
 pc1q The natural transformation FT Ñ FT 1 is cohesive.
 pd1q The natural transformation FT Ñ FT 1 admits a p´1q-connective cotangentcomplex.
 Taking T “ NpF in˚q ˆ∆1 and T 1 “ TB, we will obtain the desired result.We proceed by induction on the (possibly infinite) dimension of T . Choose a
 transfinite sequence of simplicial subsets T 1 “ T0 Ď T1 Ď ¨ ¨ ¨ Ď Tα “ T satisfying thefollowing conditions:
 piq If γ is a nonzero limit ordinal, then Tγ “Ť
 βăγ Tβ.
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piiq If γ “ β ` 1 is a successor ordinal, then Tγ is obtained from Tβ by adjoining asingle nondegenerate simplex (whose boundary is already contained in Tβ).
 We will prove, using induction on γ ď α, that assertions pa1q through pd1q hold forthe inclusion T 1 Ď Tγ. If γ “ 0, then T 1 “ Tγ and there is nothing to prove. If γis a nonzero limit ordinal, then FTγ » lim
 ÐÝβăγFTβ , so that the desired result follows
 from the inductive hypothesis (see Remark SAG.17.2.4.5 in case pd1q). It thereforesuffices to treat the case where γ “ β ` 1 is a successor ordinal. Using the inductivehypothesis (and Proposition SAG.17.3.9.1 in case pd1q), we are reduced to provingthat the inclusion Tβ Ď Tγ satisfies the analogues of pa1q through pd1q. We have apushout diagram of simplicial sets
 B∆n //
 ∆n
 Tβ // Tγ,
 hence a pullback diagram of functors
 FTγ //
 FTβ
 F∆n // FB∆n .
 We may therefore replace T by ∆n and T 1 by B∆n.Note that the map f : T Ñ NpF in˚qˆ∆1 cannot factor through NpF in˚qˆ∆1 (since
 TB Ď B∆n). It follows that there exists 1 ď i ď n such that fpi´ 1q P NpF in˚q ˆ t0uand fpiq P NpF in˚q ˆ t1u.
 Suppose now that i ă n, and let T 2 Ď T “ ∆n denote the union of the simplices∆t0,...,iu and ∆ti,...,nu. We have a commutative diagram of functors
 FTψ //
 φ ""
 FT 1
 ψ1||FT 2 .
 Since the inclusion T 2 Ď T is inner anodyne, the map φ is an equivalence. Consequently,to verify that assertions pa1q through pd1q hold for the morphism ψ, it suffices to verifythat pa1q through pd1q hold for the morphism ψ1. This follows from the inductivehypothesis, since T 1 has dimension smaller than that of T .
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If i ą 1, then we define T 2 to be the union of the simplices ∆t0,...,i´1u and ∆ti´1,...,nu
 and proceed as above. We are therefore reduced to the case where i “ n “ 1.Then FT 1 is contractible, and f determines a morphism pxmy, 0q Ñ pxm1y, 1q inNpF in˚qˆ∆1. Unwinding the definitions, we see that FT is the functor which classifiesmaps Xm to BGLm11 ; here Xm denotes the mth power of X in the 8-category of spectralalgebraic spaces over R. Assertions pa1q through pd1q now follow from PropositionSAG.19.2.4.7 .
 5.4 The Functor Pic˝XIn the setting of classical algebraic geometry, the theory of multiplicative line
 bundles simplifies: if X is an abelian variety over a field κ, then a line bundle L
 is multiplicative if and only if there exists an isomorphism m˚L » L b L , wherem : XˆSpetκ X Ñ X is the addition law on X (see Proposition 5.4.9 below).
 Notation 5.4.1. Let R be a connective E8-ring and let X P VarpRq be a varietyover R equipped with an R-valued point e : SpetRÑ X. We let PiceX : CAlgcn
 R Ñ Sdenote the functor given by the formula
 PiceXpAq “ fibpPicpXˆSpetR SpetAq e˚ÝÑ PicpSpetAqq.
 By virtue of Theorem SAG.19.2.0.5 , the functor PiceX is representable by a spectralalgebraic space which is quasi-separated and locally of finite presentation over R(which we will also denote by PiceX).
 Construction 5.4.2. Let R be a connective E8-ring and let X,Y P VarpRq be varietiesover R, equipped with R-valued points e : SpetRÑ X and e1 : SpetRÑ Y. Then e
 and e1 determine mapsY eYÝÑ XˆSpetR Y e˚X
 ÐÝ X .
 We let Pic∆X,Y denote the fiber of the pullback map
 Picpe,e1q
 XˆSpetR Ye˚Xˆe
 ˚Y
 ÝÝÝÝÑ PiceXˆSpetR Pice1Y .
 More informally, Pic∆X,Y parametrizes line bundles L on the product XˆSpetR Y
 which are equipped with (compatible) trivializations along X and Y.
 Proposition 5.4.3. In the situation of Construction 5.4.2, the projection map π :Pic∆
 X,Y Ñ SpetR admits a cotangent complex which is perfect and 1-connective.
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Proof. For each variety Z over R, let PicZ denote the classifying stack of line bundleson Z (not equipped with any trivialization), and let qZ : PicZ Ñ SpetR be theprojection map. Using Remark SAG.19.2.4.8 , we deduce that qZ admits a relativecotangent complex, given by Σ´1q˚ZΓpZ; OZq
 _. Unwinding the definitions, we see thatPic∆
 X,Y can be described as the total fiber of the commutative diagram
 PicXˆSpetR Y //
 PicX
 PicY //PicSpetR .
 It follows that the relative cotangent complex of π can be obtained by applying thefunctor Σ´1π˚ to the total cofiber of the diagram σ :
 ΓpX; OXq_ bR ΓpY; OYq
 _ ΓpX; OXq_oo
 ΓpY; OYq_
 OO
 Roo
 OO
 It will therefore suffice to show that the total cofiber of σ is perfect and 2-connective.This is clear, since the cofiber is dual to the tensor product
 fibpΓpX; OXq Ñ Rq bR fibpΓpY; OYq Ñ Rq,
 where each factor is perfect of Tor-amplitude ď ´1 by virtue of our assumption thatX and Y are varieties over R (see Proposition SAG.8.6.4.1 ).
 Corollary 5.4.4. Let R be a commutative ring, let X,Y P VarpRq be varieties over Requipped with points e : SpetR Ñ X and e1 : SpetR Ñ Y, and let τď0 Pic∆
 X,Y denotethe underlying 0-truncated spectral algebraic space of Pic∆
 X,Y. Then the structure sheafOXˆSpetR Y is classified by an etale morphism u : SpetRÑ τď0 Pic∆
 X,Y.
 Proof. Set Z “ Pic∆X,Y and Z0 “ τď0 Z, so that we have a tautological closed immersion
 ι : Z0 Ñ Z. Using the fiber sequence u˚LZ SpetR Ñ LSpetRSpetR Ñ LSpetRZ togetherwith Proposition 5.4.3, we deduce that LSpetRZ is 2-connective. Applying CorollarySAG.17.1.4.3 , we deduce that the relative cotangent complex LZ0 Z is also 2-connective.Using the fiber sequence ι˚LZ0 Z Ñ LSpetRZ Ñ LSpetRZ0 , we deduce that LSpetRZ0
 is also 2-connective. Using Proposition SAG.11.2.4.1 , we deduce that the morphism u
 is fiber smooth. The map u admits a left homotopy inverse (given by the compositionZ0
 ιÝÑ Z Ñ SpetR) and therefore locally quasi-finite. It follows that u is etale, as
 desired.
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Remark 5.4.5. In the situation of Corollary 5.4.4, suppose that X and Y are fibersmooth over R. Applying Proposition SAG.19.2.5.3 , we deduce that the spectralalgebraic spaces PiceX, Pice1Y , and Picpe,e
 1q
 XˆSpetR Y are separated. It follows that Pic∆X,Y
 is also separated, so that the morphism u : SpetRÑ τď0 Pic∆X,Y is a closed immersion.
 It follows that u is a clopen immersion (see Definition SAG.3.1.7.2 ): that is, u exhibitsSpetR as a summand of τě0 Pic∆
 X,Y.
 Construction 5.4.6. Let R be a connective E8-ring, let X be an abelian variety overR, and let u : Spet π0RÑ τď0 Pic∆
 X,X be the closed and open immersion of Corollary5.4.4 (and Remark 5.4.5). Then there is a unique (up to equivalence) closed and opensubspace U Ď Pic∆
 X,X which fits into a pullback square
 Spet π0Ru //
 τď0 Pic∆X,X
 U //Pic∆X,X .
 Let π, π1 : XˆSpetR X Ñ X denote the projection maps and m : XˆSpetR X Ñ X isthe addition map on X. The construction L ÞÑ m˚L bπ˚L ´1
 bπ1˚L ´1 determinesa map PiceX Ñ Pic∆
 X,X. We let Pic˝X denote the fiber product PiceXˆPic∆X,X
 U, whichwe regard as a closed and open subspace of PiceX.
 Remark 5.4.7. More informally, the spectral algebraic space Pic˝X of Construction5.4.6 parametrizes line bundles L on X (equipped with a trivialization along theidentity section) for which the line bundles m˚L and L b L become equivalent whenrestricted to the 0-truncation of XˆSpetR X. Note that this condition is automaticallysatisfied if L is a multiplicative line bundle on X. Consequently, the forgetful mapPicmX Ñ PiceX factors through Pic˝X.
 Warning 5.4.8. Let X be as in Construction 5.4.6. By construction, Pic˝X is anopen and closed subspace of PiceX. In fact, we can say more: Pic˝X is the “identitycomponent” of PiceX, so that the fibers of the map Pic˝X Ñ SpetR are connected.This is not a priori obvious from the definition. However, it follows from Theorem5.6.4 (which shows that PicmX is an abelian variety over R) together with Proposition5.4.9 (which shows that PicmX and Pic˝X have the same underlying classical algebraicspace).
 Proposition 5.4.9. Let R be a connective E8-ring and let X be an abelian variety overR. For every discrete R-algebra R1, the map PicmX pR1q Ñ Pic˝XpR1q is a homotopyequivalence. In particular, the space PicmX pR1q is discrete.
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Proof. Without loss of generality, we may replace R by R1 and thereby reduce tothe case where R is discrete. In what follows, we work in the category of algebraicspaces over R; to simplify the notation, we will denote fiber products over SpetRsimply as Cartesian products. Let e : SpetR Ñ X denote the identity section of X,let π, π1 : XˆX Ñ X denote the projection maps, and let m : XˆX Ñ X denote theaddition map.
 Unwinding the definitions, we see that PicmX pRq can be identified with the classi-fying space of the groupoid of extensions of X by the multiplicative group Gm. Toprove that this classifying space is discrete, it suffices to show that there are do notexist any nontrivial group homomorphisms φ : X Ñ Gm. As a map of algebraic spaces,φ is determined by an (invertible) global section f P H0
 pX; OXq. Since the base pointe induces an isomorphism H0
 pX; OXq Ñ R, φ is determined by the composite mapSpetR e
 Ñ X φÝÑ Gm, which is necessarily trivial whenever φ is a group homomorphism.
 Now suppose we are given an element of PiceXpRq, classifying a line bundle L onX together with a trivialization of e˚L . Let rX be the associated principal Gm-bundleover X, so that the trivialization of e˚L determines a point re : SpecR Ñ rX. Topromote L to a point of PicmX pRq, we need to supply a compatible abelian groupstructure on rX having re as the identity section. Such an abelian group structureis determined by a multiplication map rm : rX ˆ rX Ñ rX. Such a map is necessarilyGm ˆGm-equivariant and therefore determined by an isomorphism of line bundlesα : m˚L » π˚L bπ1˚L , which exists if and only if L is classified by an R-valuedpoint of Pic˝XpRq (and, in this case, the isomorphism α is uniquely determined bythe requirement that it is compatible with the trivialization of e˚L ). To completethe proof, it will suffice to show that for any such isomorphism α, the inducedmultiplication rm : rX
 2Ñ rX is commutative and associative, has re as a unit, and admits
 inverses. We verify each of these conditions in turn:
 paq The point re : SpetRÑ rX is a left unit for the multiplication rm. To prove this,we must show that the composite map
 treu ˆ rX ãÑ rX ˆ rX Ñ rX
 is the identity. Unwinding the definitions, this amounts to the assertion thatthe map of line bundles
 β : L » peˆ idq˚m˚Lα» peˆ idq˚pπ˚L bπ1˚L q » 0˚L bL » L
 is the identity map, where 0 : X Ñ X denotes the zero map. This map is givenby multiplication by an invertible element of H0
 pX; OXq. Since evaluation at e
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induces an isomorphism H0pX; OXq Ñ R, it suffices to check that β restricts to
 the identity map from e˚L to itself, which is evident.
 pbq The multiplication rm is commutative. Let rm1 denote the opposite multiplicationon rX (obtained by composing rm with the automorphism of rX ˆ rX whichexchanges the factors). Then rm1 is determined by another isomorphism of linebundles α1 : m˚L » π˚L bπ1˚L . Note that α and α1 differ by multiplicationby an invertible element of H0
 pX2; OX2q. The map pe, eq : SpetRÑ X2 inducesan isomorphism H0
 pX2; OX2q Ñ R. Consequently, to prove that α “ α1, itsuffices to show that they induce the same isomorphism after restricting thebase point of X2, which is evident.
 pcq The multiplication rm is associative. Let f, g : rX3Ñ rX denote the maps given by
 the compositionsrX
 3rmˆidÝÑ rX
 2rmÝÑ rX
 rX3 idˆ rmÝÑ rX
 2rmÝÑ rX.
 Let m3 : X3Ñ X denote the multiplication map, and let p0, p1, p2 : X3
 Ñ Xbe the projections onto the three factors. Then f and g are determined byisomorphisms of line bundles
 β, β1 : m˚3 L Ñ p˚0 L bp˚1 L bp˚2 L .
 We wish to prove that β “ β1. Note that β and β1 differ by multiplication by aninvertible element of H0
 pX3,OX3q. Since the base point pe, e, eq : SpecR Ñ X3
 induces an isomorphism H0pX3,OX3q Ñ R, we are reduced to proving that β
 and β1 agree after restriction the base point of X3, which is obvious.
 pdq The commutative monoid structure on rX admits inverses. Suppose we are givena commutative algebra A over R and an A-valued point x : SpetA Ñ rX. Wewish to prove that there exists another point y : SpetA Ñ rX such that thecomposite map
 SpetA px,yqÑ rX ˆ rX rm
 Ñ rX
 factors through e. Since y is uniquely determined (if it exists), the existenceof y can be tested locally with respect to the Zariski topology on A. Lety0 : SpetAÑ X be an inverse to the composite map SpetA x
 ÝÑ rX Ñ X. Passing
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to a localization of A if necessary, we may suppose that y˚0 L is trivial so thaty0 lifts to a point y : SpetAÑ rX. Then the composite map
 γ : SpetA px,yqÑ rX
 2rmÑ rX
 factors through kerprX Ñ Xq » Gm, and therefore admits an inverse in Gm.Modifying y if necessary, we may assume that γ factors through e, as desired.
 5.5 Representability of the Functor PicmX
 We have now assembled most of the ingredients needed for the proof of the followingresult:
 Proposition 5.5.1. Let R be a connective E8-ring and let X be an abelian varietyover R. Then the functor PicmX : CAlgcn
 R Ñ S is representable by a separated spectralalgebraic space which is locally almost of finite presentation over R. Moreover, ifi : Z Ñ PicmX is a closed immersion of spectral algebraic spaces and Y is quasi-compact,then Z is proper over R.
 Proof. Let e : SpetR Ñ X denote the identity section of X. Using PropositionSAG.19.2.0.5 and Corollary SAG.19.2.5.3 , we see that the functor Pic˝X is repre-sentable by a separated spectral algebraic space. By virtue of Proposition 5.4.9, thefunctors Pic˝X and PicmX agree when restricted to the category CAlg♥
 R Ď CAlgcnR of
 discrete R-algebras. Since the functor PicmX is cohesive, nilcomplete, and admits acotangent complex (Proposition 5.3.7), Theorem SAG.18.1.0.2 guarantees that PicmXis representable by a spectral Deligne-Mumford stack over R. Since Pic˝X and PicmXagree on discrete R-algebras, we conclude that PicmX is also a separated spectralalgebraic space. Note that if i : Z Ñ PicmX is a closed immersion, then the compositemap Z i
 ÝÑ PicmX Ñ PiceX is also a closed immersion. If Z is quasi-compact, thenCorollary SAG.19.2.5.3 guarantees that Z is proper over R.
 We now complete the proof by showing that PicmX is locally almost of finitepresentation over R. By virtue of Proposition SAG.17.4.3.1 , we are reduced to provingthe following:
 p˚q For each integer n ě 0, the functor PicmX commutes with filtered colimits whenrestricted to τďn CAlgcn
 R .
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Let us now regard n as fixed. For each n-truncated object R1 P CAlgcnR , we let CR1
 denote the full subcategory of CAlgcnR1 spanned by the n-truncated objects, and regard
 CR1 as equipped with the etale topology. Let yShvetpR1q denote the full subcategory of
 FunpCAlgcnR1 ,
 pSq which are sheaves with respect to the etale topology. Consider thefollowing condition on a functor F :
 p˚1q Let F 1 : CAlgcnR1 Ñ
 pS be a left Kan extension of F |CR1 . Then the canonical mapF 1 Ñ F exhibits F as a sheafification of F 1 with respect to the etale topology.
 Note that the collection of functors F which satisfy p˚q is closed under colimits inyShv
 etpR1q. Moreover, any functor which is corepresentable by an n-truncated object of
 CAlgcnR1 satisfies p˚1q. It follows that if a functor F is representable by an n-truncated
 spectral Deligne-Mumford stack over R1, then F satisfies p˚1q.Suppose we are given a simplicial set K and a pair of diagrams Y, Z : K Ñ
 FunpCAlgcnR1 ,
 pSq. Assume that for every vertex v P K, the functor Zpvq : CAlgcnR1 Ñ
 pSis a sheaf for the etale topology, and the functor Y pvq : CAlgcn
 R1 ÑpS satisfies p˚1q.
 Then the restriction map
 MapFunpK,FunpCAlgcnR1,pSpY, Zq Ñ MapFunpK,FunpCR1 ,pSqq
 pY |CR1 , Z|CR1 q
 is a homotopy equivalence. In particular, we obtain a homotopy equivalence
 PicmX pR1q » MapCMonpFunpCAlgcnR1,SqqpX |CAlgcn
 R1,BGL1 |CAlgcn
 R1q
 » MapCMonpFunpCR1 ,SqqpX |CR1 ,BGL1 |CR1 q.
 Note that X |CR1 is an n-truncated object of FunpCR1 ,Sq and that BGL1 |CR is anpn` 1q-truncated object of FunpCR1 ,Sq.
 For every integer k ě 0, let MonEkpFunpCR1 , τďn`1 Sqq denote the 8-category ofEk-monoid objects of FunpCR1 , τďn`1 Sq (see §HA.5.1 ). Let X |pkqR1 denote the image ofX |CR1 in MonEkpFunpCR1 , τďn`1 Sqq, define BGLpkq1R1 similarly, and let PicpkqX pR
 1q denotethe mapping space MapMonEk pFunpCR1 ,τďn`1 SqqpX
 pkqR1 ,BGLpkq1R1q. The construction R1 ÞÑ
 PicpkqX pR1q determines a functor PicpkqX : τďn CAlgcn
 R Ñ S. Since FunpCR1 , τďn`1 Sq isequivalent to an pn ` 2q-category, Example HA.5.1.2.3 implies that the restrictionfunctor CMonpFunpCR1 , τďn`1 Sqq Ñ MonEkpFunpCR1 , τďn`1,Sqq is an equivalence of8-categories for k ě n`3. It follows that the restriction map PicmX pR1q Ñ PicpkqX pR
 1q
 is a homotopy equivalence for k ě n` 3, for any n-truncated object R1 P CAlgcnR . To
 complete the proof, it will suffice to show that the functors PicpkqX commute withfiltered colimits for k ě 0.
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We now proceed by induction on k. In the case k “ 0, the desired resultis an immediate consequence of Proposition SAG.19.2.4.7 . To carry out the in-ductive step, let us suppose that k ě 0 and the functor PicpkqY commutes withfiltered colimits for every abelian variety Y over R; we will show that Picpk`1q
 Xcommutes with filtered colimits. For every n-truncated object R1 P CAlgcn
 R , letER1 “ MonEkpFunpCR1 , τďn`1 Sqq. Using Theorem HA.5.1.2.2 , we obtain an equiva-lence of 8-categories MonEk`1pFunpCR1 , τďn`1 Sqq » MonpER1q. In particular, Xpk`1q
 R1
 and BGLpk`1q1R1 determine monoid objects ER1 , E 1R1 P MonpEq Ď Funp∆op, ER1q, and the
 functor Picpk`1qX is given by R1 ÞÑ MapMonpER1 qpER1 , E
 1R1q. For every map of simplicial
 sets K Ñ Np∆qop, let FK : τďn CAlgcnR Ñ S be the functor given by the formula
 R1 ÞÑ MapFunpK,ER1 qpER1 |K , E1R1 |Kq.
 We wish to prove that the functor FNp∆qop commutes with filtered colimits.For any n-truncated object R1 P CAlgcn
 R , the 8-category FunpCR1 , τďn`1 Sq isequivalent to an pn` 2q-category. It follows that ER1 is also equivalent to an pn` 2q-category. Applying Theorem SAG.A.8.2.3 , we deduce that the inclusion ∆op
 ďn`3 ãÑ ∆op
 induces an equivalence FNp∆qop Ñ FNp∆opďn`3q
 . It will therefore suffice to prove that thefunctor FK commutes with filtered colimits for every finite simplicial set K equippedwith a map K Ñ Np∆op
 q.We now proceed by induction on the dimension p of K and on the number of
 nondegenerate p-simplices of K. If K “ H there is nothing to prove. Otherwise, wecan choose a pushout diagram of simplicial sets
 B∆p //
 ∆p
 K 1 // K,
 hence a pullback diagram of functors
 FK //
 FK1
 F∆p // FB∆p .
 The inductive hypothesis implies that the functors FB∆p and FK1 commute with filteredcolimits. We are therefore reduced to proving that the functor F∆p commutes withfiltered colimits. If p ě 2, then there exists an inner anodyne inclusion Λp
 1 ãÑ ∆p which
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induces an equivalence F∆p Ñ FΛp1 , and the desired result follows from the inductivehypothesis. We may therefore reduce to the case where K “ ∆p and p ď 1.
 Let us now consider the case where p “ 0. In this case, the map K Ñ Np∆qop
 determines an object ras P ∆, and the functor FK is given by the formula
 FKpR1q “ MapER1 pER1prasq, E
 1R1prasqq » MapER1 pER1prasq, E
 1R1pr1sqqa » PicpkqXa pR
 1qa,
 and therefore commutes with filtered colimits by the inductive hypothesis (applied tothe abelian variety Xa over R).
 We conclude by treating the case where p “ 1, so that the map K Ñ Np∆qop
 classifies a map of finite linearly ordered sets ras Ñ rbs. Unwinding the definitions, weobtain a pullback square (depending functorially on R1):
 FKpR1q //
 MapER1 pER1prasq, E1R1prasqq
 MapER1 pER1prbsq, E
 1R1prbsqq //MapER1 pER1prbsq, E
 1R1prasq,
 which gives a pullback square of functors
 FK //
 pPicpkqXa qa
 pPicpkqXb qb // pPicpkqXb q
 a.
 Since the functors PicpkqXa and PicpkqXb commute with filtered colimits by the inductivehypothesis, we deduce that the functor FK commutes with filtered colimits.
 5.6 Existence of the Dual Abelian VarietyOur goal in this section is to show that every abelian variety X over a connective
 E8-ring R admits a dual (Theorem 5.6.4). The strategy of proof is to first treat thecase where R is an algebraically closed field (in which case the result is classical, but weinclude a proof here for completeness). We begin with some preliminary observations.
 Lemma 5.6.1. Let κ be a field, let X be an abelian variety over κ, and let L be amultiplicative line bundle on X. If L is nontrivial, then the cohomology H˚pX; L q
 vanishes.
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Proof. Let π, π1 : XˆSpetκ X Ñ X denote the two projection maps and let m :XˆSpetκ X Ñ X denote the addition map. Then pπ,mq : XˆSpetκ X Ñ XˆSpetκ Xis an automorphism. Moreover, the multiplicativity of L supplies an an isomor-phism pπ,mq˚pπ˚OXbπ
 1˚L q » π˚L bπ1˚L . Passing to cohomology, we obtain anisomorphism of graded vector spaces
 α : H˚pX; OXq bκ H˚pX; L q » H˚pX; L q bκ H˚pX; L q.
 Assume that H˚pX; L q is nonzero. Then there exists some smallest integer n ě 0such that Hn
 pX; L q is nonzero. Note that the domain of α is nonzero in (cohomological)degree n, and the codomain of α vanishes in (cohomological) degrees ă 2n. Since α isan isomorphism, we conclude that n “ 0: that is, there exists a nonzero global section uof L . Note that L ´1 is isomorphic to the pullback of L along the map p´1q : X Ñ X,and therefore also has nonzero cohomology. Applying the same argument to L ´1, wededuce that there exists a nonzero global section v of L ´1. Since X is irreducible,the product uv is a nonzero global section of L bL ´1
 » OX. It follows that uv isnowhere vanishing, so that u determines an isomorphism OX » L .
 Lemma 5.6.2. Let κ be an algebraically closed field and let X be an abelian varietyof dimension g over κ. Then there exists another abelian variety Y of dimension g
 over κ and a biextension µ : X^Y Ñ BGL1 with the following property:
 p˚q Let L µ be the underlying line bundle of µ. Then there are only finitely manyκ-valued points x P Xpκq such that L µ |txuˆY is trivial, and only finitely manyκ-valued points y P Ypκq such that L µ |Xˆtyu is trivial.
 Proof. Choose a nonempty affine open subset U Ď |X | (such an open set exists byvirtue of Proposition 1.4.7 or Corollary SAG.3.4.2.4 ). Shrinking U if necessary, wemay assume that the complement of U is a Cartier divisor D Ď |X |. Let OXp´Dq
 denote the ideal sheaf of D and let OXpDq “ OXp´Dq´1 denote its inverse. Without
 loss of generality, we may assume that U contains the identity section of X, sothat OXpDq is canonically trivialized at the identity of X. Let π, π1 : XˆSpetκ X ÑX denote the projection maps and let m : XˆSpetκ X Ñ X denote the additionmap, and let L µ denote the line bundle on XˆSpetκ X given by the tensor productm˚OXpDq b π
 ˚OXp´Dq b π1˚OXp´Dq. Then L µ is the underlying line bundle of a
 biextension µ : X^X Ñ BGL1 (see Example 4.2.5). We claim that µ satisfies conditionp˚q. To prove this, let us identify µ with a map f : X Ñ PicmX , and let K Ď |X | bethe inverse image of the identity element of PicmX pκq. We wish to show that K is
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finite. To prove this, we let X1 denote the reduced closed subspace of X correspondingto the connected component of the identity in K. Then X1 is also an abelian varietyover κ, and the biextension µ is trivial on X1^X1 (even on X1^X). We wish to showthat X1 » Spetκ. Replacing X by X1, we are reduced to the case where the map f isnullhomotopic, so that the line bundle L µ is trivial. Applying Proposition 5.4.9, wededuce that OXpDq admits the structure of a multiplicative line bundle on X. SinceH0pX; OXpDqq is nonzero, Lemma 5.6.1 implies that the line bundle OXpDq is trivial.
 It follows that the structure sheaf OX admits a section s which vanishes exactly onthe Cartier divisor D. Since X is connected and proper, any nonvanishing section ofOX is nowhere vanishing. It follows that D “ H, so that U “ |X |. Then the abelianvariety X is proper and affine over κ, hence zero-dimensional as desired.
 Lemma 5.6.3. Let κ be an algebraically closed field and let X be an abelian varietyover κ. Then X admits a dual.
 Proof. Let µ : X^Y Ñ BGL1 be a biextension of abelian varieties over κ which satisfiescondition p˚q of Lemma 5.6.2. Then µ determines an additive map f : Y Ñ PicmXof spectral algebraic spaces over κ. Let Y1 denote the schematic image of f (seeConstruction SAG.3.1.5.1 ). Then the canonical map Y1 Ñ PicmX is a closed immersion.Since PicmX is of finite type over κ (Proposition 5.5.1), the algebraic space Y1 is offinite type over κ. Because Y is connected, reduced, and proper over κ, we concludethat Y1 is also connected, reduced, and proper over κ. Using the additivity of f , wesee that the composite map
 Y1ˆSpetκ Y1 Ñ PicmX ˆSpetκ PicmXbÝÑ PicmX
 factors (in an essentially unique way) through Y1. It follows that Y1 inherits thestructure of an abelian variety over κ and that the closed immersion Y1 Ñ PicmX canbe regarded as a morphism of commutative monoids. This morphism determines abiextension µ1 : X^Y1 Ñ BGL1 which also satisfies condition p˚q of Lemma 5.6.2(note that condition p˚q implies that the kernel of the map Y Ñ Y1 is finite, so thatY and Y1 have the same dimension). Replacing µ by µ1, we may reduce to the casewhere f : Y Ñ PicmX is a closed immersion.
 We will complete the proof by showing that the biextension µ is perfect. Since fis a closed immersion, Proposition 5.4.9 implies the following:
 piq The map YpRq Ñ PicmX pRq Ñ PiceXpRq is a monomorphism whenever R is adiscrete κ-algebra.
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In particular, if y P Ypκq is a κ-valued point for which L µ |Xˆtyu is trivial, then y mustbe the identity element y0 P Ypκq. Let π : XˆSpetκ Y Ñ X and π1 : XˆSpetκ Y Ñ Ydenote the projection maps. Using Lemma 5.6.1, we deduce that the direct imageF “ π1˚L µ is supported at the point y0.
 Let E 0 “ y0˚OSpetκ P QCohpYq denote the skyscraper sheaf at the point y0. Sincethe map π1 is proper and flat, the sheaf F is perfect (Theorem SAG.6.1.3.2 ). Moreover,the map π1 has relative dimension g (where g denotes the dimension of the abelianvariety X), so Corollary SAG.9.6.1.4 guarantees that F is p´gq-connective. It followsthat F can be written as a finite extension of sheaves of the form Σa E 0 for a ě ´g.By assumption, Y is also an abelian variety of dimension g over κ, so the local ring ofY at the point y0 is regular of dimension g. It follows that there exists an equivalenceE _0 » Σ´g E 0, so that the dual F_ can be written as a finite extension of sheavesof the form Σa´g E 0 for a ě ´g, and therefore belongs to QCohpYqď0. On the otherhand, the direct image F “ π1˚L has Tor-amplitude ď 0 (Proposition SAG.6.1.3.1 ),so that F_ is connective. It follows that F_ belongs to QCohpYq♥.
 Note that we have canonical equivalences
 MapQCohpYqpF_,E 0q » MapQCohpSpetκqpy
 ˚0 F_,OSpetκq
 » MapQCohpSpetκqpOSpetκ, y˚0 F q
 » MapQCohpSpetκqpOSpetκ, y˚0π1˚L µq
 » MapQCohpXqpOX,L µ |Xˆty0u
 » MapQCohpXqpOX,OXq
 » κ.
 In particular, there exists a nonzero map u : F_Ñ E 0, which is unique up to scalar
 multiplication. Since F_ is set-theoretically supported at the point y, we can choosea map v : OY Ñ F_ such that the composition OY
 vÝÑ F_ u
 ÝÑ E 0 is an epimorphism(in the abelian category QCohpYq♥). Using Nakayama’s lemma, we deduce that v isan epimorphism: that is, it induces an isomorphism v : OY I » F_, where I Ď OY
 is some quasi-coherent ideal sheaf. Let ι : Y0 Ñ Y be the closed immersion determinedby the ideal sheaf I. Then we can identify the inverse isomorphism v´1 with a nonzeroglobal section of the pullback ι˚F , or equivalently with a nonzero global section ofL µ |XˆSpetκ Y0 . This global section is nowhere vanishing (since this can be checkedafter replacing Y0 by the closed point y0), and therefore determines a trivialization ofthe restriction L µ |XˆSpetκ Y0 . Applying piq, we deduce that the map ι factors throughy0, so that OY I is equivalent to E 0. Since v is an isomorphism, we conclude that
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F_ is equivalent to E 0, so that F » E _0 » Σ´g E 0. It follows that F is invertiblewith respect to the convolution product on QCohpYq.
 Set G “ π˚L µ P QCohpXq. Note that if x P Xpκq is a κ-valued point for whichthe restriction L µ |txuˆY is nontrivial, then x˚ G » 0 (Lemma 5.6.1). This conditionis satisfied for all but finitely many points x P Xpκq (by virtue of our assumptionthat µ satisfies condition p˚q of Lemma 5.6.2), so that the quasi-coherent sheaf G issupported on a finite subset of X. Moreover, we have a canonical equivalence
 ΓpX; G q » ΓpXˆSpetκ Y,L µq
 » ΓpY; F q» ΓpY; Σ´g E 0q
 » Σ´gκ.
 It follows that G is equivalent to the suspension of a skyscraper sheaf at some pointx P Xpκq, and is therefore invertible with respect to the convolution product onQCohpXq. Applying the criterion of Proposition 5.1.4, we deduce that the biextensionµ is perfect, as desired.
 We now come to our main result.
 Theorem 5.6.4. Let R be a connective E8-ring and let X be an abelian variety overR. Then X admits a dual.
 Proof. Let Y “ PicmX be as in Definition 5.3.1, so that Y is representable by aspectral algebraic space over R (Proposition 5.5.1). Let m : YˆSpetR Y Ñ Y denotethe multiplication map and let e : SpetR Ñ Y be the zero section. Since SpetR isquasi-compact, we can choose a quasi-compact open subspace U Ď Y which containsthe image of e. We first prove the following:
 p˚q The composite map mU : UˆSpetR U ãÑ YˆSpetR Y mÝÑ Y is surjective.
 To prove p˚q, we can assume without loss of generality that R “ κ is an algebraicallyclosed field. In this case, Lemma 5.6.3 guarantees that X admits a dual, so thatCorollary 5.3.5 implies that Y is dual to X. In particular, Y is an abelian variety overR and therefore connected. Fix a κ-valued point y P |Y |, and let U1 Ď Y denote theimage of U under the map y1 ÞÑ y ´ y1. Then U and U1 are nonempty open subspacesof Y. Since Y is irreducible, the intersection UXU1 is nonempty and therefore containsa κ-valued point y1 P Ypκq. In this case, the map mU carries the point py1, y ´ y1q to y.Allowing y to vary, we deduce that mU is surjective, as desired.
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We now return to the general case. Using p˚q, we deduce that Y is quasi-compact.It then follows from Proposition 5.5.1 that Y is proper and locally almost of finitepresentation over R. We claim that Y is also an abelian variety over R. To prove this,we must show that the projection map Y Ñ SpetR is flat, geometrically reduced, andgeometrically connected. By virtue of Corollary SAG.6.1.4.8 , it suffices to check theseconditions after replacing R by an algebraically closed field. In this case, the desiredresult follows again by combining Lemma 5.6.3 with Corollary 5.3.5.
 By construction, there is a tautological biextension of abelian varieties µ : X^Y ÑBGL1. To complete the proof, it will suffice to show that µ is perfect. Using Corollary5.2.9, we can again reduce to the case where κ is an algebraically closed field, in whichcase the desired result follows from Proposition 5.3.4.
 6 p-Divisible GroupsLet X be an abelian variety of dimension g over a commutative ring R. For every
 integer n ą 0, let rns : X Ñ X denote the map given by multiplication by n (withrespect to the group structure on X, and let Xrns denote the kernel kerprnsq (formed inthe category of group schemes over R). A foundational result in the theory of abelianvarieties guarantees that Xrns is a finite flat group scheme of degree n2g over R (seeProposition 6.7.3). In [11], Tate observed that for each prime number p, the collectionof group schemes tXrpksukě0 could be organized into a mathematical object called ap-divisible group (also known as a Barsotti-Tate module), and can be regarded as auseful replacement for the Tate module of X in the case where p is not invertible in R.
 Our goal in this section is to generalize the theory of p-divisible groups, replacingthe commutative ring R by an arbitrary E8-ring A. With an eye to later applications,we consider more generally the notion of S-divisible group, where S is a set of primenumbers (this is essentially just for terminological convenience: specifying an S-divisiblegroup is equivalent to specifying a p-divisible group for each p P S; see Remark 6.5.6).We begin in §6.1 by introducing the notion of a (commutative) finite flat group schemeover A (Definition 6.1.2). Moreover, we show that the theory of finite flat groupschemes comes equipped with good notions of monomorphism, epimorphism, exactsequence, and Cartier duality (see §6.2 and §6.3).
 In §6.4, we introduce the notion of a S-torsion object of an arbitrary 8-categoryC which admits finite limits. Moreover, we show that there is a close relationshipbetween S-torsion objects of C and abelian group objects of C, given by a functorX ÞÑ XrS8s which extracts the “S-torsion part” of an abelian group object X. In §6.5
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we apply these ideas to define the notion of S-divisible group over an arbitrary E8-ringA (Definition 6.5.1), and in §6.7 we show that the construction X ÞÑ XrS8s takesstrict abelian varieties to S-divisible groups (Proposition 6.7.1). Finally, we show thatthere is a good theory of Cartier duality for S-divisible groups (Proposition 6.6.3), andthat the construction X ÞÑ XrS8s intertwines the duality theory of abelian varieties(studied in §5) with the Cartier duality of S-divisible groups (Proposition 6.8.2).
 6.1 Finite Flat Group SchemesWe begin by introducing some terminology.
 Definition 6.1.1. Let A be an E8-ring and let M be an A-module. We will say thatM is finite flat if the following conditions are satisfied:
 piq The abelian group π0M is a projective module of finite rank over the commutativering π0A.
 piiq For each integer n, the canonical map pπ0Mq bπ0A pπnAq Ñ πnM is an isomor-phism.
 We will say that f is finite flat of rank d if, in addition, the module π0M has rank dover π0A.
 For every E8-ring A, we let ModffA denote the full subcategory of ModA spanned
 by those A-modules which are finite flat.
 Definition 6.1.2. Let f : X Ñ Y be a morphism of nonconnective spectral Deligne-Mumford stacks. We will say that f is finite flat (of degree d) if, for every mapSpetAÑ Y, the fiber product XˆY SpetA has the form SpetB, where B is finite flat(of rank d) when regarded as an A-module.
 For each E8-ring A, we let FFpAq denote the full subcategory of SpDMncA spanned
 by the finite flat morphisms X Ñ SpetA.
 Remark 6.1.3. In the setting of spectral Deligne-Mumford stacks (with connectivestructure sheaves), Definition 6.1.2 reduces to Definition SAG.5.2.3.1 . More precisely,if Y is a spectral Deligne-Mumford stack and f : X Ñ Y is a morphism of nonconnectivespectral Deligne-Mumford stacks, then f is finite flat (in the sense of Definition 6.1.2)if and only if the structure sheaf OX is connective and f is finite flat as a morphismof spectral Deligne-Mumford stacks (in the sense of Definition SAG.5.2.3.1 ).
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Moreover, the notion of finite flat morphism in the nonconnective setting immedi-ately reduces to the connective one: a morphism f : pX ,OXq Ñ pY ,OYq is finite flatif and only if f is flat and the underlying map of spectral Deligne-Mumford stackspX , τě0 OXq Ñ pY , τě0 OYq is finite flat.
 Remark 6.1.4. Let f : X Ñ Z and g : Y Ñ Z be morphisms of nonconnectivespectral Deligne-Mumford stacks. Suppose that f is a finite flat surjection and thatXˆZ Y Ñ Z is finite flat. Then g is finite flat.
 Remark 6.1.5. Let A be an E8-ring. Then the construction B ÞÑ SpetB inducesan equivalence of 8-categories CAlgpModff
 Aqop » FFpAq.
 Remark 6.1.6. The functor pA P CAlgcnq ÞÑ FFpAq is locally almost of finite
 presentation: that is, it commutes with filtered colimits when restricted to τďn CAlgcn,for each n ě 0. This is a special case of Corollary SAG.19.4.5.7 .
 Remark 6.1.7. Let A be an E8-ring. Then the 8-category FFpAq depends only onthe connective cover τě0A. More precisely, extension of scalars along the canonical mapτě0AÑ A induces an equivalence of 8-categories FFpτě0Aq Ñ FFpAq; a homotopyinverse to this equivalence is given by the construction pX ,OXq ÞÑ pX , τě0 OXq.
 Definition 6.1.8. Let A be an E8-ring. A commutative finite flat group schemeover A is a grouplike commutative monoid object of the 8-category FFpAq. We letFFGpAq “ CMongp
 pFFpAqq denote the 8-category of commutative finite flat groupschemes over A.
 Remark 6.1.9. LetA be an E8-ring. Using Remark 6.1.5, we see that the constructionB ÞÑ SpetB induces an equivalence of 8-categories HopfpModff
 Aqop » FFGpAq. In
 other words, we can identify commutative finite flat group schemes over A with Hopfalgebras that are finite flat when regarded as A-modules.
 Remark 6.1.10 (The Functor of Points). Let A be an E8-ring. Then the functorof points SpDMnc
 A ãÑ FunpCAlgA,Sq restricts to a fully faithful embedding FFpAq ãÑ
 FunpCAlgA,Sq. Passing to grouplike commutative monoid objects, we obtain afully faithful embedding FFGpAq ãÑ FunpCAlgA,CMongp
 pSqq. We will refer to thisembedding as the functor of points. In practice, we will generally abuse terminologyby not distinguishing between a commutative finite flat group scheme G P FFGpAqand its functor of points CAlgA Ñ CMongp
 pSq.
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Remark 6.1.11. The functor pA P CAlgcnq ÞÑ FFGpAq is locally almost of finite
 presentation: that is, it commutes with filtered colimits when restricted to τďn CAlgcn,for each n ě 0. This follows by combining Remark 6.1.6 with Lemma 2.2.3 (andRemark 2.2.4).
 For future use, we note the following variant of Lemma 2.2.5 for finite flat groupschemes:
 Proposition 6.1.12. Let K be a simplicial set and let FK : CAlgcnÑ S denote
 the functor given by the formula FKpRq “ FunpK,FFGpRqq». Then the functor FKadmits a p´1q-connective cotangent complex.
 Proof. Define G : CAlgcnÑ S by the formula GpRq “ FunpF in˚ˆK,FFpRqq». For
 every connective E8-ring R, we can identify FKpRq with the summand of GpRqspanned by those functors X : F in˚ˆK Ñ FFpRq. which satisfy the followingcondition:
 p˚q For every vertex v P K, the restriction X|F in˚ˆtvu : F in˚ Ñ FFpRq is a grouplikecommutative monoid object of FFpRq.
 Theorem SAG.19.4.0.2 implies that the functor G admits a p´1q-connective cotangentcomplex LG P QCohpGq. We claim that the image LG in the 8-category QCohpFKqis a cotangent complex for FK . To prove this, it will suffice to show that for everyconnective E8-ring R and every connective R-module M , the diagram
 FKpR ‘Mq //
 FKpRq
 GpR ‘Mq // GpRq
 is a pullback square. Without loss of generality, we may assume that K “ ∆0; in thiscase, we must show that a diagram F in˚ Ñ FFpR ‘Mq is a grouplike commutativemonoid object of FFpR‘Mq if and only if the composite map F in˚ Ñ FFpR‘Mq ÑFFpRq is a grouplike commutative monoid object of FFpRq. This is clear, since theextension-of-scalars functor FFpR ‘Mq Ñ FFpRq is conservative.
 Remark 6.1.13. In the situation of Proposition 6.1.12, if K is a finite simplicial set,then the cotangent complex LFK is almost perfect. This follows by combining Remark6.1.11 with Corollary SAG.17.4.2.2 .
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6.2 Epimorphisms and MonomorphismsWe now introduce the notion of epimorphism between commutative finite flat
 group schemes.
 Proposition 6.2.1. Let A be an E8-ring and let f : G Ñ H be a morphism ofcommutative finite flat group schemes over A. The following conditions are equivalent:
 p1q The morphism f is finite flat and surjective (when regarded as a map of noncon-nective spectral Deligne-Mumford stacks).
 p2q The morphism f is an effective epimorphism of sheaves with respect to the finiteflat topology: that is, for every B-valued point η P HpBq, there exists a finiteflat surjection Spet rB Ñ SpetB such that the fiber product the fiber productGp rBq ˆHp rBq tηu is nonempty.
 Proof. We first show that p1q ñ p2q. Choose any point η P HpBq, and let X denotethe fiber product GˆH SpetB (formed in the 8-category of spectral Deligne-Mumfordstacks). Using assumption p1q, we see that the projection X Ñ SpetB is a finite flatsurjection. Writing X » Spet rB, we observe that the fiber product Gp rBq ˆHp rBq tηu »
 Xp rBq has a canonical point.Now suppose that p2q is satisfied; we wish to show that f is finite flat and surjective.
 Write H “ SpetB, where B is a (finite flat) Hopf algebra over A. Let rB be as inp2q. Set K “ fibpfq, where the fiber is formed in the 8-category SpDMnc
 A . Using thegroup structure on G, we obtain an equivalence Spet rB ˆH G » Spet rB ˆSpetA K. Inparticular, we conclude that Spet rBˆSpetAK is finite flat over A. Since the projectionmap Spet rB Ñ SpetA is a finite flat surjection, Remark 6.1.4 implies that K is finiteflat over A. It follows that the projection map Spet rB ˆH G Ñ Spet rB is finite flat,so that G is finite flat over H. Moreover, f is surjective (since the composite mapSpet rB ˆH GÑ G
 fÝÑ H is surjective).
 Definition 6.2.2. Let A be an E8-ring and let f : G Ñ H be a morphism ofcommutative finite flat group schemes over A. We will say that f is a epimorphismif it satisfies the equivalent conditions of Proposition 6.2.1. We will say that f is anmonomorphism if the induced map f˚ : π0ΓpH; OHq Ñ π0ΓpG; OGq is surjective.
 Warning 6.2.3. The terminology of Definition 6.2.2 is potentially misleading: if g :GÑ H is an epimorphism (monomorphism) of commutative finite flat group schemesover an E8-ring A, then f need not be a categorical epimorphism (monomorphism):
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that is, a morphism h : H Ñ H 1 (f : G1 Ñ G) need not be determined (even up tohomotopy) by the composition h ˝ g (g ˝ f).
 Remark 6.2.4. Let A be a connective E8-ring and let f : GÑ H be a morphism ofcommutative finite flat group schemes over A. Then f is a monomorphism if and onlyif it is a closed immersion, in the sense of Definition SAG.3.1.0.1 .
 Remark 6.2.5. Let f : G Ñ H be a morphism of commutative finite flat groupschemes over an E8-ring A. Using Remark 6.1.7, we see that f can be obtained (in anessentially unique way) from a morphism f0 : G0 Ñ H0 of commutative finite flat groupschemes over the connective cover τě0A. Then f is an epimorphism (monomorphism)if and only if the map f0 is an epimorphism (monomorphism).
 Remark 6.2.6. Let f : G Ñ H be a morphism of commutative finite flat groupschemes over a connective E8-ring A. For every residue field κ of A, let fκ : Gκ Ñ Hκ
 denote the induced map of commutative finite flat group schemes over κ. Thenf is an epimorphism (monomorphism) if and only if each fκ is an epimorphism(monomorphism). For monomorphisms, this follows from Nakayama’s lemma; forepimorphisms, it follows from Corollary SAG.6.1.4.10 .
 Remark 6.2.7. Let κ be a field and let f : GÑ H be a morphism of commutativefinite flat group schemes over κ. Then we can write G “ SpetA and H “ SpetB,where A and B are finite-dimensional Hopf algebras over κ, and f determines a mapof Hopf algebras φ : B Ñ A. Then:
 paq The map f is an epimorphism if and only if φ is injective.
 pbq The map f is a monomorphism if and only if φ is surjective.
 Assertion pbq follows immediately from the definitions (and does not require theassumption that κ is a field). The “only if” direction of paq is also immediate (notethat f is an epimorphism if and only if φ is faithfully flat). To prove the converse, letK denote the kernel of f (formed in the ordinary category of finite flat group schemesover κ), so that f factors as a composition G f 1
 ÝÑ GKf2ÝÑ H where f 1 is faithfully flat.
 We may then replace f by f2 : GK Ñ H and thereby reduce to the case where K » 0.In this case, f is a monomorphism in the ordinary category of schemes, so the unitmap AÑ π0pAbB Aq (induced by the inclusion of either tensor factor) is surjective(in fact, an isomorphism). The assumption that φ is injective guarantees that the mapof Zariski spectra | SpecA| Ñ | SpecB| is surjective. Applying Nakayama’s lemma,
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we deduce that that the map φ is surjective. It follows that φ is an isomorphism, sothat f is an equivalence (and, in particular, an epimorphism).
 Remark 6.2.8. Let f : G Ñ H be a morphism of commutative finite flat groupschemes over a connective E8-ring R, which we identify with their functors of pointsG,H : CAlgcn
 R Ñ Spcn. For every discrete R-algebra A, the spectra GpAq and HpAq
 are also discrete, and can therefore be viewed as abelian groups. The map f isa monomorphism if and only if, for every discrete R-algebra A, the induced mapGpAq Ñ HpAq is a monomorphism in the category of abelian groups.
 Proposition 6.2.9. Let A be an E8-ring and let f : G Ñ H be a morphism ofcommutative finite flat group schemes over A. Suppose that f is an epimorphism.Then:
 p1q The fiber fibpfq (formed in the 8-category CMongppSpDMnc
 A q) is also a commu-tative finite flat group scheme over A.
 p2q The canonical map fibpfq Ñ G is a monomorphism of commutative finite flatgroup schemes over A.
 p3q The tautological fiber sequence fibpfq Ñ G Ñ H is also a cofiber sequence (ofcommutative finite flat group schemes over A).
 Proof. Assertion p1q follows from the assumption that f is finite flat. To prove p2q, wecan assume that A is connective (Remark 6.2.5). In this case, we wish to show thatthe projection map GˆH SpetAÑ G is a closed immersion (Remark 6.2.4), whichfollows from the separatedness of H.
 We now prove p3q. Note that the 8-category CAlgA can be equipped with aGrothendieck topology, where the collection of coverings is generated by those finitecollections of maps tφi : B Ñ BiuiPI which induce a finite flat surjection > SpetBi Ñ
 SpetB; we will refer to this Grothendieck topology as the finite flat topology (see Propo-sition SAG.A.3.2.1 ). Let C denote the full subcategory of FunpCAlgA,CMongp
 pSqqspanned by those functors which are sheaves with respect to the finite flat topology,so that the functor of points of Remark 6.1.10 induces a fully faithful embeddingj : FFGpAq Ñ C. To show that the fiber sequence fibpfq Ñ GÑ H is also a cofibersequence, it suffices to show that its image under the functor j is a cofiber sequencein C. Unwinding the definitions, we are reduced to proving that f induces an effectiveepimorphism of sheaves with respect to the finite flat topology, which is equivalent toour assumption that f is an epimorphism (Proposition 6.2.1).
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6.3 Cartier Duality for Finite Flat Group SchemesWe now apply the categorical formalism of §3 to the setting of finite flat groups
 schemes.
 Construction 6.3.1 (The Cartier Dual). Let A be an E8-ring and let G be acommutative finite flat group scheme over A, which we identify with its functor ofpoints CAlgA Ñ CMongp
 pSq. We let DpGq denote the Cartier dual of G, in the senseof Construction 3.7.1.
 Proposition 6.3.2. Let A be an E8-ring and let G be a commutative finite flat groupscheme over A, which we identify with its functor of points CAlgA Ñ CMongp
 pSq.Then the Cartier dual DpGq is also a commutative finite flat group scheme over A.
 Proof. Since G is grouplike, the Cartier dual DpGq is also grouplike (Proposition 3.9.6).Write G “ SpetH, where H is a Hopf algebra which is finite flat when regarded as anA-module. Then H is dualizable as an object of of ModA. Applying Proposition 3.8.1,we deduce that the dual H_ admits the structure of a bialgebra object of ModA forwhich there is an equivalence DpGq » SpetH_. Since H is a finite flat A-module, thedual H_ is also a finite flat A-module.
 Corollary 6.3.3. Let A be an E8-ring. Then the Cartier duality construction G ÞÑ
 DpGq induces an (involutive) equivalence of 8-categories FFGpAq » FFGpAqop.
 Proposition 6.3.4. Let f : GÑ H be a morphism of finite flat group schemes overan E8-ring A. The following conditions are equivalent:
 p1q The morphism f is an epimorphism (in the sense of Definition 6.2.2).
 p2q The Cartier dual map Dpfq : DpHq Ñ DpGq is a monomorphism (in the senseof Definition 6.2.2).
 Proof. Using Remarks 6.2.5 and 6.2.6, we can reduce to the case where A “ κ is afield. In this case, the equivalence of p1q and p2q follows immediately from the criterionof Remark 6.2.7.
 Corollary 6.3.5. Let A be an E8-ring and let f : G Ñ H be a morphism ofcommutative finite flat group schemes over A. Suppose that f is a monomorphism.Then:
 p1q The map f admits a cofiber cofibpfq in the 8-category FFGpAq.
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p2q The canonical map H Ñ cofibpfq is an epimorphism of commutative finite flatgroup schemes over A.
 p3q The tautological cofiber sequence G fÝÑ H Ñ cofibpfq is also a fiber sequence (in
 the 8-category FFGpAq).
 Proof. Using Cartier duality (Corollary 6.3.3) and Proposition 6.3.4, we see thatassertions p1q, p2q and p3q follow their counterparts in Proposition 6.2.9.
 Corollary 6.3.6. Let A be an E8-ring and suppose we are given a commutativediagram σ :
 G1f //
 G
 g
 SpetA // G2
 of commutative finite flat group schemes over A. The following conditions are equiva-lent:
 paq The map f is an monomorphism and σ is a pushout square: that is, it determinesa cofiber sequence G1 Ñ GÑ G2.
 pbq The map g is an epimorphism and σ is a pullback square: that is, it determinesa fiber sequence G1 Ñ GÑ G2.
 Proof. Combine Proposition 6.2.9 with Corollary 6.3.5.
 Definition 6.3.7. Let A be an E8-ring. An exact sequence of commutative finite flatgroup schemes over A is a commutative diagram
 G1f //
 G
 g
 SpetA // G2
 which satisfies the equivalent conditions of Corollary 6.3.6.
 Remark 6.3.8. In the situation of Definition 6.3.7, we will abuse terminology bysaying that the sequence G1
 fÝÑ G
 gÝÑ G2 is exact. In this case, we are implicitly
 assuming that some nullhomotopy of g ˝ f has been specified (which determines anextension of the pair pf, gq to a commutative diagram such as the one appearing inDefinition 6.3.7 and Corollary 6.3.6).
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Remark 6.3.9. The notion of exact sequence introduced in Definition 6.3.7 is Cartierself-dual: for every exact sequence G1 f
 ÝÑ GgÝÑ G2 of commutative finite flat group
 schemes over A, the dual sequence DpG2q DpgqÝÝÝÑ DpGq Dpfq
 ÝÝÝÑ DpG1q is also exact.
 6.4 S-Torsion Objects of 8-CategoriesWe begin by introducing some terminology.
 Notation 6.4.1. For every finite group G, we let |G| denote the order of G. If Sis a set of prime numbers, we will say that G is a S-group if every prime factor of|G| belongs to S. We let AbS
 fin denote the category whose objects are finite abelianS-groups and whose morphisms are group homomorphisms. In the special case whereS is the set of all prime numbers, we will denote AbS
 fin by Abfin (so that Abfin is thecategory of finite abelian groups). In the special case where S “ tpu for some primenumber p, we will denote AbS
 fin by Abpfin (so that Abpfin is the category of finite abelianp-groups).
 Definition 6.4.2. Let S be a set of prime numbers and let C be an 8-category whichadmits finite limits. A S-torsion object of C is a functor X : pAbS
 finqop Ñ C satisfying
 the following pair of conditions:
 paq The functor X commutes with finite products.
 pbq For every exact sequence 0 Ñ M 1 Ñ M Ñ M2 Ñ 0 of finite abelian S-groups,the diagram
 XpM2q //
 XpMq
 Xp0q // XpM 1q
 is a pullback square (more informally, the functor X carries exact sequences tofiber sequences in C).
 In the special case where S is the set of all prime numbers, we will refer to an S-torsionobject of C as a torsion object of C. In the special case where S “ tpu for some primenumber p, we will refer to a S-torsion object of C as a p-torsion object of C.
 We let T orsSpCq denote the full subcategory of FunppAbSfinq
 op, Cq spanned by theS-torsion objects of C. In the special case where S is the set of all prime numbers,we denote T orsSpCq by T orspCq; in the special case where S “ tpu for some primenumber p, we denote T orsSpCq by T orsppCq.
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Remark 6.4.3 (Functoriality). Let C and D be 8-categories which admit finite limits,let f : C Ñ D be a functor which preserves finite limits, and let S be a set of primenumbers. Then composition with f induces a functor F : T orsSpCq Ñ T orsSpDq whichalso preserves finite limits. Moreover, if f is fully faithful, then F is also fully faithful.
 In the situation of Definition 6.4.2, very little is lost by restricting our attention tothe case where the set S consists of a single prime number p:
 Proposition 6.4.4. Let S be a set of prime numbers and let C be an 8-category whichadmits finite limits. Then:
 p1q For each prime number p P S, composition with the inclusion functor Abpfin ãÑ
 AbSfin induces a forgetful functor θp : T orsSpCq Ñ T orsppCq.
 p2q The product map θ : T orsSpCq Ñś
 pPS T orsppCq is an equivalence of 8-categories.
 Proof. Assertion p1q follows immediately from the definitions, since the inclusionfunctor Abpfin ãÑ AbS
 fin preserves finite products and exact sequences. We now provep2q. Using a direct limit argument, we can reduce to the case where the set Sis finite. For each finite abelian S-group M and each prime number p P S, letMppq denote the localization of M at the prime p, so that Mppq is a finite abelianp-group. The construction M ÞÑ Mppq determines a functor L : AbS
 fin Ñ Abpfin,which is right adjoint (and also left adjoint) to the inclusion Abpfin ãÑ Abpfin. SinceL also preserves finite products and short exact sequences, precomposition with L
 determines a functor ρp : T orsppCq Ñ T orsSpCq which is right adjoint to θp. Becausethe 8-category T orsSpCq admits finite products, the functor θ admits a right adjointρ :
 ś
 pPS T orsppCq Ñ T orsSpCq, given by the formula ρptXpupPSq “ś
 pPS ρppXpq. Foreach object X P T orsSpCq and each finite abelian S-group M , the unit map
 XpMq Ñ pρ ˝ θqpXqpMq “ź
 pPSpρp ˝ θpqpXqpMq “
 ź
 pPSXpMppqq
 is an equivalence by virtue of the fact that X preserves finite products. To completethe proof, it will suffice to show that for every collection tXp P T orsppCqupPS, the counitmap v : pθ ˝ ρqtXpupPS Ñ tXpupPS is an equivalence in the 8-category
 ś
 pPS T orsppCq.Equivalently, we must show that v induces equivalences vp : pθp ˝ ρqtXpupPS Ñ Xp foreach p P S. Taking N to be a finite abelian p-group, we are reduced to showing thatthe projection map
 ź
 p1PSXp1pNpp1qq Ñ XppNppqq » XppNq
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is an equivalence. This is clear, since the localization Npp1q vanishes for p1 ‰ p (so thatXp1pNpp1qq is a final object of C).
 Our next goal is to compare Definition 6.4.2 with the theory of abelian groupobjects introduced in §1.2.
 Notation 6.4.5. Let S be a set of prime numbers and let Ab be the category ofabelian groups. We let LatpSq denote the full subcategory of Ab spanned by thoseabelian groups which are either lattices or finite abelian S-groups. We regard Lat andAbS
 fin as full subcategories of LatpSq.
 Proposition 6.4.6. Let S be a set of prime numbers and let C be an 8-categorywhich admits finite limits. For every abelian group object A0 : Latop
 Ñ C, there existsa functor A : LatpSqop Ñ C which is a right Kan extension of A0. Moreover, therestriction A|AbS
 finis an S-torsion object of C.
 Construction 6.4.7. Let C be an 8-category which admits finite limits, let S bea set of prime numbers, and let E denote the full subcategory of FunppLatpSqqop, Cqspanned by those functors A which satisfy the following pair of conditions:
 piq The restriction A0 “ A|Latop is an abelian group object of C.
 piiq The functor A is a right Kan extension of A0.
 Using Propositions 6.4.6 and HTT.4.3.2.15 , we obtain restriction functors AbpCq Ðφ E ψ
 ÝÑ T orsSpCq, where the functor φ is a trivial Kan fibration. Choosing a sections of φ, we obtain a functor AbpCq s
 ÝÑ E ψÝÑ T orsSpCq. We will denote this functor by
 X ÞÑ XrS8s. In the special case where S “ tpu for some prime number p, we willdenote XrS8s by Xrp8s.
 Proof of Proposition 6.4.6. Let A0 be an abelian group object of C. Our first goal isto show that A0 admits a right Kan extension A : LatpSqop Ñ C. By virtue of LemmaHTT.4.3.2.13 , it will suffice to show that for every object M P LatpSq, the inducedmap pLatMqop Ñ Latop A0
 Ñ C admits a limit, where we let LatM denote the categoryLatˆLatpSq LatpSqM whose objects are lattices Λ equipped with a map Λ ÑM . Sincethe abelian group M is finitely generated, we can choose a surjection u : M0 Ñ M ,where M0 is a lattice. Let M‚ denote the Cech nerve of u (formed in the category ofabelian groups). Then each Mn is isomorphic to a subgroup of a product of copies ofM0, hence a free abelian group of finite rank. The construction rns ÞÑMn determines
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a functor ∆opÑ pLatqM . Using Theorem HTT.4.1.3.1 , we see that this functor is
 right cofinal. We are therefore reduced to showing that the cosimplicial object A0pM‚q
 admits a totalization in the 8-category C. Let ∆s,ď1 denote the subcategory of ∆whose objects are r0s and r1s and whose morphisms are injective maps of linearlyordered sets. Using our assumption that A0 commutes with finite products, we deducethat the functor rns ÞÑ A0pMnq is a right Kan extension of its restriction to ∆s,ď1.Using Lemma HTT.4.3.2.7 , we are reduced to proving that the diagram
 ∆s,ď1 ãÑ ∆ M‚ÝÝÑ Latop A0
 ÝÑ C
 admits a limit. This is clear, since C admits finite limits and the simplicial set Np∆s,ď1q
 is finite. This completes the proof of the existence of A. Moreover, the proof yieldsthe following:
 p˚q Let A P FunpLatpSqop, Cq be a functor such that A0 “ A|Latop belongs to AbpCq.Then A is a right Kan extension of A0 if and only if, for every object M P AbS
 finand every surjective map Λ ÑM where Λ is a lattice, the diagram
 ApMq //
 ApΛq
 ApΛq // ApΛˆM Λq
 is a pullback square in C.
 In the situation of p˚q, let Λ1 denote the kernel of the surjection Λ ÑM . We havea split exact sequence 0 Ñ Λ1 Ñ ΛˆM Λ Ñ Λ Ñ 0, so the assumption that A0 is anabelian group object of C guarantees that the right square in the diagram
 ApMq //
 ApΛq
 // Ap0q
 ApΛq // ApΛˆM Λq // ApΛ1q
 is a pullback. It follows that the left square is a pullback if and only if the outerrectangle is a pullback. We may therefore reformulate the criterion of p˚q as follows:
 p˚1q Let A P FunpLatpSqop, Cq be a functor such that A0 “ A|Latop belongs to AbpCq.Then A is a right Kan extension of A0 if and only if, for every inclusion of lattices
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Λ1 Ď Λ for which the quotient ΛΛ1 is a finite S-group, the associated diagram
 ApΛΛ1q //
 ApΛq
 Ap0q // ApΛq
 is a pullback square in C.
 To complete the proof, it will suffice to show that if A is a functor satisfying thecriterion of p˚1q, then the restriction X “ A|pAbS
 finqop is an S-torsion object of C. We
 first show that X commutes with finite products. Fix a finite collection of objectstMiuiPI in the category AbS
 fin. For each i P I, choose an exact sequence
 0 Ñ Λ1i Ñ Λi ÑMi Ñ 0,
 where Λi is a lattice. Using our assumption on A, we obtain a commutative diagramof fiber sequences
 ApÀ
 iPIMiq //
 ApÀ
 iPI Λiq //
 ApÀ
 iPI Λ1iq
 ś
 iPI ApMiq //ś
 iPI ApΛiq //ś
 iPI ApΛ1iq.
 Our assumption that A0 commutes with finite products guarantees that the right andcenter vertical maps are equivalences, so that the left vertical map is an equivalenceas well.
 We now complete the proof by verifying that the functor X satisfies conditionpbq of Definition 6.4.2. Let 0 Ñ M 1 Ñ M Ñ M2 Ñ 0 be an exact sequence of finiteabelian S-groups; we wish to show that the diagram σ :
 ApM2q //
 ApMq
 Ap0q // ApM 1q
 is a pullback square. Choose an epimorphism Λ ÑM , where Λ is a lattice, and setΛ1 “ ΛˆM M 1. We can then extend σ to a commutative diagram σ :
 ApM2q //
 ApMq
 // ApΛq
 Ap0q // ApM 1q // ApΛ1q.
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Our assumption on A guarantees that the right square and the outer rectangle arepullbacks, so that the left square is a pullback as well.
 Remark 6.4.8. Let C be an 8-category which admits finite limits and let A be anabelian group object of C. The proof of Proposition 6.4.6 yields an explicit descriptionof the S-torsion object ArS8s: its value on any finite abelian S-group M is given bythe fiber of the map ApΛq Ñ ApΛ1q, where 0 Ñ Λ1 Ñ Λ Ñ M Ñ 0 is any resolutionof M by finitely generated free abelian groups. In particular, for each prime numberp P S, the value of ArS8s on the finite abelian group Z pn Z can be identified withthe fiber of the map ApZq pn
 ÝÑ ApZq.
 Proposition 6.4.9. Let C be an 8-category which admits finite limits and sequentialcolimits, and suppose that the formation of sequential colimits in C is left exact. LetS be a set of prime numbers. Then the forgetful functor rS8s : AbpCq Ñ T orsSpCq ofConstruction 6.4.7 admits a fully faithful left adjoint.
 Proof. It will suffice to show that the restriction functor E Ñ T orsSpCq admits afully faithful left adjoint, where E is defined as in Construction 6.4.7. By virtue ofProposition HTT.4.3.2.15 , we are reduced to proving the following:
 • For every S-torsion object X : pAbSfinq
 op Ñ C, there exists a functor A :LatpSqop Ñ C which is a left Kan extension of X. Moreover, the functorA belongs to E : that is, A0 “ A|Latop is an abelian group object of C, and A is aright Kan extension of A0.
 Let us regard X P T orsSpCq as fixed. To show that X admits a left Kan extensionA : LatpSqop Ñ C, it will suffice to show that for every lattice Λ, the diagram
 ρ : ppAbSfinqΛq
 opÑ pAbS
 finqop XÝÑ C
 admits a colimit in C (Lemma HTT.4.3.2.13 ); here pAbSfinqΛ denotes the fiber product
 AbSfinˆLatpSqpLatpSqqΛ (that is, the category of finite abelian S-groups M equipped
 with a map Λ ÑM).Choose a sequence of positive integers tNiuiě0 with the following properties:
 • Every prime divisor of each Ni belongs to S.
 • Each Ni divides Ni`1.
 • Every finite abelian S-group M is annihilated by Ni for i " 0.
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For example, we can take Ni to be the productś
 p pi, where p ranges over all prime
 numbers p ď i such that p P S. There is an evident functor Zopě0 Ñ pAbpfinqΛ, given by
 the tower of finite abelian p-groups
 ¨ ¨ ¨ Ñ ΛN2Λ Ñ ΛN1Λ Ñ ΛN0Λ Ñ 0.
 Using Theorem HTT.4.1.3.1 , we see that this functor is left cofinal. Consequently, wecan identify colimits of ρ with colimits of the diagram
 XpΛN0Λq Ñ XpΛN1Λq Ñ XpΛN2Λq Ñ ¨ ¨ ¨ ,
 which exist by virtue of our assumption that C admits sequential colimits. This provesthe existence of the functor A.
 Set A0 “ A|Latop . The preceding argument shows that the functor A0 is givenconcretely by A0pΛq » lim
 ÝÑXpΛNiΛq. From this formula (and our assumption that
 sequential colimits in C commute with finite limits), we immediately deduce that A0
 commutes with finite products: that is, it is an abelian group object of C.We now complete the proof by showing that A is a right Kan extension of A0. For
 this, it will suffice to show that the functor A satisfies the criterion of p˚1q in the proofof Proposition 6.4.6. Suppose we are given an exact sequence 0 Ñ Λ1 Ñ Λ ÑM Ñ 0,where Λ is a lattice and M is a finite abelian S-group; we wish to show that thediagram σ :
 ApMq //
 ApΛq
 Ap0q // ApΛ1q
 is a pullback square. This follows from our assumption that the collection of pullbacksquares in C is closed under sequential colimits, since σ can be obtained as a filteredcolimit of diagrams σn:
 XpMq //
 XpΛNiΛq
 Xp0q // XpΛ1pNiΛX Λ1qq,
 where i ranges over those positive integers for which M is annihilated by Ni; hereeach σn is a pullback square by virtue of our assumption that X is an S-torsion objectof C.
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Remark 6.4.10. Let S be a set of prime numbers and let C be an 8-category whichsatisfies the hypotheses of Proposition 6.4.9, and let tNiuiě0 be as in the proof ofProposition 6.4.9. Then we can identify T orsSpCq with the full subcategory of AbS
 pCqspanned by those abelian group objects A which satisfy the following condition:
 p˚q For every lattice Λ, the canonical map θ : limÝÑ
 ArS8spΛNiΛq Ñ ApΛq is anequivalence.
 Since sequential colimits in C commute with finite limits, the map θ fits into a pullbackdiagram
 limÝÑ
 Arp8spΛNiΛq θ //
 ApΛq
 Ap0q // lim
 ÝÑApNiΛq.
 Consequently, it is sufficient (but not necessary) to satisfy the following strongercondition:
 p˚1q The colimit limÝÑ
 ApNiΛq is a final object of C.
 Moreover, in verifying conditions p˚q or p˚1q, we are free to assume that Λ “ Z.
 Example 6.4.11. According to Remark 1.2.10, we have a canonical equivalence of8-categories AbpSq » Modcn
 Z , where Z denotes the ring of integers. Consequently,Proposition 6.4.9 determines a fully faithful embedding ρ : T orsS S Ñ Modcn
 Z . Theessential image of ρ consists of those connective Z-modules M having the followingproperty:
 • For every element x P π˚M , there exists a positive integer N such that Nx “ 0and every prime factor of N belongs to S.
 For example, if S “ tpu for some prime number p, then the essential image consistsof those connective Z-modules which are p-nilpotent, in the sense of DefinitionSAG.7.1.1.1 : that is, those modules M for which the localization M rp´1s vanishes.
 Proposition 6.4.12. Let C be an 8-category which admits finite limits and let S bea set of prime numbers. Then the 8-category T orsSpCq is additive (see DefinitionSAG.C.1.5.1 ).
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Proof. It follows from Example 6.4.11 that we can identify T orsSpSq with an additive(or even prestable) subcategory of the 8-category ModZ. It follows that the 8-category FunpCop, T orsSpSqq » T orsSpFunpCop,Sqq is also additive. Using Remark6.4.3, we see that the Yoneda embedding j : C Ñ FunpCop,Sq determines a fullyfaithful embedding T orsSpCq Ñ T orsSpFunpCop,Sqq. In particular, we can identifyT orsSpCq with a full subcategory of T orsSpFunpCop,Sqq which is closed under finiteproducts, so that T orsSpCq is also additive (Example SAG.C.1.5.4 ).
 Corollary 6.4.13. Let C be an 8-category which admits finite limits and let S be a setof prime numbers. Then the forgetful functor CMongp
 pCq Ñ C induces an equivalenceθ : T orsSpCMongp
 pCqq Ñ T orsSpCq.
 Proof. Unwinding the definitions, we can identify θ with the forgetful functor
 CMongppT orsSpCqq Ñ T orsSpCq.
 Since the 8-category T orsSpCq is additive (Proposition 6.4.12), this functor is anequivalence (see Proposition HA.2.4.2.5 and Proposition HA.2.4.3.9 ).
 6.5 S-Divisible GroupsWe now adapt the theory of p-divisible groups to the setting of spectral algebraic
 geometry.
 Definition 6.5.1. Let A be an E8-ring and let S be a set of prime numbers. AS-divisible group over A is a functor X : pAbS
 finqop Ñ FFGpAq with the following
 property:
 piq The commutative finite flat group scheme Xp0q is trivial (that is, it is equivalentto SpetA).
 piiq For every short exact sequence 0 Ñ M 1 Ñ M Ñ M2 Ñ 0 of finite abelianS-groups, the induced diagram
 XpM2q //
 XpMq
 Xp0q // XpM 1q
 is an exact sequence of commutative finite flat group schemes over A (Definition6.3.7).
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We will say that an S-divisible group X has height h (where h is some nonnegativeinteger) if it satisfies the following additional condition:
 piiiq For every finite abelian S-group M , the commutative finite flat group schemeXpMq has degree |M |h over A (where |M | denotes the cardinality of M).
 In the case where S consists of a single prime number p, we will refer to an S-divisiblegroup over A as a p-divisible group over A.
 We let BTSpAq denote the full subcategory of FunppAbS
 finqop,FFGpAqq spanned
 by the S-divisible groups over A. For each h ě 0, we let BTShpAq denote the full
 subcategory of BTSpAq spanned by those p-divisible groups having height h. In the
 special case where S “ tpu for some prime number p, we write BTppAq and BTp
 hpAq
 in place of BTSpAq and BTS
 hpAq, respectively.
 Remark 6.5.2. In the situation of Definition 6.5.1, it suffices to verify condition piiiqin the special case M “ Z pZ for p P S (the general case then follows from iteratedapplication of piiq).
 Remark 6.5.3. Let A be an E8-ring and let S be a set of prime numbers. Thenextension of scalars determines an equivalence of 8-categories BTS
 pτď0Aq Ñ BTSpAq
 (see Remark 6.1.7).
 Remark 6.5.4 (Functoriality). Let φ : AÑ B be a morphism of E8-ring and let Sbe a set of prime numbers. Then the extension-of-scalars map FFGpAq Ñ FFGpBqdetermines a functor BTS
 pAq Ñ BTSpBq, which carries S-divisible groups of height h
 over A to S-divisible groups of height h over B. If the map φ induces an isomorphismπnpAq Ñ πnpBq for n ě 0, then the functor BTS
 pAq Ñ BTSpBq is an equivalence of
 8-categories (this follows from Remark 6.1.7).
 In the situation of Definition 6.5.1, it is not necessary to specify the group structureson the finite flat A-schemes XpMq: they are already encoded (in an essentially uniqueway) by the functoriality of X. More precisely, we have the following:
 Proposition 6.5.5. Let A be an E8-ring and let S be a set of prime numbers.Then the forgetful functor FFGpAq Ñ SpDMnc
 A induces a fully faithful embeddingBTS
 pAq Ñ FunppAbSfinq
 op, SpDMncA q, whose essential image is spanned by those functors
 X : pAbSfinq
 op Ñ SpDMncA which satisfy the following conditions:
 paq The functor X is an S-torsion object of SpDMncA , in the sense of Definition
 6.4.2.
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pbq For every prime number p P S and every positive integer n, the canonical mapXpZ pn Zq Ñ XppZ pn Zq is a finite flat surjection.
 Proof. Let us identify FFGpAq with a full subcategory of CMongppSpDMnc
 A q. It followsimmediately from the definitions that every S-divisible group over A (in the sense ofDefinition 6.5.1) is an S-torsion object of CMongp
 pSpDMncA q (in the sense of Definition
 6.4.2). Applying Corollary 6.4.13, we deduce that the forgetful functor
 θ : T orsSpCMongppSpDMnc
 A qq Ñ T orsSpSpDMncA q
 is an equivalence of 8-categories. To complete the proof, it will suffice to show thatan object X P T orsSpCMongp
 pSpDMncA qq is an S-divisible group if and only if θpXq
 satisfies conditions paq and pbq. The “only if” direction follows immediately fromthe definitions. For the converse, suppose that θpXq satisfies conditions paq and pbq.It follows from paq that Xp0q » SpetA. Applying pbq repeatedly, we deduce thatXpZ pn Zq is finite flat over A for every prime number p P S. Since every finite abelianS-group can be written as a finite direct sum of cyclic S-groups, it follows from paq
 that XpMq is a commutative finite flat group scheme over A for each M P AbSfin.
 Given an exact sequence of finite abelian S-groups 0 Ñ M 1 Ñ M Ñ M2 Ñ 0,condition paq implies that the diagram σ :
 XpM2q //
 f
 XpMq
 g
 Xp0q // XpM 1q
 is a pullback square in the 8-category SpDMncA , hence also in the 8-category FFGpAq.
 We wish to show that σ is exact: that is, that the map g is a finite flat surjection (seeProposition 6.2.1). Proceeding by induction on the index of M 1 in M , we can reduceto the case where there exists a pushout diagram of finite abelian groups
 pZ pn Z f0 //
 Z pn Z
 M 1 //M
 for some prime number p P S. Using condition paq, we see that Xpfq is a pullback ofXpf0q, which is a finite flat surjection by virtue of assumption pbq.
 122

Page 123
                        

Remark 6.5.6 (Dependence on S). Let A be an E8-ring, let S be a set of primenumbers, and let X be an S-torsion object of SpDMnc
 A . For each prime number p P S, letXp be the p-torsion object of SpDMnc
 A determined by X. Note that X satisfies conditionpbq of Proposition 6.5.5 if and only if each Xp satisfies condition pbq of Proposition 6.5.5.It follows that the equivalence T orsSpSpDMnc
 A q »ś
 pPS T orsppSpDMncA q of Proposition
 6.4.4 induces an equivalence of8-categories BTSpAq »
 ś
 pPS BTppAq. More informally:
 the datum of a S-divisible group over A is equivalent to the datum of a collection ofp-divisible groups over A, where p ranges over all prime numbers which belong to S.
 Construction 6.5.7 (The Functor of Points). Let A be an E8-ring and let S bea set of prime numbers. Using the functor of points j : SpDMnc
 A Ñ FunpCAlgA,Sq,Proposition 6.5.5, and Example 6.4.11, we fully faithful embeddings
 BTSpAq Ñ T orsSpSpDMnc
 q
 Ñ T orsSpFunpCAlgA,Sqq» FunpCAlgA, T orsSpSqqÑ FunpCAlgA,Modcn
 Z q.
 If X is an S-divisible group over A, we will refer to the image of X under this map asthe functor of points of X.
 We can use Construction 6.5.7 to give an alternate description of the 8-categoryBTS
 pAq:
 Proposition 6.5.8. Let A be an E8-ring, let S be a set of prime numbers, and let Y :CAlgA Ñ Modcn
 Z be a functor. Then Y is representable by an S-divisible group over A(that is, it lies in the essential image of the embedding BTS
 pAq ãÑ FunpCAlgA,ModcnZ q)
 if and only if it satisfies the following conditions:
 p1q For each B P CAlgA, the Z-module Y pBq is S-torsion: that is, every element ofπ˚Y pBq is annihilated by some positive integer whose prime factors belong to S.
 p2q For every finite abelian S-group M , the functor B ÞÑ MapModZpM,Y pBqq is
 corepresentable by an E8-algebra which is finite flat over A.
 p3q For each prime number p P S, the “multiplication by p” map p : Y Ñ Y isan epimorphism locally with respect to the finite flat topology (see the proof ofProposition 6.2.9).
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Remark 6.5.9. In the situation of Proposition 6.5.8, if condition p3q is satisfied, thenit suffices to verify condition p2q in the special case M “ Z pZ where p P S.
 Proof of Proposition 6.5.8. We will show that conditions p1q, p2q, and p3q are sufficient;the proof of necessity is similar. Using p1q, we can identify Y with an S-torsion objectof the 8-category FunpCAlgA,Sq. Using p2q, we see that each Y pMq is representableby a nonconnective spectral Deligne-Mumford stack Y pMq P FFpAq. We wish toshow that the functor M ÞÑ Y pMq satisfies conditions paq and pbq of Proposition 6.5.5.Condition paq is automatic (since Y is S-torsion object of FunpCAlgA,Sq. Using thecriterion of Proposition 6.2.1, we see that condition pbq is equivalent to the requirementthat the natural transformation MapModZ
 pZ pn Z, Y p‚qq Ñ MapModZppZ pn Z, Y p‚qq
 is an effective epimorphism of sheaves with respect to the finite flat topology for eachn ą 0. This follows from assumption p3q.
 Warning 6.5.10 (Descent). Let p be a prime number. We will say that an objectM P ModZ is p-nilpotent if the localiztion M rp´1s vanishes: that is, if the actionof p is locally nilpotent on π˚pMq. Let Modcn,Nilppq
 Z denote the full subcategory ofModZ spanned by those Z-module spectra which are connective and p-nilpotent.Let R be a connective E8-ring and let X : CAlgcn
 R Ñ ModcnZ be a functor which
 is (representable by) a p-divisible group over R. Then X takes values in the fullsubcategory Modcn,Nilppq
 Z Ď ModcnZ . Moreover, if we regard X as a functor taking values
 in Modcn,NilppqZ , then it is a sheaf with respect to the fpqc topology on CAlgcn
 R . To seethis, we observe that the 8-category Modcn,Nilppq
 Z is generated (under small colimits)by finite abelian p-groups. It will therefore suffice to show that, for every finite abelianp-group M , the functor A ÞÑ MapModZ
 pM,XpAqq is a sheaf with respect to the fpqctopology. This is clear, since the functor MapModZ
 pM,Xp‚qq is corepresentable by afinite flat R-algebra.
 Beware that it is not a priori clear that the functor X is a ModcnZ -valued sheaf with
 respect to the fpqc topology (or even the finite flat topology), because the inclusionfunctor Modcn Nilppq
 Z ãÑ ModcnZ does not preserve limits. However, it is true that the
 composite functorτďn CAlgcn
 R ãÑ CAlgcnR
 XÝÑ Modcn
 Z
 is a sheaf with respect to the fpqc topology, for each fixed n ě 0: this follows fromthe fact that X can be written as a filtered colimit of the functors Xk “ fibppk : X Ñ
 Xq, each satisfying flat descent and taking n-truncated values on the subcategoryτďn CAlgcn
 R .
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6.6 Cartier Duality for S-Divisible GroupsWe now extend the Cartier duality construction of §6.3 to the setting of S-divisible
 groups.
 Notation 6.6.1. Let M be a finite abelian group. We let M˚ denote the Pontryagindual of M : that is, the group HompM,Q Zq. For every set S of prime numbers,the construction M ÞÑM˚ determines an equivalence of the category AbS
 fin with itsopposite pAbS
 finqop.
 Construction 6.6.2 (The Cartier Dual of an S-Divisible Group). Let A be anE8-ring, let S be a set of prime numbers, and let X : pAbS
 finqop Ñ FFGpAq be an
 S-divisible group over A. We define a functor DpXq : pAbSfinq
 op Ñ FFGpAq by theformula DpXqpMq “ DpXpM˚qq. We will refer to DpXq as the Cartier dual of X.
 Proposition 6.6.3. Let A be an E8-ring, let S be a set of prime numbers, and letX be an S-divisible group over A. Then the Cartier dual DpXq is also an S-divisiblegroup over A.
 Proof. Suppose we are given a short exact sequence of finite abelian S-groups 0 ÑM 1 Ñ M Ñ M2 Ñ 0; we wish to show that the induced sequence DpXqpM2q Ñ
 DpXqpMq Ñ DpXqpM 1q is exact. This follows by applying Remark 6.3.9 to thesequence XpM 1˚q Ñ XpM˚q Ñ XpM2˚q (which is exact by virtue of our assumptionthat X is an S-divisible group).
 Remark 6.6.4. The Cartier duality operation of Construction 6.6.2 is involutive: forevery S-divisible group X over A, there is a canonical equivalence DpDpXqq » X. Itfollows that the construction X ÞÑ DpXq determines an equivalence of 8-categoriesBTS
 pAq » BTSpAqop.
 Remark 6.6.5. Let X be an S-divisible group over an E8-ring A and let h ě 0 bean integer. Then X has height h if and only if DpXq has height h.
 Remark 6.6.6. The formation of Cartier duals is compatible with the equivalenceBTS
 pAq »ś
 pPS BTppAq of Remark 6.5.6. More precisely, if X is an S-divisible group
 over A corresponding to a collection tXpupPS, where each Xp is a p-divisible groupover A, then the Cartier dual DpXq corresponds (under the same equivalence) to thecollection of p-divisible groups tDpXpqupPS.
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6.7 The S-Divisible Group of a Strict Abelian VarietyAs in classical algebraic geometry, the theory of abelian varieties provides a rich
 supply of p-divisible groups.
 Proposition 6.7.1. Let R be an E8-ring, let S be a set of prime numbers, and let Xbe a strict abelian variety of dimension g over R, which we regard as an abelian groupobject of the 8-category SpDMnc
 R , and let XrS8s be defined as in Construction 6.4.7.Then XrS8s is an S-divisible group of height 2g over R (that is, it lies in the essentialimage of the functor BTS
 2gpRq Ñ T orsSpSpDMncR q of Proposition 6.5.5).
 Remark 6.7.2. Let X be as in Proposition 6.7.1. For each prime number p, we letXrp8s denote the associated p-torsion object SpDMnc
 R . Proposition 6.7.1 is equivalentto the assertion that each Xrp8s is a p-divisible group of height 2g.
 We will deduce Proposition 6.7.1 from the following:
 Proposition 6.7.3. Let R be an E8-ring and let X be an abelian variety of dimensiong over R. For every integer n ą 0, the map rns : X Ñ X is finite flat of degree n2g.
 The statement of Proposition 6.7.3 can be easily reduced to the “classical” case,where R “ κ is a field. We refer the reader to [10] for two proofs of this statement.For the sake of completeness, we include a slightly different argument here.
 Notation 6.7.4. Let κ be a field and let X be a variety over κ. If L is a linebundle on X, we define the Euler characteristic of L to be the sum χpL q “ř
 ně0p´1qn dimκ HnpX; L q.
 Lemma 6.7.5. Let X be an abelian variety of dimension g over a field κ and let L
 be a line bundle on X. For every integer n, we have an equality χpL bnq “ ngχpL q.
 Proof. Since X is a smooth group scheme over κ, the tangent bundle of X is trivial.Applying the Hirzebruch-Riemann-Roch theorem, we obtain an equality χpL q “1g!c1pL qgrXs. Applying the same formula to L bn, we compute
 χpL nq “
 1g!c1pL
 bnqgrXs
 “ng
 g! c1pL qgrXs
 “ ngχpL q.
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Lemma 6.7.6. Let κ be a field and let f : X Ñ Y be a morphism of abelian varietieshaving the same dimension g over κ, classified by a biextension µ : X^pY Ñ BGL1 withunderlying line bundle L µ. Then f is finite flat if and only if the Euler characteristicχpL µq does not vanish. In this case, the degree of f is equal to p´1qgχpL µq.
 Proof. Set F “ f˚OX P QCohpYq. For each κ-valued point y P Ypκq, let usidentify the (derived) fiber F y “ y˚F with an object of Modκ, and set dy “ř
 np´1qn dimκ πn F y. Since F is perfect, the function y ÞÑ dy is locally constant andtherefore constant (since Y is connected); let us denote the constant value by d. Wenow consider two cases:
 paq If the map f is finite flat of degree r, then f˚OX is a vector bundle of rank r
 over Y, so we have d “ r.
 pbq Suppose that the map f is not finite flat. Since X and Y are proper smoothκ-schemes of the same dimension, some fiber of f is not finite. Because f is amorphism of group schemes, it follows that the kernel of f is positive-dimensional,so that the image of f has Krull dimension ă g. It follows that there exists apoint y P Ypκq which does not belong to the image of f . We then have F y » 0,so that d “ dy “ 0.
 To complete the proof of Lemma 6.7.6, it will suffice to show that d “ p´1qgχpL µq.Let e : Spetκ Ñ Y denote the zero section and let µ0 : Y^pY Ñ BGL1 be thetautological (perfect) biextension and let L µ0 denote the underlying line bundle onYˆSpetκpY, Unwinding the definitions, we see that µ is given by the composition
 X^pY f^idÝÝÝÑ Y^pY µ0
 ÝÑ BGL1,
 so that L µ is the pullback of L µ0 along the map f ˆ id. Using the pullback diagram
 XˆSpetκpY π //
 fˆid
 X
 f
 YˆSpetκpY π1 // Y,
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together with Proposition 5.2.8, we compute
 ΓpXˆSpetκ Y; L µq » ΓpX; π˚L µq
 » ΓpX; π˚pf ˆ idq˚L µ0q
 » ΓpX; f˚π1˚L µ0q
 » ΓpX; f˚e˚pω˝Yq´1q
 » ΓpY; f˚f˚e˚pω˝Yq´1q
 » ΓpY; F bpe˚ω˝Yq´1q
 » ΓpY; e˚pe˚F q b pω˝Yq´1q
 » F ebpω˝Yq´1.
 Note that ω˝Y is (noncanonically) equivalent to the g-fold suspension of κ, this iden-tification supplies isomorphisms Hn
 pL µq » πg´n F e. Taking the dimensions ofboth sides and forming an (alternating) sum over n, we obtain the desired equalityd “ de “ p´1qgχpL µq.
 Lemma 6.7.7. Let κ be a field, let X be an abelian variety of dimension g over κ,and let rns : X Ñ X be the map given by multiplication by n for some n ą 0. Then rnsis a finite flat map of degree n2g.
 Proof. Let µ : X^pX Ñ BGL1 be a perfect biextension of abelian varieties over κ, andlet L µ denote the underlying line bundle of µ. Applying Lemma 6.7.6 to the identitymap id : X Ñ X, we obtain an equality χpL µq “ p´1qg. The map rns : X Ñ X isclassified by a biextenison whose underlying line bundle can be identified with L bn
 µ .Since the product XˆSpetκpX is an abelian variety of dimension 2g over κ, Lemma6.7.5 supplies an equality χpL bn
 µ q “ n2gχpL µq “ p´1qgn2g. Applying Lemma 6.7.6again, we deduce that rns : X Ñ X is a finite flat map of degree n2g.
 Proof of Proposition 6.7.3. Let X be an abelian variety of dimension g over an arbi-trary E8-ring R, let n ą 0, and let rns : X Ñ X denote the map given by multiplicationby n. We wish to show that the map rns is finite flat of degree n2g. Using Remark1.4.3, we can reduce to the case where R is connective. Using Corollary SAG.6.1.4.10 ,we can further reduce to the case where κ is a field. In this case, the desired resultfollows from Lemma 6.7.7.
 Proof of Proposition 6.7.1. Let X be a strict abelian variety of dimension g over anE8-ring R and let S be a set of prime numbers; XrS8s satisfies conditions paq and
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pbq of Proposition 6.5.5, and that the associated S-divisible group has height 2g. Foreach integer m, let Xrms denote the fiber of the map rms : X Ñ X. Condition paq isautomatic. To verify pbq (and to show that the S-divisible group XrS8s has height 2g),it will suffice to show that the natural map ρ : Xrpns Ñ Xrpn´1s is finite flat of degreep2g, for each n ą 0 and each p P S. Note that ρ fits into a commutative diagram ofpullback squares
 Xrpns //
 Xrpn´1s
 // SpetR
 X rps // X rpn´1s // X .
 We are therefore reduced to showing that the map rps : X Ñ X is finite flat of degreep2g, which is a special case of Proposition 6.7.3.
 Remark 6.7.8. Let S be a set of prime numbers, lt R be an E8-ring, and letX be a strict abelian variety over R, which we identify with its functor of pointsCAlgcn
 R Ñ ModcnZ . Unwinding the definitions, we see that the S-divisible group XrS8s
 can be described by the formula
 XrS8spMqpAq “ MapModZpM,XpAqq
 » Ω8pM_bZ XpAqq
 » Ω8pΣ´1M˚bZ XpAqq
 » Ω8`1pM˚
 bZ XpAqq.
 Here M_ denotes the dual of M in the 8-category ModZ, and M˚ “ HompM,Q Zqdenotes the Pontryagin dual of M (so that M_ » Σ´1M˚).
 6.8 Comparison of Duality TheoriesLet R be a connective E8-ring and let AVarpRq denote the 8-category of abelian
 varieties over R. Using Theorem 5.6.4, we see that the duality construction X ÞÑ pXinduces an equivalence of 8-categories AVarpRq Ñ AVarpRqop. Combining thisobservation with Remark 1.2.6, we obtain an equivalence of 8-categories
 D : AbpAVarpRqq » AbpAVarpRqopq » AbpAVarpRqqop,
 given by the formula pDXqpΛq “ XpΛ_q. Using the equivalence AVarspRq »AbpAVarpRqq of Remark 1.5.2, we can identify D with an equivalence AVarspRq ÑAVarspRqop. We can summarize the situation more informally as follows: if X is a
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strict abelian variety over R, then the dual pX inherits the structure of a strict abelianvariety over R.
 Remark 6.8.1. Let R be a connective E8-ring and let X be a strict abelian varietyover R, so that the dual pX also has the structure of a strict abelian variety over R. Letus identify X and pX with their functors of points X, pX : CAlgcn
 R Ñ ModcnZ . Unwinding
 the definitions, we see that the functor pX is characterized by the formula
 MapModZpM, pXpAqq “ MapFunpCAlgcn
 A ,CMonqpΩ8pM bZ X |CAlgcnAq,BGL1 |CAlgcn
 Aq.
 Proposition 6.8.2. Let R be a connective E8-ring and let X be a strict abelian varietyover R, so that the dual pX inherits the structure of a strict abelian variety over R.For every set of prime numbers S, there is a canonical equivalence pXrS8s » DpXrS8sqof S-divisible groups over R.
 Proof. Let us identify X and pX with their functors of points CAlgcnR Ñ ModZ. Let A
 be a connective E8-algebra over R, let XA and pXA be the associated strict abelianvarieties over A, and let M be a finite abelian S-group. To simplify the notation, letus not distinguish between the functor BGL1 : CAlgcn
 R Ñ CMon and its restriction toCAlgcn
 A . Using Remarks 6.8.1 and 6.7.8, we obtain a canonical map
 pXrS8spMqpAq » MapModZpM, pXpAq
 » MapFunpCAlgcnA ,CMonqpΩ8pM bZ XAq,BGL1q
 γÝÑ MapFunpCAlgcn
 A ,CMonqpΩ8`1pM bZ XAq,GL1q
 » MapFunpCAlgcnA ,CMonqpXArp
 8spM˚
 q,GL1q
 » DpXrS8spM˚qqpAq
 » DpXrS8sqpMqpAq
 depending functorially on M and A. To complete the proof, it will suffice to showthat the map γ is a homotopy equivalence. Since the functor BGL1 satisfies descentfor the finite flat topology, it will suffice to show that the the functor M bZ XA P
 FunpCAlgcnA ,ModZq becomes 1-connective after sheafification with respect to the finite
 flat topology. Splitting M as a direct sum, we may assume that M » Z pn Z for somen ě 0 and some prime number p P S. In this case, the desired result follows fromthe observation that the map rpns : XA Ñ XA is a finite flat surjection (Proposition6.7.3).
 130

Page 131
                        

7 The Serre-Tate TheoremLet p be a prime number, which we regard as fixed throughout this section.
 Let R be an E8-ring and let X be a strict abelian variety of dimension g over R.It follows from Proposition 6.7.1 that the associated p-torsion object Xrp8s is a p-divisible group of height 2g over R. The construction X ÞÑ Xrp8s determines a functorAVarsgpRq Ñ BTp
 2gpRq, depending functorially on R. Our goal in this section is toprove the following result:
 Theorem 7.0.1 (Serre-Tate). Let R be a connective E8-ring, let M be a connectiveR-module which is p-complete (Definition SAG.7.3.1.1 ), and let R be a square-zeroextension of R by M (Definition HA.7.4.1.6 ). For every integer g ě 0, the diagramof 8-categories
 AVarsgpRq //
 AVarsgpRq
 BTp
 2gpRq // BTp2gpRq
 is a pullback square.
 Remark 7.0.2. In the special case where R and M are discrete and p is nilpotent inR (which guarantees that M is p-complete), Theorem 7.0.1 reduces to the classicalSerre-Tate theorem.
 We will prove Theorem 7.0.1 using an argument of Drinfeld (for an exposition in amore classical setting, see [4]). Roughly speaking, the idea is to use formal argumentsto reduce to the case where R is a trivial square-zero extension of R by M , which wecan analyze using an elaboration of Proposition 2.1.2.
 7.1 Deformation Theory of the Functor R ÞÑ BTppRq
 We begin by adapting some of the results of §2 to the setting of p-divisible groups.First, we need a bit of notation.
 Notation 7.1.1. Let R be an E8-ring. We let Var`pRq denote the full subcategoryof SpDMnc
 SpetR spanned by those flat maps f : X “ pX ,OXq Ñ SpetR for whichthe underlying map of spectral Deligne-Mumford stacks pX , τě0 OXq Ñ Spetpτě0Rq isproper and locally almost of finite presentation.
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Note that any E8-ring R, we can identify the 8-category BTppRq of p-divisible
 groups over R with a full subcategory of FunppAbpfinqop,Var`pRqq.
 Proposition 7.1.2. Let R be a connective E8-ring and let X : pAbpfinqop Ñ Var`pRq
 be a functor. The following conditions are equivalent:
 paq The functor X is a p-divisible group over R.
 pbq For every residue field κ of R, the composite functor pAbpfinqop XÝÑ Var`pRq Ñ
 Var`pκq is a p-divisible group over κ.
 Proof. The implication paq ñ pbq is obvious. Conversely, suppose that pbq is satisfied.Using Corollary SAG.6.1.4.12 , we deduce that X is a p-torsion object of SpDMnc
 R .Let M be a finite abelian p-group and let M 1 ĎM be a finite subgroup of index pk.Combining pbq with Corollary SAG.6.1.4.10 , we deduce that the map ρ : XpMq ÑXpM 1q is finite flat.
 Remark 7.1.3. In the situation of Proposition 7.1.2, the p-divisible groupX has heighth if and only if each of the p-divisible groups Xκ : pAbpfinq
 op XÝÑ Var`pRq Ñ Var`pκq
 has height h.
 Proposition 7.1.4. The construction R ÞÑ BTppRq determines a functor CAlgcn
 Ñ
 Cat8 which is nilcomplete and cohesive. Similarly, for each h ě 0, the functorR ÞÑ BTp
 hpRq is nilcomplete and cohesive.
 Proof. We will show that the functor R ÞÑ BTppRq is cohesive; the proofs in the other
 cases are similar. Suppose we are given a pullback diagram of connective E8-rings
 R //
 R0
 R1 // R01
 which induces surjections π0R0 Ñ π0R01 Ð π0R1. Applying Theorem SAG.19.4.0.2 ,we deduce that the diagram of 8-categories
 FunppAbpfinqop,Var`pRqq //
 FunppAbpfinqop,Var`pR0qq
 FunppAbpfinq
 op,Var`pR1qq // FunppAbpfinqop,Var`pR01qq
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is a pullback square. To complete the proof, it will suffice to show that if X :pAbpfinq
 op Ñ Var`pRq is a functor having the property that the composite functors
 X0 : pAbpfinqop XÝÑ Var`pRq Ñ Var`pR0q X1 : pAbpfinq
 op XÝÑ Var`pRq Ñ Var`pR1q
 are p-divisible groups over R0 and R1, respectively, then X is a p-divisible group overR. By virtue of Proposition 7.1.2, it will suffice to show that for each residue field κ
 of R, the composite functor pAbpfinqop XÝÑ Var`pRq Ñ Var`pκq is a p-divisible group
 over κ. This is clear, since our hypotheses guarantee that the map R Ñ κ factorsthrough either R0 or R1.
 Proposition 7.1.5. Let h ě 0 be an integer and let K be a simplicial set. DefineF : CAlgcn
 Ñ S by the formulas F pRq “ FunpK,BTppRqq». Then the functor F has
 a p´1q-connective cotangent complex.
 Proof. Define G : CAlgcnÑ S by the formula GpRq “ FunpK ˆ pAbpfinq
 op,Var`pRqq».Note that for every connective E8-ring R, we can identify F pRq with a summand ofGpRq. Moreover, a point η P GpRq belongs to F pRq if and only if, for every residuefield κ of R, the image of η in Gpκq belongs to F pκq (Proposition 7.1.2). It followsthat if R is a connective E8-ring and M is a connective R-module, then the diagram
 F pR ‘Mq //
 F pRq
 GpR ‘Mq // GpRq
 is a pullback square. Consequently, if G admits a cotangent complex LG P QCohpGq,then the restriction LG|F P QCohpF q is a cotangent complex for F . We are thereforereduced to proving that the functor G admits a p´1q-connective cotangent complex,which is a special case of Theorem SAG.19.4.0.2 .
 7.2 The Case of a Trivial Square-Zero ExtensionWe will deduce Theorem 7.0.1 from the following a priori weaker assertion:
 Proposition 7.2.1. Let R be a connective E8-ring, let M be a connective R-modulewhich is p-complete, and let g ě 0 be an integer. Then the canonical map
 AVarsgpRq Ñ BTp2gpRq ˆBTp2gpR‘Mq AVarsgpR ‘Mq
 is a fully faithful embedding of 8-categories.
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The proof of Proposition 7.2.1 will require a few preliminaries.
 Notation 7.2.2. For every connective E8-ring A and every 8-category C, we letShvfpqcpA; Cq denote the full subcategory of FunpCAlgcn
 A , Cq spanned by those functorswhich are sheaves with respect to the fpqc topology. If X is a strict abelian varietyover A and X : CAlgcn
 A Ñ ModcnZ is its functor of points (see Remark 1.5.4), then X
 can be regarded as an object of the 8-category ShvfpqcpA; ModcnZ q. In what follows,
 we will abuse terminology by identifying the 8-category AVarspAq with its essentialimage under the fully faithful embedding
 AVarspAq ãÑ ShvfpqcpA; ModcnZ q X ÞÑ X.
 Lemma 7.2.3. Let R be a connective E8-ring and let X P ShvfpqcpA; ModcnZ q be a
 strict abelian variety over R. Let M be a connective R-module. If M is p-complete,then the fiber of the projection map XpR ‘Mq Ñ XpRq is p-complete.
 Proof. Using Proposition 2.1.2, we obtain an equivalence of spectra (not necessarilyZ-linear)
 fibpXpR ‘Mq Ñ XpRqq » τě0MapRpω,Mq
 for a certain connective A-module spectrum ω. If M is p-complete, then MapRpω,Mq
 is also p-complete, so that the truncation τě0MapApω,Rq is likewise p-complete (see
 Corollary SAG.7.3.4.3 ).
 The proof of Proposition 6.4.9 yields the following:
 Lemma 7.2.4. Let A be a connective E8-ring, let X, Y P ShvfpqcpA; ModcnZ q be strict
 abelian varieties of dimensions g over A and let Xrp8s, Y rp8s denote their p-divisiblegroups. Then there is a canonical homotopy equivalence
 MapBTp2gpAqpXrp8s, Y rp8sq » lim
 ÐÝn
 MapShvfpqcpA;ModcnZpfibpX pn
 ÝÑ X, Y q.
 Proof of Proposition 7.2.1. Let X, Y P ShvfpqcpR; ModcnZ q be strict abelian varieties
 of dimension g over R and let XM , YM P ShvfpqcpR ‘M ; ModcnZ q denote their images
 in AVarsgpR ‘Mq. We wish to show that the diagram of spaces σM :
 MapAVarsgpRqpX, Y q//
 MapAVarsgpR‘MqpXM , YMq
 MapBTp2gpRq
 pXrp8s, Y rp8sq //MapBTp2gpR‘MqpXM rp
 8s, YM rp8sq
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is a pullback square.It follows from Propositions 2.3.2 and 7.1.5 that the construction M ÞÑ σM
 commutes with filtered limits. For each n ě 0, let Mn denote the cofiber of the mappn : M ÑM . Since M is p-complete, it is the limit of the tower tMnu. It will thereforesuffice to show that each σMn is a pullback square. Note that there is an equivalenceof spectra Mn »M b pSpnq, where Spn denotes the Moore spectrum (given by thecofiber of the map pn : S Ñ S). A simple calculation shows that the multiplication mappk : Spn Ñ Spn is nullhomotopic for k " 0, so that pk : Mn ÑMn is nullhomotopicfor k " 0. Replacing M by Mn, we may reduce to the case where pk : M Ñ M isnullhomotopic for k " 0.
 Let pS denote the 8-category of spaces which are not necessarily small, andlet us regard ShvfpqcpR; pSq and ShvfpqcpR ‘ M ; pSq as 8-topoi after a change ofuniverse. The projection map R ‘ M Ñ R induces a geometric morphism q˚ :ShvfpqcpR ‘ M ; pSq Ñ ShvfpqcpR; pSq, with a left adjoint q˚. Let C denote the 8-category of abelian group objects of ShvfpqcpR; pSq and C 1 the 8-category of abeliangroup objects of ShvfpqcpR ‘M ; pSq. The functors q˚ and q˚ are both left exact, and
 therefore determine adjoint functors Cq˚ //C 1 .q˚oo Unwinding the definitions, we have
 equivalences XM » q˚X and YM » q˚Y , hence canonical homotopy equivalences
 MapAVarspR‘MqpXM , YMq » MapCpX, q˚q˚Y q
 MapC1pfibpXMpnÝÑ XMq, YMq » MapCpfibpX pn
 Ñ Xq, q˚q˚Y q.
 Using Lemma 7.2.4, we can identify σM with the diagram
 MapCpX, Y q //
 MapCpX, q˚q˚Y q
 limÐÝn
 MapCpfibpX pnÑ Xq, Y q // lim
 ÐÝnMapCpfibpX pn
 Ñ Xq, q˚q˚Y q.
 For every connective R-module N , define EN P C by the formula ENpAq “
 fibpY pA ‘ pA bR Nqq Ñ Y pAqq. Note that if N has the property that pk : N Ñ N
 is nullhomotopic for k " 0, then A bR N has the same property, and is thereforep-complete. It then follows from Lemma 7.2.3 that ENpAq is also p-complete (whenviewed as an object of ModZ). Since the projection R ‘M Ñ R admits a section,the unit map Y Ñ q˚q
 ˚Y admits a left homotopy inverse, giving a splitting q˚q˚Y »Y ‘ EM . Consequently, to show that σM is a pullback square, it will suffice to show
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that the canonical map
 φ : MapCpX,EMq Ñ limÐÝn
 MapCpfibpX pnÝÑ Xq, EMq
 is a homotopy equivalence.Let E “ SppCq denote the 8-category of spectrum objects of C, which we can
 identify with the 8-category ShvfpqcpR,zModZq, where zModZ denotes the 8-categoryof (not necessarily small) Z-module spectra. Then E is a stable 8-category equippedwith a t-structure pEě0, Eď0q, and there is a fully faithful embedding ι : C Ñ Ewhose essential image is Eě0. Using Proposition 2.1.2, we deduce that the canonicalmap EM Ñ ΩEΣM is an equivalence, and therefore induces an equivalence ιpEMq »τě0ΩpιEΣMq in the 8-category E . We may therefore identify φ with the canonicalmap
 MapEpιX,ΩpιEΣMqq Ñ MapEplimÝÑn
 ι fibpX pnÑ Xq,ΩpιEΣMqq.
 Since X is a strict abelian variety over R, multiplication by pn induces a faithfullyflat map from X to itself, and is therefore an effective epimorphism with respect tothe flat topology (Proposition 6.7.3). It follows that the canonical map
 ι fibpX pnÝÑ Xq Ñ fibpιX pn
 ÝÑ ιXq
 is an equivalence for every integer n. Let Xr1ps denote the colimit of the sequence
 XpÑ X
 pÑ ¨ ¨ ¨
 in C, so that we have a fiber sequence limÝÑn
 fibpιX pnÑ ιXq Ñ ιX Ñ ιXrp´1s in the
 stable 8-category E and therefore a homotopy fiber sequence
 MapEpιX,ΩpιEΣMqqφÝÑ MapEplimÝÑ
 n
 fibpιX pnÝÑ ιXq,ΩpιEΣMq Ñ MapEpιXr
 1ps, ιEΣMq.
 To complete the proof, it will suffice to show that the space
 K “ MapEpιXrp´1s, ιEΣMq » MapCpXrp
 ´1s, EΣMq.
 This is clear, since Xrp´1s is p-local and EΣM is p-complete.
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7.3 Proof of the Serre-Tate TheoremWe now explain how to deduce Theorem 7.0.1 from Proposition 7.2.1. Let R be a
 square-zero extension of R by a connective R-module M , so that we have a pullbackdiagram of connective E8-rings
 R //
 R
 R // R ‘ ΣM,
 where the bottom horizontal map is the tautological map from R into the trivialsquare-zero extension R ‘ ΣM . We wish to show that the upper square appearing inthe diagram
 AVarsgpRq //
 AVarsgpRq
 BTp
 2gpRq //
 BTp2gpRq
 BTp
 2gpRq // BTp2gpR ‘ ΣMq
 is a pullback. Using Proposition 7.1.4, we deduce that the lower square is a pullback;it will therefore suffice to show that the outer rectangle is a pullback. Consider thediagram
 AVarsgpRq //
 AVarsgpRq
 AVarsgpRq //
 AVarsgpR ‘ ΣMq
 BTp
 2gpRq // BTp2gpR ‘ ΣMq.
 Since the upper square is a pullback by Proposition 2.1.4, we are reduced to provingthat the lower square is a pullback. In other words, we wish to show that the canonicalfunctor
 φ : AVarsgpRq Ñ AVarspR ‘ ΣMq ˆBTp2gpR‘ΣMq BTp2gpRq
 is an equivalence of 8-categories.
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Let C denote the fiber product AVarsgpRq ˆBTp2gpRq BTp2gpR‘ΣMq, so that we have
 a commutative diagram
 AVarspRq //
 C
 // AVarspRq
 BTp
 pRq // BTppR ‘ ΣMq // BTp
 pRq.
 The outer rectangle in this diagram is a pullback square (since the horizontal compositemaps are equivalences), and the right square is a pullback by construction. It followsthat the left square is a pullback, so that the composite functor
 AVarspRq φÑ AVarspR ‘ ΣMq ˆBTppR‘ΣMq BTp
 pRqψÑ CˆBTppR‘ΣMqBTp
 pRq
 is an equivalence of 8-categories. To prove that φ is an equivalence of 8-categories, itwill suffice to show that ψ is fully faithful. The functor ψ is a pullback of the naturalmap ψ0 : AVarspR ‘ ΣMq Ñ C. We are therefore reduced to proving that ψ0 is fullyfaithful.
 Note that R‘ΣM is a square-zero extension of R by Σ2M , so we have a pullbackdiagram of connective E8-rings
 R ‘ ΣM //
 R
 R // R ‘ Σ2M,
 and therefore a commutative diagram of 8-categories
 AVarsgpR ‘ ΣMq //
 AVarsgpRq
 BTp
 2gpR ‘ ΣMq //
 BTp2gpRq
 BTp
 2gpRq // BTp2gpR ‘ Σ2Mq.
 Proposition 7.1.4 implies that the lower square in this diagram is a pullback, sothat we can identify ψ0 with the functor AVarspR ‘ ΣMq Ñ BTp
 pRq ˆBTppR‘Σ2Mq
 AVarspRq determined by the outer rectangle. This outer rectangle appears also in the
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commutative diagram
 AVarspR ‘ ΣMq //
 AVarspRq
 AVarspRq //
 AVarspR ‘ Σ2Mq
 BTp
 pRq // BTppR ‘ Σ2Mq
 where the upper square is a pullback (Proposition 2.1.4). It follows that ψ0 is a pullbackof the functor ψ1 : AVarspRq Ñ BTp
 pRq ˆBTppR‘Σ2Mq AVarspR‘Σ2Mq determined bythe lower square. We are therefore reduced to showing that ψ1 is fully faithful, whichis a special case of Proposition 7.2.1.
 7.4 Application: Lifting Abelian Varieties from Classical toSpectral Algebraic Geometry
 We close this section by noting the following consequence of Theorem 7.0.1:
 Proposition 7.4.1. Let f : R Ñ R1 be a map of E8-rings and p a prime number.Assume that f induces an isomorphism of commutative rings π0RÑ π0R
 1, and thatthe abelian groups πiR and πiR1 are p-complete for each i ą 0. Then, for every integerg ě 0, the diagram of 8-categories σ :
 AVarsgpRq //
 AVarsgpR1q
 BTp
 2gpRq // BTp2gpR
 1q
 is a pullback square.
 Proof. We have a commutative diagram
 AVarsgpτě0Rq //
 AVarsgpRq //
 AVarsgpR1q
 BTp
 2gpτě0Rq // BTp2gpRq // BTp
 2gpR1q
 where the horizontal maps on the left are equivalences (Remarks 1.5.3 and 6.5.3). Wemay therefore replace R by τě0R and thereby reduce to the case where R is connective.
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In this case, f factors through the connective cover of R1, so we have a commutativediagram
 AVarsgpRq //
 AVarsgpτě0R1q //
 AVarsgpR1q
 BTp
 2gpRq // BTp2gpτě0R
 1q // BTp2gpR
 1q.
 Remarks 1.5.3 and 6.5.3 now imply that the right horizontal maps are equivalences, sowe may replace R1 by τě0R
 1 and thereby reduce to the case where R1 is also connective.Let R2 denote the discrete commutative ring π0R
 1, so that we have a commutativediagram
 AVarsgpRq //
 AVarsgpR1q
 // AVarsgpR2q
 BTp
 2gpRq // BTp2gpR
 1q // BTp2gpR
 2q.
 To prove that the left square is a pullback, it will suffice to show that the right squareis a pullback and that the outer rectangle is a pullback. It will therefore suffice toprove Proposition 7.4.1 under the additional assumption that R1 is discrete (so that fexhibits R1 as the 0-truncation of R).
 Using Propositions 2.1.5 and 7.1.4, we deduce deduce that σ is the limit of a towerof diagrams σn :
 AVarsgpτďnRq //
 AVarsgpR1q
 BTp
 2gpτďnRq // BTp2gpR
 1q.
 It will therefore suffice to show that each σn is a pullback square. The proof proceedsby induction on n. When n “ 0, this is trivial (the horizontal maps are equivalences,by virtue of our assumption that f induces an isomorphism π0RÑ π0R
 1). If n ą 0,we have a commutative diagram
 AVarsgpτďnRq //
 AVarsgpτďn´1Rq //
 AVarsgpR1q
 BTp
 2gpτďnRq // BTp2gpτďn´1Rq // BTp
 2gpR1q
 where the right square is a pullback by the inductive hypothesis. It will thereforesuffice to prove that the left square is a pullback. This is a special case of Theorem
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7.0.1, since τďnR is a square-zero extension of τďn´1R by the p-complete R-moduleΣnpπnRq (see Theorem HA.7.4.1.26 ).
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