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1 IntroductionLet G be a finite group. We let ReppGq denote the complex representation ring of
 G. That is, ReppGq is the abelian group generated by symbols rV s, where V rangesover the collection of all finite-dimensional complex representations of G, subject tothe relation
 rV s “ rV 1s ` rV 2s
 for every isomorphism of complex representations V » V 1 ‘ V 2. It is a free abeliangroup of finite rank, equipped with a canonical basis consisting of elements rW s, whereW is an irreducible representations of G. We regard ReppGq as a commutative ring,whose multiplication is characterized by the formula rV s ¨ rW s “ rV bC W s.
 If V is a finite-dimensional complex representation of G, we let χV : GÑ C denotethe character of V , given concretely by the formula
 χV pgq “ TrpV gÝÑ V q.
 The character χV is an example of a class function on G: that is, it is invariant underconjugation (so χV pgq “ χV phgh
 ´1q for all g, h P G). Using the identities
 χV‘W pgq “ χV pgq ` χW pgq χVbW pgq “ χV pgqχW pgq,
 we see that the construction rV s ÞÑ χV determines a ring homomorphism
 ReppGq Ñ tClass functions χ : GÑ Cu.
 The starting point for the character theory of finite groups is the following result (seeCorollary 4.7.8):
 Theorem 1.1.1. Let G be a finite group. Then the characters of the irreducible repre-sentations of G form a basis for the vector space of class functions on G. Consequently,the construction rV s ÞÑ χV induces an isomorphism of complex vector spaces
 CbZ ReppGq » tClass functions χ : GÑ Cu.
 Theorem 1.1.1 can be reformulated using the language of equivariant complexK-theory (see [20]). Given a topological space X equipped with an action of G, we letKU0
 GpXq denote the (0th) G-equivariant complex K-group of X. If X is a finite G-CWcomplex, then KU0
 GpXq is a finitely generated abelian group, which can be realizedconcretely as the Grothendieck group of G-equivariant complex vector bundles on X.In particular, when X “ ˚ consists of a single point, we have a canonical isomorphismKU0
 Gp˚q » ReppGq. Theorem 1.1.1 can be generalized as follows (see Corollary 4.7.7):
 3
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Theorem 1.1.2. Let G be a finite group and let X be a finite G-CW complex. Foreach g P G, let Xg “ tx P X : xg “ xu denote the set of fixed points for the action ofG. We regard the disjoint union
 ž
 gPG
 Xg» tpg, xq P GˆX : xg “ xu Ď GˆX
 as equipped with the right action of G given by the formula pg, xqh “ ph´1gh, xhq. Thenthere is a canonical isomorphism
 chG : CbZ KU0GpXq Ñ Hev
 ppž
 gPG
 XgqG; Cq,
 called the equivariant Chern character. Here
 Hevppž
 gPG
 XgqG; Cq “
 ź
 nPZH2n
 pž
 gPG
 XgqG; Cq
 denotes the product of the even cohomology groups of pš
 gPGXgqG with coefficients
 in the field C of complex numbers.
 Example 1.1.3. In the special case where X “ ˚ consists of a single point, wecan identify the quotient p
 š
 gPGXgqG appearing in Theorem 1.1.2 with the set of
 conjugacy classes of elements of G (regarded as a finite set with the discrete topology),so that Hevpp
 š
 gPGXgqG; Cq » H0pp
 š
 gPGXgqG; Cq is isomorphic to the vector space
 of class functions χ : GÑ C. Under this identification, the equivariant Chern characterchG : CbZ KU0
 GpXq » Hevppš
 gPGXgqG; Cq corresponds to the isomorphism
 CbZ ReppGq » tClass functions χ : GÑ Cu V ÞÑ χV
 of Theorem 1.1.1 (see Example 4.3.9).
 Example 1.1.4. When the group G is trivial, the equivariant Chern character ofTheorem 1.1.2 specializes to the usual Chern character
 ch : CbZ KU0pXq Ñ Hev
 pX; Cq,
 which is an isomorphism whenever X is a finite CW complex. In this case, it is notnecessary to work over the complex numbers: there is already a canonical isomorphismof rational vector spaces
 QbZ KU0pXq » Hev
 pX; Qq,
 4
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which induces the isomorphism ch after extending scalars along the inclusion Q ãÑ C.Beware that this is not true in the equivariant case (even when X is a point): if Vis a finite-dimensional representation of G, then the character χV : GÑ C generallydoes not take values in Q.
 Let EG denote a contractible space equipped with a free action of the finitegroup G. If X is any topological space equipped with a G-action, we let XhG denotethe homotopy orbit space of X by the action of G, defined as the quotient spacepX ˆ EGqG. The projection map X ˆ EGÑ X induces a homomorphism
 ζ : KU0GpXq Ñ KU0
 GpX ˆ EGq » KU0pXhGq,
 which we will refer to as the Atiyah-Segal comparison map. It is not far from being anisomorphism, by virtue of the following classical result (see Corollary 4.9.3):
 Theorem 1.1.5 (Atiyah [1]). Let G be a finite group and let IG Ď ReppGq be theaugmentation ideal, defined as the kernel of the ring homomorphism
 ReppGq Ñ Z rV s ÞÑ dimCpV q.
 For every finite G-CW complex X, the Atiyah-Segal comparison map
 ζ : KU0GpXq Ñ KU0
 pXhGq
 exhibits KU0pXhGq as the IG-adic completion of KU0
 GpXq; here we regard KU0GpXq as
 a module over the representation ring ReppGq » KU0Gp˚q.
 The conclusion of Theorem 1.1.5 can be simplified by applying a further completion.Fix a prime number p. We say that an element g P G is p-singular if the order of g isa power of p, and we let Gppq Ď G denote the subset consisting of p-singular elements.Let yKU denote the p-adic completion of the complex K-theory spectrum KU. Then,after p-adic completion, the Atiyah-Segal comparison map yields a homomorphism
 ζp : ZpbZ KU0GpXq Ñ
 yKU0pXhGq
 which is the projection onto a direct factor. After extending scalars to the complexnumbers, we can describe this direct factor concretely by the following variant ofTheorem 1.1.2:
 5
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Theorem 1.1.6. Fix a prime number p and an embedding ι : Zp ãÑ C. Then there isa canonical isomorphism of complex vector spaces
 pchG : CbZpyKU
 0pXhGq Ñ Hev
 ppž
 gPGppq
 XgqG; Cq.
 Remark 1.1.7. In the situation of Theorem 1.1.6, the isomorphism pchG is related tothe equivariant Chern character chG of Theorem 1.1.2 by a commutative diagram
 CbZ KU0GpXq
 chG„
 //
 ζp
 Hevppš
 gPGXgqG; Cq
 CbZp
 yKU0pXhGq
 xchG„// Hevpp
 š
 gPGppq XgqG; Cq.
 Example 1.1.8. In the situation of Theorem 1.1.6, suppose that G is a p-group. Thenone can show that the augmentation ideal IG Ď ReppGq of Theorem 1.1.5 satisfiesInG Ď pReppGq for n " 0. It follows that the completed Atiyah-Segal comparisonmap ζp : ZpbZ KU0
 GpXq ÑyKU
 0pXhGq is an isomorphism. In this case, Theorem 1.1.6
 reduces to Theorem 1.1.2 (note also that we have Gppq “ G when G is a p-group).
 In [5], Hopkins, Kuhn, and Ravenel prove a generalization of Theorem 1.1.6in the setting of chromatic homotopy theory. To state their result, we will needa bit of notation. Let k be a perfect field of characteristic p and let pG0 be a 1-dimensional formal group of height n ă 8 over k. The formal group pG0 admits auniversal deformation pG, which is defined over the Lubin-Tate ring R (noncanonicallyisomorphic a power series ring W pκqrrv1, . . . , vn´1ss). Then pG can be realized asthe identity component of a connected p-divisible group G over R. Let C0 be theR-algebra classifying isomorphisms of p-divisible groups pQp Zpq
 n » G. ThenSpecpC0q is a GLnpZpq-torsor over the affine scheme SpecpRQq, where RQ “ Rr1
 ps is
 the rationalization of R. Let E denote the Lubin-Tate spectrum associated to pG0:that is, E is an even periodic ring spectrum equipped with isomorphisms
 R » π0pEq pG0 » SpfpE0pCP8
 qq.
 Let EQ “ Er1ps denote the rationalization of E, so that we have an isomorphism
 π0pEQq » RQ. We then have the following:
 Theorem 1.1.9 (Hopkins-Kuhn-Ravenel). Let G be a finite group and let X be afinite G-CW complex. For each homomorphism α : Zn
 p Ñ G, let Xα Ď X denote
 6
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the subspace of X consisting of points which are fixed by the action of the subgroupimpαq Ď G. Then there is a canonical isomorphism of graded C0-algebras
 C0 bR E˚pXhGq Ñ C0 bRQ E
 ˚Qpp
 ž
 α:ZnpÑGXαqGq.
 Example 1.1.10. Let X “ ˚ be a single point, so that the homotopy orbit spaceXhG can be identified with the classifying space BG “ EGG. Then the space
 ž
 α:ZnpÑGXα
 appearing in the statement of Theorem 1.1.9 can be identified with the finite set S ofn-tuples pg1, . . . , gnq of p-singular elements of G satisfying gigj “ gjgi for 1 ď i ď j ď n.It follows that we can identify C0bRE
 0pBGq with the module of “higher class functions”χ : S Ñ C0 satisfying the identity χpg1, . . . , gnq “ χph´1g1h, ¨ ¨ ¨ , h
 ´1gnhq for h P G.
 Example 1.1.11. Let k “ Fp be the finite field with p-elements, and let pG0 “ pGm bethe formal multiplicative group over k. Then the Lubin-Tate ring R can be identifiedwith Zp, and C0 can be identified with the field Qppζp8q “
 Ť
 mě1 Qppζpmq obtainedfrom Qp by adjoining all p-power roots of unity. The Lubin-Tate spectrum E is thengiven by the p-adically completed complex K-theory spectrum yKU, and the classicalChern character supplies isomorphisms
 ch : E0QpY q » Hev
 pY ; Qpq.
 In this case, Theorem 1.1.9 supplies an isomorphism
 Qppζp8q bZpyKU
 0pXhGq » Qppζp8q bQp
 yKU0Qpp
 ž
 α:ZpÑGXαqGq
 » Qppζp8q bQpHevpp
 ž
 gPGppq
 XgqG; Qpq.
 After extending scalars along an embedding ι : Qppζp8q ãÑ C, this recovers theisomorphism of Theorem 1.1.6 provided that ι is chosen to satisfy the normalizationcondition ιpζpmq “ expp2πipmq.
 Remark 1.1.12. In the situation of Theorem 1.1.9, the isomorphism
 C0 bR E˚pXhGq Ñ C0 bRQ E
 ˚Qpp
 ž
 α:ZnpÑGXαqGq
 7
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is equivariant with respect to the action of the profinite group GLnpZpq. Passing tofixed points, we obtain an isomorphism
 E˚pXhGqr1ps » pC0 bRQ E
 ˚Qpp
 ž
 α:ZnpÑGXαqGqqGLnpZpq.
 Here the fixed points on the right hand side are taken with respect to the simultaneousaction of GLnpZpq on the coefficient ring C0 and the space
 š
 α:ZnpÑGXα.
 Remark 1.1.13. In the statement of Theorem 1.1.9, we can replace the set-theoreticquotient
 pž
 α:ZnpÑGXαqG
 by the homotopy orbit space pš
 α:ZnpÑGXαqhG; the canonical map
 pž
 α:ZnpÑGXαqhG Ñ p
 ž
 α:ZnpÑGXαqG
 induces an isomorphism on cohomology with coefficients in EQ, since G is a finitegroup and the coefficient ring π˚pEQq is a rational vector space.
 In the case where the group G is trivial, Theorem 1.1.9 follows from the observationthat the comparison map
 ρ : RQ bR E˚pY q Ñ E˚QpY q
 is an isomorphism. This is a much more elementary statement, which is immediatefrom the flatness of RQ over R. However, it depends crucially on the assumption thatY is finite. If we instead take Y “ XhG, where X is a finite G-CW complex, then,after extending scalars from RQ to C0, the map ρ factors as a composition
 C0 bR E˚pXhGq » C0 bRQ E
 ˚Qpp
 ž
 α:ZnpÑGXαqhGq
 πÝÑ C0 bRQ E
 ˚QpXhGq,
 where the first map is the isomorphism of Theorem 1.1.9 (and Remark 1.1.13) and thesecond is induced by the inclusion of X as a summand of the coproduct
 š
 α:ZnpÑGXα
 (namely, the summand corresponding to the trivial homomorphism Znp Ñ t1u ãÑ G).
 From this perspective, we can view Theorem 1.1.9 as measuring the failure ofthe comparison map ρ to be an isomorphism for spaces of the form Y “ XhG. Notethat the cohomology theories E and EQ have different chromatic heights. The
 8
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spectrum EQ is Kp0q-local, and therefore captures the same information as ordinarycohomology with coefficients in Q. In particular, cohomology with coefficients inEQ cannot detect the difference between the homotopy orbit space XhG and theset-theoretic quotient XG when G is a finite group (Remark 1.1.13). By contrast,the Lubin-Tate spectrum E is Kpnq-local, and therefore has the potential to capturedelicate p-torsion information. Theorem 1.1.9 describes the part of this informationthat survives after inverting the prime number p: roughly speaking, the localizationE˚pXhGqr
 1ps » RQ bR E
 ˚pXhGq knows not only about the EQ-cohomology of XhG,but also about the EQ-cohomology of “twisted sectors” pXαqhZpαq (where Zpαq Ď G
 denotes the centralizer of a homomorphism α : Znp Ñ G).
 In [21], Stapleton proves a “transchromatic” generalization of Theorem 1.1.9, whicharticulates the sort of information which is lost by passing from Kpnq-local to Kpmq-local homotopy theory for 0 ď m ď n. Let LKpmqE denote the Kpmq-localizationof the Lubin-Tate spectrum E defined above, and set Rm “ π0pLKpmqEq. Let GRm
 denote the p-divisible group over Rm obtained from G by extending scalars alongthe canonical map R “ π0pEq Ñ π0pLKpmqEq “ Rm. Then the p-divisible group GRm
 admits a connected-etale sequence
 0 Ñ G1Ñ GRm
 qÝÑ G2
 Ñ 0,
 where G1 is a connected p-divisible group of height m and G2 is etale of heightn´m. Let Cm be universal among those Rm-algebras A which are equipped with amorphism pQp Zpq
 n´m Ñ GA of p-divisible groups over A for which the compositemap pQp Zpq
 n´m Ñ GAqÝÑ G2
 A is an isomorphism (see §2.7). The main result of [21]can be formulated as follows:
 Theorem 1.1.14 (Stapleton). The commutative ring Cm is flat both as an R-algebraand as an Rm-algebra. Moreover, if G is a finite group and X is a finite G-CWcomplex, then there is a canonical isomorphism of graded Cm-algebras
 Cm bR E˚pXhGq » Ct bRm pLKpmqEq
 ˚pp
 ž
 α:Zn´mp ÑG
 XαqhGq.
 Remark 1.1.15. In the case m “ 0, the isomorphism of Theorem 1.1.14 reduces tothe isomorphism of Theorem 1.1.9.
 Remark 1.1.16. As in Remark 1.1.12, one can use Theorem 1.1.14 (and faithfullyflat descent) to obtain a description of the groups Rm bR E
 ˚pXhGq in terms of the
 9
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cohomology theory LKpmqE. However, the description is a bit more complicated in thecase m ą 0, because the map SpecpCmq Ñ SpecpRmq is not a torsor for a profinitegroup. To specify an A-valued point of SpecpCmq (where A is some commutativeRm-algebra), one must specify not only a trivialization of the etale p-divisible groupG2A, but also a splitting of the sequence
 0 Ñ G1A Ñ GA
 qÝÑ G2
 A Ñ 0.
 We refer the reader to [22] for a related discussion.
 The goal of this paper is to place all of the results stated above into a more generalframework. Fix a prime number p. In [8], we introduced the notion of a p-divisiblegroup G over an E8-ring A. In the case where A is p-complete, we can associateto each p-divisible group G a formal group G˝ over A, which we call the identitycomponent of G ([9]). If A is complex periodic and p-local, we say that a p-divisiblegroup G over A is oriented if, after extending scalars to the p-completion of A, theidentity component G˝ is identified with the Quillen formal group pGQ
 A » SpfpACP8q.Let G be an oriented p-divisible group over a p-local E8-ring A. To avoid confusion,
 let us henceforth use the letter H to denote a finite group. In this paper, we willintroduce a functor
 A˚Gp‚Hq : tH-spacesuopÑ tGraded ringsu.
 This functor associates to each H-space X a graded ring A˚GpXHq, which we willrefer to as the G-tempered cohomology ring of XH (Construction 4.0.5). Moreover,there is a natural comparison map
 ζG : A˚GpXHq Ñ A˚pXhHq,
 which we will refer to as the Atiyah-Segal comparison map. Let us briefly summarizesome of the essential properties of this construction (for a more complete overview,we refer the reader to §4)):
 Theorem 1.1.17 (Normalization). Let A be an E8-ring which Kpnq-local and let Gbe an oriented p-divisible group of height n over A (which is then necessarily equivalentto the Quillen p-divisible group GQ
 A : see Proposition 2.5.6). Then, for any finite groupH and any H-space X, the Atiyah-Segal comparison map A˚GpXHq Ñ A˚pXhHq isan isomorphism.
 10
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Theorem 1.1.18 (Character Isomorphisms). Let A be a p-local E8-ring, let G0 be anoriented p-divisible group over A, and let G “ G0‘pQp Zpq
 n for some integer n. LetH be a finite group and let X be an H-space. Then there is a canonical isomorphismof graded rings
 χ : A˚GpXHq » A˚G0ppž
 α:ZnpÑGXαqHq.
 In particular, in the case n “ 1, we have an isomorphism
 A˚GpXHq » A˚G0ppž
 hPHppq
 XhqHq.
 Theorem 1.1.19 (Base Change). Let f : AÑ B be a flat morphism of p-local E8-rings and let G be an oriented p-divisible group over A. Then extending scalars alongf determines an oriented p-divisible group over B, which we will also denote by G.For any finite group H and any finite H-space X, we have a canonical isomorphisms
 π0pBq bπ0pAq A˚GpXHq » B˚GpXHq.
 Remark 1.1.20. Let us sketch how Theorems 1.1.17, 1.1.19, and 1.1.18 can becombined to recover Theorem 1.1.14 (and therefore also Theorem 1.1.9). Let E be aLubin-Tate spectrum associated to a formal group of height n and let G “ GQ
 E denotethe associated Quillen p-divisible group (which we now view as a p-divisible group overthe E8-ring E, rather than over the ordinary commutative ring R “ π0pEq). Choose0 ď m ď n, let LKpmqpEq denote the Kpmq-localizaiton of E, and let GLKpmqpEq denotethe p-divisible group over LKpmqpEq obtained from G by extension of scalars. We thenhave a connected-etale sequence
 0 Ñ G1Ñ GLKpmqpEq
 qÝÑ G2
 Ñ 0,
 where G1 is an oriented p-divisible group of height m and G2 is an etale p-divisiblegroup of height n´m. Let B be universal among those E8-algebras over LKpmqpEqwhich are equipped with a map u : pQp Zpq
 n´m Ñ GB for which the compositionpQp Zpq
 n´m uÝÑ GB
 qÝÑ G2
 B is an equivalence (for a more detailed construction ofB, we refer the reader to §2.7). Then B is flat over both E and LKpmqpEq, andπ0pBq can be identified with the commutative ring Cm appearing in the statementof Theorem 1.1.14. By construction, the p-divisible group GB splits as a direct sumG1B ‘ pQp Zpq
 n´m. Consequently, if H is a finite group and X is a finite H-CW
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complex, we have isomorphisms
 Cm bR E˚pXhHq » π0pBq bπ0pEq E
 ˚GpXHq
 » B˚GpXHq
 » B˚G1ppž
 α:Zn´mp ÑG
 XαqHq
 » Cm bRm LKpmqpEq˚pp
 ž
 α:Zn´mp ÑG
 XαqhHq
 whose composition is the transchromatic character isomorphism of Theorem 1.1.14.
 Theorems 1.1.17 and 1.1.18 are more or less formal: they will follow immediatelyfrom our definition of G-tempered cohomology, as will the existence of a naturalcomparison map
 ρG : π0pBq bπ0pAq A˚GpXHq Ñ B˚GpXHq
 in the situation of Theorem 1.1.19. Arguing as in Remark 1.1.20, these ingredientsare sufficient to construct the character map
 Cm bR E˚pXhHq Ñ Cm bRm pLKpmqEq
 ˚pp
 ž
 α:Zn´mp ÑG
 XαqhHq
 appearing in the statement of Theorem 1.1.14. However, to prove that the charactermap is an isomorphism, we will need need to know that ρG is an isomorphism.This is much less obvious. Recall that, if A is any E8-ring, then the A-cohomologygroups A˚pY q of a space Y can be realized as the homotopy groups of a spectrumAY (parametrizing unpointed maps from Y to A), so that we have isomorphismsA˚pY q » π´˚pA
 Y q. Suppose that f : A Ñ B is a flat morphism of E8-rings. Then,for any space Y , the canonical map of graded rings
 π0pBq bπ0pAq A˚pY q Ñ B˚pY q
 can be realized as the homotopy of a map of ring spectra ϕY : B bA AY Ñ ABY ;here B bA AY denotes the smash product of B with AY over A. If Y is a finiteCW complex, then the map ϕY is a homotopy equivalence. However, the map ϕY isgenerally not a homotopy equivalence when Y is not finite. In particular, it need notbe a homotopy equivalence in the case Y “ XhH , where H is a finite group and X
 is a finite H-CW complex. Consequently, Theorem 1.1.19 articulates a property of
 12
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G-tempered cohomology which is not shared by the “Borel-equivariant” cohomologytheory
 tH-spacesuopÑ tGraded ringsu X ÞÑ A˚pXhHq.
 Let us study the preceding situation in more detail. Let ModA denote the 8-category of A-module spectra. For every space S, we let LocSysApSq “ FunpS,ModAqdenote the 8-category of ModA-valued local systems on S. We will be particularlyinterested in the case S “ BH is the classifying space of a finite group H: objectsof the 8-category LocSysApBHq can be thought of as A-module spectra equippedwith an action of H. Pullback along the projection map BH Ñ ˚ induces a functorModA Ñ FunpBH,ModAq which carries an A-module spectrum to itself (equippedwith the trivial action of H). This functor has both left and right adjoints, whichcarry an A-module spectrum M equipped with an action of H to the homotopy orbitspectrum MhH and the homotopy fixed point spectrum MhH , respectively. Theseconstructions are related by a canonical map NmH : MhH ÑMhH , given informallyby “averaging” with respect to the action of H. If X is an H-space, then the functionspectrum AXhH can be realized the homotopy invariants for the tautological action ofH on the function spectrum AX . It follows that the map ϕXhH factors as a composition
 B bA AXhH » B bA pA
 XqhH ψÝÑ pB bA A
 XqhH ϕXÝÝÑ pBX
 qhH» BXhH .
 If X is a finite H-CW complex, then the map ϕX is a homotopy equivalence. However,the map ψ is generally not a homotopy equivalence: the extension of scalars functorM ÞÑ B bA M usually does not preserve homotopy limits, and therefore need notcommute with the operation of taking homotopy invariants with respect to H. However,extension of scalars does preserve homotopy colimits, such as the operation of takinghomotopy orbits with respect to H. Consequently, the map ψ fits into a commutativediagram
 B bA pAXqhH
 „ //
 BbANmH
 pBXqhH
 NmH
 B bA pA
 XqhH // pBXqhH ,
 where the upper horizontal map is a homotopy equivalence. We can informallysummarize the situation as follows: in the case Y “ XhH , the (potential) failure of themap ϕY to be an equivalence is a result of the (potential) failure of the norm maps
 NmH : pAXqhH Ñ pAXqhH NmH : pBXqhH Ñ pBX
 qhH
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to be equivalences.Our proof that G-tempered equivariant cohomology satisfies Theorem 1.1.19 will
 use a variant of the preceding ideas. Let A be a p-local E8-ring and let G be anoriented p-divisible group over A. To every space S, we will associate an 8-categoryLocSysGpSq whose objects we will refer to as G-tempered local systems on S (Definition5.2.4). This 8-category is equipped with a forgetful functor
 LocSysGpSq Ñ LocSysApSq “ FunpS,ModAq
 which, in the case S “ BH, can be viewed as a categorification of the Atiyah-Segalcomparison map
 ζ : A˚GpXHq Ñ A˚pXhHq.
 More precisely, if H is a finite group, X is a G-space, and f : BH Ñ ˚ denotesthe projection map, then the G-tempered H-equivariant cohomology of X can bedescribed by the formula
 A˚GpXHq » π´˚pf˚pF qq,
 where F is a certain G-tempered local system on BH (which is a preimage of thefunction spectrum AX under the forgetful functor LocSysGpBHq Ñ LocSysApBHq),and f˚ : LocSysGpBHq Ñ LocSysGp˚q » ModA denotes the right adjoint to thefunctor f˚ : LocSysGp˚q Ñ LocSysGpBHq given by pullback along f . To proveTheorem 1.1.19, the essential point is to show that the functor f˚ preserves homotopycolimits (and therefore commutes with extension of scalars along a morphism ofE8-rings A Ñ B). We will prove this by constructing a norm map NmH : f! Ñ f˚,where f! denotes the left adjoint to the functor f˚, and showing that the map NmH isan equivalence. This is a special case of a much more general assertion (see Theorem7.2.10):
 Theorem 1.1.21 (Tempered Ambidexterity). Let A be an E8-ring, let G be anoriented p-divisible group over A, and let f : S Ñ S 1 be a map of π-finite spaces(that is, spaces having only finitely many connected components and finitely manynonvanishing homotopy groups, each of which is a finite group). Then the functorsf!, f˚ : LocSysGpSq Ñ LocSysGpS
 1q are canonically equivalent to one another.
 Remark 1.1.22. Let n be a nonnegative integer, and let SpKpnq denote the8-categoryof Kpnq-local spectra. In [6], we proved that if f : S Ñ S 1 is a map of π-finite spaces,then the functors
 f!, f˚ : LocSysSpKpnqpSq Ñ LocSysSpKpnqpS1q
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are canonically equivalent to one another. Roughly speaking, Theorem 1.1.21 assertsthat this phenomenon persists outside of the Kpnq-local setting, provided that wework with G-tempered local systems, rather than ordinary local systems.
 Let us now outline the contents of this paper. We begin in §2 by reviewing thenotion of P-divisible group (Definition 2.6.1); here (and throughout this paper) wewill use the symbol P to denote the set t2, 3, 5, ¨ ¨ ¨ u of all prime numbers. If A is anE8-ring, then a P-divisible group G over A can be identified with a system tGppqupPP
 of p-divisible groups Gppq, where p ranges over all prime numbers. We will say that aP-divisible group G is oriented if A if, after extending scalars to the p-completion ofA, each of the identity components G˝
 ppq is equipped with an orientation (Definition2.6.12). Such objects arise naturally in (at least) three ways:
 paq Fix a prime number p, and let A be an E8-ring which is complex periodic andKpnq-local, for some n ě 1. Then the Quillen formal group SpfpACP8q is theidentity component of an oriented p-divisible group GQ
 A , which we refer to asthe Quillen p-divisible group (see §2.4). We can also regard GQ
 A as an orientedP-divisible group over A, having trivial `-torsion for ` ‰ p.
 pbq Over any E8-ring A, we can define a P-divisible group µP8 »À
 pPP µp8 , whichwe refer to as the multiplicative P-divisible group (Construction 2.8.1). In thespecial case where A “ KU is the complex K-theory spectrum, the P-divisiblegroup µP8 can be endowed with an orientation (Construction 2.8.6), whicharises from the orientation of the formal multiplicative group pGm over KU ([9]).
 pcq Let E be a strict elliptic curve over an E8-ring A. Then E determines a P-divisible group ErP8
 s »À
 pPP Erp8s of torsion points of E. Any orientation ofX (in the sense of [9]) determines an orientation of the P-divisible group ErP8
 s
 (Construction 2.9.6).
 The entirety of the preceding discussion can be generalized, using oriented P-divisiblegroups (over general E8-rings) in place of oriented p-divisible groups (over p-localE8-rings). Moreover, working in this generality yields real dividends: when A “ KUand G “ µP8 is the multiplicative P-divisible group, there are canonical isomorphisms
 A˚GpXHq » KU˚HpXq
 for any finite group H and any H-space X (Theorem 4.1.2). In other words, ournotion of G-tempered equivariant cohomology recovers equivariant complex K-theory
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(at least for finite groups). We will return to this point in [10] (where we prove a moregeneral result, which applies also to compact Lie groups). Similarly, if G “ ErP8
 s
 is the P-divisible group of torsion on an oriented elliptic curve E over A, then theG-tempered cohomology A˚GpXHq can be interpreted as the H-equivariant ellipticcohomology of X (for the variant of elliptic cohomology associated to the orientedelliptic curve E). We will develop this idea further in [10] (where we will essentiallytake it as a definition of equivariant elliptic cohomology, at least for finite groups).
 To organize our discussion of G-tempered cohomology, it will be convenient to usethe formalism of orbispaces, which we review in §3. For the purpose of this paper, wedefine an orbispace to be a functor of 8-categories
 T opÑ S,
 where S denotes the 8-category of spaces and T Ď S is the full subcategory consistingof spaces of the form BH, where H is a finite abelian group. The collection of orbispacescan be organized into an 8-category which we will denote by OS (Definition 3.1.4),which includes the 8-category S of spaces as a full subcategory (we will generallyabuse notation by identifying a space X with the orbispace Xp´q given by the functorpT P T q ÞÑ XT ). We let SppOSq denote the 8-category of spectrum objects of OS;the objects of SppOSq can be identified with functors
 E : T opÑ Sp T ÞÑ ET .
 Our starting point is that if A is an E8-ring, then there is a fully faithful embedding
 tOriented P-divisible groups over AuopÑ FunpT op,CAlgAq,
 which carries an oriented P-divisible group G to a functor AG : T op Ñ CAlgA, whichcarries each object BH P T to an object ABHG which corepresents the functor Gr pHs ofmaps from the Pontryagin dual group pH “ HompH,Q Zq into G (see Theorem 3.5.5).By neglect of structure, we can regard AG as a spectrum object of OS, representing acohomology theory
 A˚G : OSopÑ tGraded ringsu
 which we will refer to as G-tempered cohomology. If H is a finite group, then G-tempered H-equivariant cohomology is defined as the composition
 tH-spacesuop X ÞÑXHÝÝÝÝÝÝÑ OSop A˚G
 ÝÝÑ tGraded ringsu;
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here XH denotes the formation of the orbispace quotient of an H-space X bythe action of H (see Construction 3.2.16). In §4, we provide a summary of theformal properties enjoyed G-tempered cohomology in general, including suitablegeneralizations of Theorems 1.1.17, 1.1.19, and 1.1.18.
 In §5, we define the 8-category LocSysGpSq of G-tempered local systems on anyspace S (or, more generally, any orbispace S). Roughly speaking, a G-tempered localsystem F on S is a rule which assigns, to each object T P T and each map T Ñ S,a module F pT q over the ring spectrum ATG. These modules are required to dependfunctorially on T , in the sense that every commutative diagram
 T 1
 η1
 // T
 η
 S
 induces a mapu : AGpT
 1q bATG
 F pT q Ñ F pT 1q
 which is not too far from being an equivalence (see Definition 5.2.4 for a precisedefinition, and Theorem 5.5.1 for a convenient reformulation).
 Our theory of tempered local systems is essentially controlled by three formalproperties, which we establish in §6:
 p1q Suppose that the E8-ring A is p-local for some prime number p and that G isan oriented p-divisible group over A (regarded as a P-divisible group for whichthe summands Gp`q vanish for ` ‰ p). We say that a G-tempered local systemF P LocSysGpSq is Kpnq-local if, for every object T P T and every map T Ñ S,the spectrum F pT q is Kpnq-local (Definition 6.1.13). Let LocSysKpnqG pSq denotethe full subcategory of LocSysGpSq spanned by the Kpnq-local G-tempered localsystems on S, and define LocSysKpnqA pSq Ď LocSysApSq similarly. In §6.3, weshow that the forgetful functor
 LocSysKpnqG pSq Ñ LocSysKpnqA pSq
 is an equivalence when n is equal to the height of the p-divisible group G(Theorem 6.3.1).
 p2q Let G be an oriented P-divisible group over an E8-ring A which splits as adirect sum G0‘Λ, where Λ is a divisible torsion group whose p-torsion subgroup
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Λrps is finite for each prime number p. In §6.4, we construct a fully faithfulembedding of 8-categories
 Φ : LocSysGpSq ãÑ LocSysG0pLΛpSqq
 (Theorem 6.4.9), and in §6.5 we characterize its essential image (Theorem 6.5.13).Here pΛ “ HompΛ,Q Zq denotes the Pontryagin dual of Λ, and LΛ
 pSq denotesthe formal loop space parametrizing maps from the classifying space BpΛ to Swhich are compatible with the profinite topology on pΛ (see Construction 3.4.3for a precise definition).
 p3q Let G be an oriented P-divisible group over an E8-ring A. For any space (or or-bispace S), we can regard LocSysGpSq as an A-linear 8-category. Consequently,if B is an E8-algebra over A, we can consider the 8-category
 B bA LocSysGpSq » ModBpLocSysGpSqq
 of B-module objects of LocSysGpSq. In §6.2, we show that this 8-category canbe identified with LocSysGB
 pSq, where GB is the oriented P-divisible groupobtained from G by extending scalars along the map A Ñ B (Remark 6.2.4).In particular, the construction B ÞÑ LocSysGB
 pSq satisfies faithfully flat descent(Proposition 6.2.6).
 Properties p1q, p2q, and p3q can be regarded as categorified versions of Theorems1.1.17, 1.1.18, and 1.1.19, respectively. In fact, Theorems 1.1.17 and 1.1.18 areeasy to deduce from p1q and p2q (though they even easier to establish directly, aswe will see in §4). Theorem 1.1.19 does not follow from p3q alone: it requires ourtempered ambidexterity theorem, which we prove in §7. Let us briefly outline ourapproach to the problem, following the ideas introduced in [6]. Let f : S Ñ S 1 bea map of π-finite spaces; we wish to construct an equivalence between the functorsf!, f˚ : LocSysGpSq Ñ LocSysGpS
 1q. Working by induction on the number of homotopygroups of the fibers of f , we can assume that we have already constructed an equivalenceδ! » δ˚, where δ : S Ñ S ˆS1 S is the relative diagonal. Using this equivalence, wecan associated to each tempered local system F P LocSysGpSq a comparison mapNmf : f!pF q Ñ f˚pF q, which we call the norm map. The essence of the problem isto show that this map is an equivalence. In §7.6, we establish tempered analoguesof Artin and Brauer induction (Theorems 7.6.3 and 7.6.5), which allow us to reduceto the case where S and S 1 are p-finite spaces (for some fixed prime number p).
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Using formal arguments, we can further reduce to the case S 1 “ ˚ is a single point,S “ KpFp,mq is an Eilenberg-MacLane space, and F “ AS is the unit object of the8-category LocSysGpSq. In this case, the norm map Nmf determines bilinear formon the (pre)dual of the tempered cohomology ring A˚GpSq, and we must show thatthis bilinear form is nondegenerate. The proof then rests on a computation of thetempered cohomology ring of Eilenberg-MacLane spaces, which we carry out in §4(see Theorem 4.4.16).
 Note that, to recover Theorem 1.1.14, we do not need the full strength of ourtempered ambidexterity theorem: it suffices to establish that G-tempered local systemssatisfy ambidexterity for maps of the form f : BH Ñ ˚, where H is a finite group.However, our main result allows us to extend the reach of character theory to π-finitespaces which have nontrivial higher homotopy groups. For example, we have thefollowing (see Corollary 4.8.5):
 Corollary 1.1.23. Let E be the Lubin-Tate spectrum associated to a formal group ofheight n, andlet C0 be as in the statement of Theorem 1.1.9. Then then tensor productC0 bπ0pEq E
 0pSq is a free C0-module of finite rank, with a canonical basis indexed bythe set of homotopy classes of maps B Zn
 p Ñ S.
 For some other concrete consequences of Theorem 1.1.21, see §4.8.
 Remark 1.1.24. Many of the results of this paper can be interpreted in the languageof equivariant stable homotopy theory. Let A be an E8-ring and let G be an orientedP-divisible group over A. For any finite group H, one can show that the G-temperedH-equivariant cohomology functor
 A˚Gp‚Hq : tH-Spacesu Ñ tGraded ringsu
 is representable by a genuine H-spectrum: that is, it is functorial with respect tostable maps of H-spaces (this is not obvious from the definition: it is a special caseof our ambidexterity results); we defer a detailed discussion of this point to [10].However, this observation in some sense misses the point: it follows from Theorem1.1.21 that our theory of G-tempered cohomology has much more functoriality thanis encoded by the framework of equivariant stable homotopy theory: for example, ithas “transfer” maps trXY : A˚GpXq Ñ A˚GpY q for every map of spaces X Ñ Y withπ-finite homotopy fibers (see Construction 7.4.1).
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Notation and TerminologyThroughout this paper, we will assume that the reader is familiar with the language
 of 8-categories developed in [13] and [11], as well as the language of spectral algebraicgeometry as developed in [12]. Since we will need to refer to these texts frequently,we adopt the following conventions:
 pHTT q We will indicate references to [13] using the letters HTT.
 pHAq We will indicate references to [11] using the letters HA.
 pSAGq We will indicate references to [12] using the letters SAG.
 For example, Theorem HTT.6.1.0.6 refers to Theorem 6.1.0.6 of [13].We adopt a similar convention for references to the previous papers in this series:
 pAV q We will indicate references to [8] using the letters AV.
 pOrq We will indicate references to [9] using the letters Or.
 pAmbiq We will indicate references to [6] using the letters Ambi.
 Throughout this paper, we will adopt the following notational conventions (someof which differ from the established mathematical literature):
 differ from those of the texts listed above, or from the established mathematicalliterature.
 • We write S denote the 8-category of spaces, Sp for the 8-category of spectra,and CAlg “ CAlgpSpq for the 8-category of E8-ring spectra (whose objects wewill refer to simply as E8-rings).
 • If A is a spectrum and X is a space, we let AX denote the function spec-trum parametrizing unpointed maps from X into A. This function spectrumis characterized by the existence of homotopy equivalences MapSppB,A
 Xq “
 MapSpX,MapSppB,Aqq, depending functorially on B P Sp. We write A˚pXqfor the A-cohomology groups of the space X, given concretely by the formulaA˚pXq “ π´˚pA
 Xq.
 • We will generally not distinguish between a category C and its nerve NpCq. Inparticular, we regard every category C as an 8-category.
 20

Page 21
                        
                        

• We will generally abuse terminology by not distinguishing between an abeliangroup M and the associated Eilenberg-MacLane spectrum: that is, we view theordinary category of abelian groups as a full subcategory of the 8-category Spof spectra. Similarly, we regard the ordinary category of commutative rings as afull subcategory of the 8-category CAlg of E8-rings.
 • Let A be an E8-ring. We will refer to A-module spectra simply as A-modules.The collection of A-modules can be organized into a stable 8-category whichwe will denote by ModA and refer to as the 8-category of A-modules. Thisconvention has an unfortunate feature: when A is an ordinary commutative ring,it does not reduce to the usual notion of A-module. In this case, ModA is not theabelian category of A-modules but is closely related to it: the homotopy categoryhModA is equivalent to the derived category DpAq. Unless otherwise specified,the term “A-module” will be used to refer to an object of ModA, even when A
 is an ordinary commutative ring. When we wish to consider an A-module Min the usual sense, we will say that M is a discrete A-module or an ordinaryA-module. If M and N are A-modules spectra, we write Ext˚ApM,Nq for thegraded abelian group given by ExtkApM,Nq “ π0 MapModApM,ΣkpNqq.
 • Unless otherwise specified, all algebraic constructions we consider in this bookshould be understood in the “derived” sense. For example, if we are givendiscrete modules M and N over a commutative ring A, then the tensor productMbAN denotes the derived tensor product MbLAN . This may not be a discreteA-module: its homotopy groups are given by πnpMbANq » TorAn pM,Nq. Whenwe wish to consider the usual tensor product of M with N over A, we will denoteit by TorA0 pM,Nq or by π0pM bA Nq.
 • If M and N are spectra, we will denote the smash product of M with N byM bS N , rather than M ^ N (here S denotes the sphere spectrum). Moregenerally, if M and N are modules over an E8-ring A, then we will denote thesmash product of M with N over A by M bA N , rather than M ^A N . Notethat when A is an ordinary commutative ring and the modules M and N arediscrete, this agrees with the preceding convention.
 Definition 1.1.25. Let X be a space. We say that X is π-finite if, for every basepoint x P X, the homotopy groups πnpX, xq are finite and vanish for n " 0. Herewe include the case n “ 0 (that is, we require that the set of connected componentsπ0pXq is finite).
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Let S be a set of prime numbers. We will say that X is S-finite if it is π-finiteand S contains every prime number which divides the order of a homotopy groupπnpX, xq, for any point x P X and any n ą 0.
 If p is a prime number, we say that X is p-finite if it is π-finite and each homotopygroup πnpX, xq is a finite p-group (in other words, if it is S-finite for S “ tpu).
 Definition 1.1.26. Let A be an E8-ring and let I Ď π0pAq be a finitely generatedideal. Then:
 • An A-module M is I-nilpotent if, for each element t P I, the colimit
 M rt´1s “ lim
 ÝÑpM
 tÝÑM
 tÝÑM
 tÝÑ ¨ ¨ ¨ q
 vanishes.
 • An A-module M is I-complete if, for each element t P I, the limit
 limÐÝp¨ ¨ ¨ Ñ tM
 tÝÑM
 tÝÑM
 tÝÑMq
 vanishes.
 • An A-module M is I-local if the groups Ext˚ApN,Mq vanish whenever N is I-nilpotent (equivalently, M is I-local if the groups Ext˚ApM,Nq vanish wheneverN is I-complete). If I “ ptq is a principal ideal, this is equivalent to therequirement that the map t : M ÑM is an equivalence.
 We refer the reader to Chapter SAG.II.4 for a more detailed discussion of thenotions introduced in Definition 1.1.26 (see also [4]).
 Warning 1.1.27. Let M be an A-module spectrum and let p be a prime number.We say that M is p-complete if it is ppq-complete in the sense of Definition 1.1.26,where ppq Ď π0pAq is the principal ideal generated by p. However, we will say that Mis p-local if it is a module over the localization Appq: in other words, if M is p`q-localfor every prime number ` ‰ p.
 Warning 1.1.28. In this paper, we will use the notation xM for two essentiallyunrelated purposes:
 • If M is a module over an E8-ring A, we will sometimes write xM to denote thecompletion of M with respect to a finitely generated ideal I Ď π0pAq. This willoccur most frequently in the special case where M “ A and where I “ ppq, forsome prime number p.
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• If M is a torsion abelian group, we will sometimes write xM to denote thePontryagin dual group HompM,Q Zq. If M is finite, then the Pontryagin dualxM is also a finite abelian group (of the same order as M); more generally, xMcan be regarded as a profinite group (by identifying it with the inverse limitlimÐÝ
 xM0, where M0 ranges over the collection of all finite subgroups of M .
 2 Orientations and P-Divisible GroupsLet A be an E8-ring and let pG be a formal group over A, which we view as a
 functorpG : CAlgτě0pAq Ñ Modcn
 Z .
 Recall that a preorientation of pG is a map of Z-module spectra e : Σ2pZq Ñ pGpAq(Definition Or.4.3.19 ). Our goal in this section is to study a variant of this definitionin the setting of p-divisible groups. In §2.1, we associate to each p-divisible group G aspace PrepGq, which we will refer to as the space of preorientations of G (Definition2.1.4). Our theory of preorientations is uniquely determined by the following twoassertions, which we will prove in §2.3 and §2.2 respectively:
 paq If pA is the p-completion of A and GpA is the p-divisible group over pA obtained
 from G by extension of scalars, then we have a canonical homotopy equivalence:PrepGq „
 ÝÑ PrepGpAq (Proposition 2.3.1). Consequently, for the purpose of
 understanding preorientations of p-divisible groups, there is no harm in restrictingour attention to E8-rings which are p-complete.
 pbq If A is a p-complete E8-ring, then there is a canonical homotopy equivalencePrepGq » PrepG˝q (Proposition 2.2.1). Here G˝ denotes the identity componentof G and PrepG˝q the space of preorientations of G˝ introduced in DefinitionOr.4.3.19 .
 Let us now assume that A is not only p-complete, but Kpnq-local for some integern ą 0. In §Or.4.6 , we constructed a p-divisible group GQ
 A over A, which we refer toas the Quillen p-divisible group (Definition Or.4.6.4 ). In §2.4, we show that givinga preorientation of an arbitrary p-divisible group G over A is equivalent to giving amorphism of p-divisible groups e : GQ
 A Ñ G (Proposition 2.4.1). In other words, theQuillen p-divisible group GQ
 A is universal among preoriented p-divisible groups over A.If G is a p-divisible group over an E8-ring which is p-complete and complex
 periodic, then we can identify preorientations e of G with morphisms of formal
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groups ι : pGQA Ñ G˝, where pGQ
 A denotes the Quillen formal group of A (ConstructionOr.4.1.13 ). We will be particularly interested in the case where ι is an equivalence (sothat e identifies pGQ
 A with the identity component of G). In this case, we will say thate is an orientation of G and that G is an oriented p-divisible group over A (Definition2.5.1).
 For some applications, it is inconvenient to restrict our attention to a single primenumber p. In §2.6, we remove this restriction by reviewing the notion of a P-divisiblegroup over an E8-ring A, where P “ t2, 3, 5, ¨ ¨ ¨ u denotes the set of all prime numbers(Definition 2.6.1). This is essentially just notation: a P-divisible group G can beidentified with a family of p-divisible groups tGppqupPP, indexed by the set of allprime numbers p (Remark 2.6.7). We define a preorientation e of G to be a family ofpreorientations tep P PrepGppqqupPP (Definition 2.6.8 and Remark 2.6.9), and we saythat e is an orientation if A is complex periodic and each ep induces an orientation ofGppq after extending scalars to the p-completion of A (Definition 2.6.12). We will beprimarily interested in the following pair of examples, which we discuss in §2.8 and§2.9:
 • To any E8-ring A, we can associate a P-divisible group µP8 which we refer toas the multiplicative P-divisible group (Construction 2.8.1). This P-divisiblegroup is equipped with a canonical orientation in the case where A “ KU is theperiodic complex K-theory spectrum.
 • To any strict elliptic curve X over an E8-ring A, we can associate a P-divisiblegroup XrP8
 s of torsion of X (Construction 2.9.1). Moreover, any orientation ofthe elliptic curve X (in the sense of Definition Or.7.2.7 ) determines an orientationof the P-divisible group XrP8
 s (Construction 2.9.6.
 Remark 2.0.1. Let R0 be a commutative algebra over Fp and let G0 be a p-divisiblegroup over Rq. In [9], we proved that if R0 is Noetherian, F -finite, and G0 isnonstationary, then G0 can be “lifted” to an oriented p-divisible group G over aneven complex periodic E8-ring Ror
 G0 , which we call the oriented deformation ring ofG0 (Theorem Or.6.0.3 ). This result can be used to produce a large class of examplesof oriented P-divisible groups (to which we can apply the formalism developed in thispaper).
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2.1 Preorientations of p-Divisible GroupsLet p be a prime number, which we regard as fixed throughout this section. For
 the reader’s convenience, we recall the definition of p-divisible group over an E8-ringA (see Definition Or.2.0.2 ).
 Definition 2.1.1. Let A be a connective E8-ring and let CAlgA denote the8-categoryof E8-algebras over A. A p-divisible group over A is a functor
 G : CAlgA Ñ ModcnZ
 which satisfies the following conditions:
 p1q For each B P CAlgA, the Z-module spectrum GpBq is p-nilpotent: that is, itsatisfies GpBqr1ps » 0
 p2q For every finite abelian p-group M , the functor
 pB P CAlgcnA q ÞÑ pMapModZ
 pM,GpAqq P Sq
 is corepresentable by a finite flat A-algebra.
 p3q The map p : G Ñ G is locally surjective with respect to the finite flat topology.In other words, for every object B P CAlgcn
 A and every element x P π0pGpBqq,there exists a finite flat map B Ñ C for which | SpecpCq| Ñ | SpecpBq| issurjective and the image of x in π0pGpCqq is divisible by p.
 If A is a nonconnective E8-ring, we define a p-divisible group over A to bea p-divisible group over the connective cover τě0pAq, which we view as a functorG : CAlgτě0pAq Ñ Modcn
 Z .
 Remark 2.1.2. Let A be a connective E8-ring and let G be a p-divisible group overA. It follows from p1q and p2q that, for any E8-algebra B over A, the canonical mapGpτě0pBqq Ñ GpBq is an equivalence. In other words, G is a left Kan extension ofits restriction to the full subcategory CAlgcn
 A Ď CAlgA (so no information is lost byreplacing G by its restriction G|CAlgcn
 A).
 Remark 2.1.3. Let A be an E8-ring which is not necessarily connective, and let Gbe a p-divisible group over A. It is not difficult to see that G is determined by itsrestriction to E8-algebras over A: that is, by the composite functor
 CAlgA Ñ CAlgτě0pAq Ñ ModcnZ .
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However, it is sometimes technically convenient to be able to evaluate G on objects ofCAlgτě0pAq which do not admit A-algebra structures (like the ordinary commutativering π0pAq).
 We now introduce an analogue of Definition Or.4.3.19 in the setting of p-divisiblegroups.
 Definition 2.1.4. Let A be an E8-ring and let G be a p-divisible group over A. Apreorientation of G is a morphism of Z-module spectra Σ1pQp Zpq Ñ GpAq. Thecollection of preorientations of G are parametrized by a space
 PrepGq “ MapModZpΣpQp Zpq,GpAqq,
 which we will refer to as the space of preorientations of G.
 Example 2.1.5. Let A be a commutative ring and let G be a p-divisible groupover A. Then the Z-module spectrum GpAq is discrete. It follows that the space ofpreorientations PrepGq “ MapModZ
 pΣ1pQp Zpq,GpAqq is contractible. In other words,G admits an essentially unique preorientation (given by the zero map Σ1pQp Zpq Ñ
 GpAq.
 Example 2.1.6. Let A be an E8-ring and let G be an etale p-divisible group overA (Definition Or.2.5.3 ). Then the Z-module spectrum GpBq is discrete for everyobject B P CAlgτě0pAq (see Theorem HA.7.5.4.2 ). It follows that the space PrepGq iscontractible: that is, G admits an essentially unique preorientation.
 Remark 2.1.7. Let A be an E8-ring and suppose we are given a short exact sequence0 Ñ G1 Ñ G Ñ G2 Ñ 0 of p-divisible groups over A (Definition Or.2.4.9 ). We thenobtain a fiber sequence of spaces PrepG1q Ñ PrepGq Ñ PrepG2q. In particular, if G2
 is etale, then the canonical map PrepG1q Ñ PrepGq is a homotopy equivalence: inother words, we can identify preorientations of G with preorientations of G1.
 Remark 2.1.8. Let A be an E8-ring and let Qp Zp denote the constant p-divisiblegroup over A (of height 1) associated to the p-divisible abelian group Qp Zp. For anyp-divisible group G over A, we have a canonical homotopy equivalence
 MapBTppAqpQp Zp,Gq » MapModZpQp Zp,GpAqq.
 It follows that the PrepGq of preorientations of G can be identified with the loopspace Ω MapBTppAqpQp Zp,Gq. In particular, homotopy classes of preorientations ofG are classified by the fundamental group π1 MapBTppAqpQp Zp,Gq.
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Notation 2.1.9. Let A be an E8-ring and let G be a p-divisible group over A. Forevery E8-algebra B over A, we let GB denote the p-divisible group over B given bythe composite functor
 CAlgτě0pBq Ñ CAlgτě0pAqGÝÑ Modcn
 Z .
 Then we have a canonical homotopy equivalence
 PrepGBq » MapModZpΣpQp Zpq,GpBqq.
 In particular, we can regard the construction B ÞÑ PrepGBq as a functor fromCAlgA to the 8-category S of spaces, given explicitly by the composition
 CAlgAGÝÑ Modcn
 ZMapModZ pΣpQp Zpq,‚qÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ S .
 We will need the following elementary observation:
 Proposition 2.1.10. Let A be an E8-ring and let G be a p-divisible group over A.Then the functor pB P CAlgBq ÞÑ PrepGBq is corepresentable by an object of the8-category CAlgA. In particular, it commutes with small limits.
 Proof. Replacing A by τě0pAq, we can reduce to the case where A is connective.In this case, we will show that the functor B ÞÑ PrepGBq is corepresentable by aconnective E8-algebra over A. By virtue of Notation 2.1.9, we are reduced to showingthat the functor B ÞÑ MapModZ
 pΣpQp Zpq,GpBqq is corepresentable by a connectiveE8-algebra over A. Writing Qp Zp as a filtered colimit of finite subgroups of theform Z pk Z, we are reduced to showing that each of the functors
 ρk : CAlgA Ñ S ρkpBq “ MapModZpΣpZ pk Zq,GpBqq
 is corepresentable by a connective E8-algebra over A. Our assumption that G is ap-divisible group guarantees that each of the functors B ÞÑ MapModZ
 pZ pk Z,GpBqqis corepresentable by a finite flat A-algebra Apkq. Then ρk is corepresentable by thesuspension of Apkq in the 8-category CAlgaug
 A of augmented E8-algebras over A: thatis, by the relative tensor product AbApkq A.
 2.2 The p-Complete CaseLet G be a p-divisible group defined over an E8-ring A which is p-complete, and
 let G˝ denote the formal group given by the identity component of G (DefinitionOr.2.0.10 ). Our goal in this section is to relate preorientations of G (in the sense ofDefinition 2.1.4) to preorientations of G˝ (in the sense of Definition Or.4.3.19 ):
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Proposition 2.2.1. Let A be a p-complete E8-ring, let G be a p-divisible group overA, and let G˝ be its identity component (Definition Or.2.0.10 ). Then there is acanonical homotopy equivalence PrepGq » PrepG˝q.
 To prove Proposition 2.2.1, we may assume without loss of generality that A isconnective. Recall that, if pG is a formal group over A, then the space PreppGq orpreorientations of pG can be identified with the mapping space MapModZ
 pΣ2pZq, pGpAqq(Remark Or.4.3.20 ). In the p-complete case, this can be reformulated:
 Proposition 2.2.2. Let pG be a formal group over a connective p-complete E8-ringA. Let α : ΣpQp Zpq Ñ Σ2pZq denote the map of Z-module spectra determined bythe short exact sequence of abelian groups 0 Ñ Z Ñ Zr1ps Ñ Qp Zp Ñ 0. Then themap
 PreppGq » MapModZpΣ2pZq, pGpAqq
 ˝αÝÑ MapModZ
 pΣpQp Zpq, pGpAqq
 is a homotopy equivalence.
 Proof. Without loss of generality, we may assume that A is connective. It will sufficeto show that the mapping space F pAq “ MapModZ
 pΣpZr1psq, pGpAqq is contractible.Since the functor pG is nilcomplete (Proposition Or.1.6.8 ), we can identify F pAq withthe limit lim
 ÐÝF pτďnpAqq. We are therefore reduced to showing that each F pτďnpAqq is
 contractible. We proceed by induction on n. In the case n “ 0, the desired result isobvious (since pGpτďnpAqq is discrete). To carry out the inductive step, assume thatn ą 0 and set M “ πnpAq, so that we can regard τďnpAq as a square-zero extension ofτďn´1pAq by ΣnpMq (Theorem HA.7.4.1.26 ). It follows that there exists a pullbackdiagram
 τďnpAq //
 π0pAq
 τďn´1pAq // π0pAq ‘ Σn`1pMq.
 Since the functor pG is cohesive (Proposition Or.1.6.8 ) and F pπ0pAqq is contractible,we obtain a fiber sequence
 F pτďnpAqq Ñ F pτďn´1pAqq Ñ F pπ0pAq ‘ Σn`1pMqq.
 It will therefore suffice to show that the space F pπpAq ‘Σn`1Mq is contractible. Notethat we can identify F pπ0pAq‘Σn`1Mq with the zeroth space of the limit of the tower
 ¨ ¨ ¨pÝÑ ZpΣn`1Mq
 pÝÑ ZpΣn`1Mq
 pÝÑ ZpΣn`1Mq
 pÝÑ ZpΣn`1Mq,
 28

Page 29
                        
                        

where we define ZpNq “ ΩpGpπ0pAq ‘ Nq P ModcnZ . Note that the construction
 N ÞÑ ZpNq determines an additive functor Modcnπ0pAq Ñ Modcn
 Z , so that the mapp : ZpΣn`1Mq Ñ ZpΣn`1Mq is induced by the multiplication p : M Ñ M . Wetherefore obtain a homotopy equivalence F ppπ0pAq ‘ Σn`1Mq » Ω8ZpM 1q, where M 1
 denotes the limit of the tower
 ¨ ¨ ¨ Ñ Σn`1MpÝÑ Σn`1M
 pÝÑ Σn`1M,
 formed in the 8-category ModcnZ . We conclude the proof by observing that M 1 » 0,
 by virtue of our assumption that A is p-complete.
 Proof of Proposition 2.2.1. Without loss of generality, we may assume that A is aconnective p-complete E8-ring. Let G be a p-divisible group over A and let G˝ be itsidentity component. Let C Ď CAlgcn
 A denote the full subcategory spanned by thoseconnective A-algebras B such that B is truncated and p is nilpotent in π0pBq. Then,for each B P C, we have a canonical fiber sequence
 G˝pBq Ñ GpBq Ñ GpBred
 q.
 We therefore obtain a natural map PrepG˝Bq Ñ PrepGBq, given by the composition
 PrepG˝Bq » MapModZ
 pΣ2pZq,G˝
 pBqq
 Ñ MapModZpΣpQp Zpq,G˝
 pBqq
 Ñ MapModZpΣpQp Zpq,GpBqq
 » PrepGBq,
 where the first map is given by precomposition with the map α : ΣpQp Zpq Ñ Zappearing in Proposition 2.2.2 (and is therefore a homotopy equivalence), and thesecond is a homotopy equivalence by virtue of the fact that GpBredq is discrete. Theresulting homotopy equivalence depends functorially on B, and therefore supplies ahomotopy equivalence
 limÐÝBPC
 PrepG˝Bq » lim
 ÐÝBPC
 PrepGBq.
 The desired result now follows from the fact that the tautological maps
 PrepG˝q Ñ lim
 ÐÝBPC
 PrepG˝Bq PrepGq Ñ lim
 ÐÝBPC
 PrepGBq
 are homotopy equivalences (Lemma Or.4.3.16 and Proposition 2.1.10).
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Corollary 2.2.3. Let A be an E8-ring which is p-complete and complex periodic, andlet G be a p-divisible group over A. Then we have a canonical homotopy equivalence
 PrepGq » MapFGrouppAqppGQA ,G˝
 q,
 where pGQA is the Quillen formal group over A (Construction Or.4.1.13 ).
 Proof. Combine Propositions 2.2.1 and Or.4.3.21 .
 Corollary 2.2.4. Let A be a connective E8-ring which is p-complete and 1-truncated.Then, for every p-divisible group G over A, the space of preorientations PrepGq iscontractible.
 Proof. Combine Proposition 2.2.1 with Example Or.4.3.5 .
 2.3 Reduction to the p-Complete CaseLet A be an E8-ring and let G be a p-divisible group over A. Proposition 2.2.1
 asserts that, if A is p-complete, then giving a preorientation of G (in the sense ofDefinition 2.1.4) is equivalent to giving a preorientation of its identity component G˝
 (in the sense of Definition Or.4.3.19 ). The general case can be always be reduced tothe p-complete case, by virtue of the following result:
 Proposition 2.3.1. Let A be an E8-ring, let G be a p-divisible group over A, andlet pA be the p-completion of A. Then the map PrepGq Ñ PrepG
 pAq of Notation 2.1.9is a homotopy equivalence.
 Our proof begins with a simple observation:
 Lemma 2.3.2. Let f : AÑ B be a morphism of E8-rings which induces an isomor-phism πnpAq Ñ πnpBq for n ą 0 and let G be a p-divisible group over A. Then thecanonical map PrepGq Ñ PrepGBq is a homotopy equivalence.
 Proof. Without loss of generality, we may assume that A and B are connective. Wethen have a homotopy pullback diagram of connective E8-rings
 A //
 B
 π0pAq // π0pBq.
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Applying Proposition 2.1.10, we obtain a pullback diagram of spaces
 PrepGq //
 PrepGBq
 PrepGπ0pAqq
 // PrepGπ0pBqq.
 The bottom horizontal map is a homotopy equivalence (since both spaces are con-tractible by virtue of Example 2.1.5). Consequently, the upper horizontal map is ahomotopy equivalence as well.
 Proof of Proposition 2.3.1. Let A1 “ τě0pAq be the connective cover of A, so that Gis obtained from a p-divisible group G1 over A1 by extension of scalars. Let pA1 be theppq-completion of A1. Then the map pA1 Ñ pA induces an isomorphism on π˚ for ˚ ą 0.It follows from Lemma 2.3.2 that the vertical maps in the diagram
 PrepG1q //
 PrepG1pA1q
 PrepGq // PrepG
 pAq
 are homotopy equivalences. Consequently, to show that the upper horizontal mapis a homotopy equivalence, it will suffice to show that the lower horizontal map is ahomotopy equivalence. Replacing A by A1 (and G by G1) we may reduce to the casewhere A is connective.
 For each integer k ě 0, let Fk : CAlgcnA Ñ S denote the functor given by the
 formula FkpBq “ MapModZpΣpZ pk Zq,GpBqq. Writing Qp Zp as a direct limit of
 finite subgroups Z pk Z, we obtain a canonical equivalence PrepGBq » limÐÝk
 FkpBq.For each B P CAlgcn
 A , let pB denote the p-completion of B. We will prove Proposition2.3.1 by showing that the canonical map θB : lim
 ÐÝkFkpBq Ñ lim
 ÐÝkFkp pBq is a homotopy
 equivalence for each B P CAlgcnA . Note that if B is discrete, then each FkpBq is
 contractible.For k ě 0, define a functor Gk : CAlgcn
 A Ñ S by the formula GkpBq “ fibpFkp pBq ÑFkpπ0pBqq. Note that the p-completion π0pBq is 1-truncated and p-complete (CorollarySAG.II.4.3.2.4 ), so that PrepG
 π0pBqq » lim
 ÐÝkFkpπ0pBqq is contractible (Corollary 2.2.4).
 It follows that the evident maps GkpBq Ñ Fkp pBq induce a homotopy equivalencelimÐÝk
 GkpBq Ñ limÐÝk
 Fkp pBq for each B P CAlgcnA . We can therefore identify θB with the
 limit of maps θBk : FkpBq Ñ GkpBq. We will complete the proof by showing that eachθBk is a homotopy equivalence.
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Since G is a p-divisible group, the functor
 pB P CAlgcnA q ÞÑ MapModZ
 pZ pk Z,GpBqq
 is corepresentable by some finite flat A-algebra C. It follows that the functors Fk andGk are given concretely by the formulae
 FkpBq “ fibpΩ MapCAlgApC,Bq Ñ Ω MapCAlgRpC, π0pBqqq
 GkpAq “ fibpΩ MapCAlgApC,pBq Ñ Ω MapCAlgRpC,
 π0pBqqq.
 It follows from these formulae that the functors Fk and Gk are nilcomplete; conse-quently, it will suffice to show that θBk is a homotopy equivalence under the additionalassumption that B is n-truncated for some n ě 0. We proceed by induction on n. Inthe case n “ 0, the spaces FkpBq and GkpBq are both contractible, so there is nothingto prove. To carry out the inductive step, let us suppose that B is n-truncated forsome n ě 0. Using Theorem HA.7.4.1.26 , we see that B is a square-zero extension ofτďn´1pBq by the module M “ ΣnpπnpBqq: that is, there exists a pullback diagram
 B //
 π0pBq
 τďn´1pBq // π0pBq ‘ ΣM.
 This diagram remains a pullback square after applying the functors Fk and Gk, so wehave a pullback diagram
 θBk //
 θπ0pBqk
 θτďn´1pBqk
 // θπ0pBq‘ΣMk
 in the 8-category Funp∆1,Sq. Since θπ0pBqk and θ
 τďn´1pBqk are homotopy equivalences
 by our inductive hypothesis, we are reduced to proving that the map
 ρ “ θπ0pAq‘ΣMk : Fkpπ0pBq ‘ ΣMq Ñ Gkpπ0pBq ‘ ΣMq
 is a homotopy equivalence. Using the formula for Gk given above and the fact thatthe functor MapCAlgApC, ‚q commutes with limits, we obtain a homotopy equivalenceGkpπ0pBq ‘ ΣMq » Fkpπ0pBq ‘ ΣxMq, where xM denotes the p-adic completion of M .It follows that we have a fiber sequence
 Fkpπ0pBq ‘ ΣMq ρÝÑ Fkpπ0pBq ‘ ΣxMq Ñ Fkpπ0pBq ‘Nq,
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where N denotes the cofiber of the map ΣM Ñ ΣxM .Define a functor H : Modcn
 π0pBq Ñ ModcnZ pk Z by the formula
 HpKq “ fibpGrpksppπ0pAq ‘Kq Ñ Grpkspπ0pBqq.
 Note that the functor H is additive. Consequently, applying H to the multiplicationmap pk : K Ñ K induces multiplication by pk on H, which is nullhomotopic byconstruction. It follows that if multiplication by p is an equivalence from K to itself,then HpKq » 0. Applying this observation in the case K “ N , we deduce thatHpNq » 0 so that Fkpπ0pBq ‘Nq “ Ω8`1HpNq is contractible. It follows that ρ is ahomotopy equivalence, as desired.
 2.4 The Kpnq-Local CaseLet A be an E8-ring which is complex periodic and Kpnq-local, for some n ě 1.
 In §Or.4.6 , we introduced a p-divisible group GQA which we refer to as the Quillen p-
 divisible group of A (see Definition Or.4.6.4 ). This p-divisible group is characterized (upto equivalence) by the fact that it is formally connected (with respect to the topologyon π0pAq given by the nth Landweber ideal IAn ) and that its identity component isthe Quillen formal group pGQ
 A (Theorem Or.4.6.16 ). For our purposes, this can bereformulated as follows:
 Proposition 2.4.1. Let A be an E8-ring which is complex periodic and Kpnq-localfor some n ą 0. Then, for any p-divisible group over A, there is a canonical homotopyequivalence
 MapBTppAqpGQA ,Gq » PrepGq.
 Proof. Since GQA is formally connected, Theorem Or.2.3.12 implies that passage to
 the identity component induces a homotopy equivalence
 MapBTppAqpGQA ,Gq » MapFGrouppAqpGQ
 A
 ˝,G˝
 q.
 Theorem Or.4.6.16 allows us to identify GQA
 ˝ with the Quillen formal group pGQA ,
 so that the mapping space MapFGrouppAqpGQA
 ˝,G˝q can be identified with the space
 PrepG˝q classifying preorientations of G˝ (Proposition Or.4.3.21 ). The desired resultnow follows from from the homotopy equivalence PrepGq » PrepG˝q of Corollary2.2.3.
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Remark 2.4.2. The homotopy equivalence of Proposition 2.4.1 depends functoriallyon G. It follows that that the functor
 pG P BTppAqq ÞÑ PrepAq “ MapModZ
 pΣpQp Zpq,GpAqq
 is corepresented by the Quillen formal group GQA . In other words, there exists a
 preorientation η P GQA which is universal in the sense that, for any p-divisible group
 G, evaluation on η induces the homotopy equivalence
 MapBTppAqpGQA ,Gq » PrepGq
 of Proposition 2.4.1.Let us describe the preorientation η more explicitly, without reference to the theory
 of formal groups. For each finite abelian p-group H, let pH “ HompH,Q Zq denotethe Pontryagin dual of H. The Quillen p-divisible group GQ
 A is charactered by theexistence of homotopy equivalences
 MapCAlgτě0pAqpτě0pA
 BHq, Bq » MapModZ
 p pH,GQApBqq
 depending functorially on H and B (which ranges over E8-algebras over the connectivecover of A); see Construction Or.4.6.2 . Setting B “ A and composing with the naturalmap
 BM Ñ MapCAlgApABH , Aq » MapCAlgτě0pAq
 pτě0pABHq, Aq,
 we obtain maps ρ : BH Ñ MapModZp pH,GQ
 ApAqq, depending functorially on H. Herewe can regard both sides as p-torsion objects of the 8-category of spaces, in the senseof Definition AV.6.4.2 . The fully faithful embedding Torsp S ãÑ Modcn
 Z of ExampleAV.6.4.11 carries ρ to a morphism of Z-module spectra ΣpQp Zpq Ñ GQ
 ApAq, whichwe can view as a preorientation of GQ
 A . We leave it to the reader to verify that thisagrees with the preorientation constructed implicitly in the proof of Proposition 2.4.1.
 2.5 Orientations of p-Divisible GroupsLet A be an E8-ring and let pG be a formal group over A. Recall that a preorien-
 tation e of pG is said to be an orientation if A is complex periodic and e is classifiedby an equivalence of formal groups pGQ
 A ÑpG (Proposition Or.4.3.23 ). We now adapt
 this definition to the setting of p-divisible groups.
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Definition 2.5.1. Let A be a p-complete E8-ring and let G be a p-divisible groupover A. We will say that a preorientation e of G is an orientation if its image underthe homotopy equivalence PrepGq » PrepG˝q of Proposition 2.2.1 is an orientation ofthe identity component G˝, in the sense of Definition Or.4.3.9 . We let OrDatpGq ĎPrepGq denote the summand consisting of all orientations of the p-divisible group G.
 Remark 2.5.2 (Functoriality). Let f : AÑ A1 be a morphism of p-complete E8-ringsand let G be a p-divisible group over A. Then the natural map PrepGq Ñ PrepGA1q
 carries orientations of G to orientations of GA1 .
 Remark 2.5.3. Let A be a p-complete E8-ring and let G be a p-divisible group overA. If A is complex periodic, then giving an orientation of G is equivalent to choosingan equivalence of formal groups pGQ
 A » G˝, where pGQA is the Quillen formal group of
 A. If A is not complex periodic, then the space of orientations OrDatpGq is empty(Proposition Or.4.3.23 ).
 Remark 2.5.4. Let A be a p-complete E8-ring and let G be a p-divisible group ofheight ď n over A. Suppose that G admits an orientation (so that A is necessarilycomplex periodic, by Remark 2.5.3). Then:
 • The p-divisible group G is 1-dimensional (since G˝ is equivalent to the 1-dimensional formal group pGQ
 A).
 • The Quillen p-divisible group pGQA has height ď n (since it is equivalent to the
 identity component of G).
 Warning 2.5.5. Let A be a p-complete E8-ring and let G be a p-divisible groupover A. Then G can be identified with a p-divisible group G0 over the connectivecover τě0pAq, and we can identify preorientations e of G with preorientations e0 ofG0. Beware, however, that that e0 is never an orientation (even if e is an orientation),except in the trivial case A » 0.
 We now prove an analogue of Proposition Or.4.3.23 , which allows us to reformulateDefinition 2.5.1 without reference to the theory of formal groups. We begin with theKpnq-local case.
 Proposition 2.5.6. Let A be an E8-ring which is Kpnq-local for some n ě 1, letG be a p-divisible group over A, and let e be a preorientation of G. Then e is anorientation if and only if the following conditions are satisfied:
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p0q The p-divisible group G is 1-dimensional.
 p1q The E8-ring A is complex periodic, so that the Quillen p-divisible group GQA is
 well-defined (Definition Or.4.6.4 ).
 p2q The image of e under the homotopy equivalence PrepGq » MapBTppAqpGQA ,Gq
 of Proposition 2.4.1 is a monomorphism of p-divisible groups GQA Ñ G (in the
 sense of Definition Or.2.4.3 ).
 Proof. Assume first that conditions p0q, p1q, and p2q are satisfied. Let us abusenotation by identifying e with the map of p-divisible groups GQ
 A Ñ G supplied byProposition 2.4.1. Using p2q, we obtain a short exact sequence of p-divisible groups
 0 Ñ GQA
 eÝÑ G Ñ H Ñ 0
 (in the sense of Definition Or.2.4.9 ). Since GQA and G are both 1-dimensional, it
 follows that H is an etale p-divisible group over A. Consequently, the map e induces anequivalence of identity components pGQ
 A » pGQAq˝ eÝÑ G˝ and is therefore an orientation
 in the sense of Definition 2.5.1.We now prove the converse. Suppose that e is an orientation of G. Then conditions
 p0q and p1q are automatic (Remarks 2.5.3 and 2.5.4). Let IAn Ď π0pAq be the nthLandweber ideal (Definition Or.4.4.11 ). We will regard A as an adic E8-ring byequipping π0pAq with the IAn -adic topology. Our assumption that A is Kpnq-localguarantees that it is complete (as an adic E8-ring); see Proposition Or.4.5.4 . TheQuillen formal group pGQ
 A is the identity component of the Quillen p-divisible groupGQA (Theorem Or.4.6.16 ). The p-divisible group GQ
 A is formally connected (essentiallyby the definition of the ideal IAn ), so that pGQ
 A is a p-divisible formal group overA in the sense of Definition Or.2.3.14 . Since e is an orientation, it follows thatG˝ » pGQ
 Aq˝ » pGQ
 A is also a p-divisible formal group over A. Applying PropositionOr.2.5.17 , we deduce that G admits a connected-etale sequence
 0 Ñ G1 iÝÑ G Ñ G2
 Ñ 0.
 Then e factors as a composition GQA
 fÝÑ G1 i
 ÝÑ G. Since i is a monomorphism ofp-divisible groups, it will suffice to show that f is an equivalence. Since GQ
 A and G1
 are formally connected p-divisible groups over A, this is equivalent to the requirementthat f induces an equivalence of identity components (Corollary Or.2.3.13 ), whichfollows from our assumption that e is an orientation.
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Corollary 2.5.7. Let A be a p-complete E8-ring, let G be a p-divisible group overA, and let e be a preorientation of G. Then e is an orientation if and only if thefollowing conditions are satisfied:
 p0q The p-divisible group G is 1-dimensional.
 p1q The E8-ring A is complex periodic and the classical Quillen formal group pGQ0A
 has finite height at every point of | SpecpAq|.
 p2q For each integer m ě 1, the image of e under the composite map
 PrepGq Ñ PrepGLKpmqAq » MapBTppAqpGQLKpmqpAq
 ,GLKpmqpAqq
 is a monomorphism fm : GQLKpmqpAq
 Ñ GLKpmqpAq of p-divisible groups overLKpmqpAq (in the sense of Definition Or.2.4.3 ).
 Warning 2.5.8. In the statement of Corollary 2.5.7, the assumption that pGQ0A has
 finite height at every point of | SpecpAq| cannot be omitted. Otherwise, we couldobtain a counterexample taking A to be any complex periodic E8-algebra over Fp
 (and G to be any 1-dimensional preoriented p-divisible group over A).
 Remark 2.5.9. In the statement of Corollary 2.5.7, conditions p0q and p1q do notdepend on the preorientation e: they are conditions on A and G which are necessaryfor the existence of any orientation.
 Proof of Corollary 2.5.7. If e is an orientation, then conditions p0q and p1q follow fromRemarks 2.5.3 and 2.5.4, while p2q follows from Proposition 2.5.6. Conversely, supposethat p0q, p1q, and p2q are satisfied. Then the formal group G˝ is 1-dimensional. LetωG˝ denote its dualizing line (Definition Or.4.2.14 ) and let βe : ωG˝ Ñ Σ´2pAq be theBott map associated to e (Construction Or.4.3.7 ). We wish to show that βe is anequivalence.
 Let B be an E8-algebra over A. We will say that B is good if it is p-complete andthe map PrepGq Ñ PrepGBq carries e to an orientation of GB. Equivalently, B isgood if it is p-complete and the morphism βe becomes an equivalence after extendingscalars to B. From this description, we see that the collection of good A-algebras isclosed under fiber products.
 For each n ě 0, let IAn denote the nth Landweber ideal of A (Definition Or.4.5.1 ),so that the vanishing locus of IAn in | SpecpAq| consists of those points where theclassical Quillen formal group pGQ0
 A has height ě n. It follows from condition p1q that
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the unionŤ
 n IAn is the unit ideal of π0pAq. In other words, there exists some integer
 n " 0 such that IAn “ π0pAq. In particular, A is IAn -local as an A-module. We willcomplete the proof by establishing the following assertion, for each positive integer m:
 p˚mq Let B P CAlgA be an E8-algebra over A which is p-complete and IAm-local asan A-module (this is equivalent to the requirement that B is Epm´ 1q-local asa spectrum). Then B is good.
 The proof of p˚mq will proceed by induction on m. In the case m “ 1, we haveIAm “ ppq, so any A-algebra which is p-complete and IAm-local must vanish. To carryout the inductive step, assume that assertion p˚mq is satisfied and let B be a p-completeE8-algebra over A which is IAm`1-local; we will show that B is good. Let I “ IAmdenote the mth Landweber ideal of π0pAq. Let
 M ÞÑ LIpMq M ÞÑM^I
 denote the functors of localization and completion with respect to I. Then we have apullback diagram
 B //
 B^I
 LIpBq // LIpB
 ^I q
 of E8-algebras over A (since the vertical maps become equivalences after I-localization,and the horizontal maps become equivalences after I-completion). Passing to p-completions (and invoking our assumption that B is p-complete), we obtain a pullbackdiagram
 B //
 B^I
 LIpBq
 ^ppq
 // LIpB^I q^ppq.
 Here LIpBq^ppq and LIpB^I q^ppq are I-local and p-complete, and therefore good by virtueof our inductive hypothesis. Consequently, to show that B is good, it will suffice toshow that B^I is good. However, the ring spectrum B^I is Kpmq-local (see TheoremOr.4.5.2 ), so the unit map AÑ B^I factors through the Kpmq-localization LKpmqpAq.We are therefore reduced to showing that LKpmqpAq is good, which follows fromassumption p2q.
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Remark 2.5.10. In the statement of Corollary 2.5.7, we can replace p1q with thefollowing alternate condition:
 p11q The E8-ring A is complex periodic and Epmq-local for some m " 0.
 If A is a complex periodic E8-ring, then conditions p1q and p11q can both be phrasedin terms of the Landweber ideals IAn : condition p1q asserts that we have IAn “ π0pAq
 for n " 0, while condition p11q asserts that A is IAn -local for n " 0 (note that A isEpmq-local as a spectrum if and only if it is IAm`1-local as an A-module). It followsimmediately that p1q ñ p11q. On the other hand, condition p11q is all that was neededin the proof of Corollary 2.5.7.
 Beware that it is generally not true that condition p11q implies condition p1q (inthe absence of the other assumptions of Corollary 2.5.7). For example, if MP is theperiodic complex bordism spectrum, then the canonical map
 MPppq Ñ LEp1qpMPppqq
 induces an isomorphism on π0. Consequently the classical Quillen formal group ofA “ LEp1qpMPppqq coincides with the classical Quillen formal group of MPppq, andtherefore has unbounded height (despite the fact that A is Ep1q-local). It follows thatthere cannot exist an oriented p-divisible group over A.
 Remark 2.5.11. In the statement of Corollary 2.5.7, we can also replace p1q withthe following:
 p12q The E8-ring A is complex periodic and the smash product Fp bS A vanishes.
 2.6 P-Divisible GroupsThroughout this paper, we will write P for the set t2, 3, 5, ¨ ¨ ¨ u of all prime numbers.
 In §AV.6.5 , we introduced the notion of a P-divisible group over an E8-ring. Let usrecall the definition in a form which will be convenient for our applications here.
 Definition 2.6.1. Let A be a connective E8-ring and let CAlgA denote the8-categoryof E8-algebras over A. A P-divisible group over A is a functor
 G : CAlgA Ñ ModcnZ
 which satisfies the following conditions:
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p1q For each B P CAlgA, the Z-module spectrum GpBq is torsion: that is, it satisfiesQbZGpBq » 0
 p2q For every finite abelian group M , the functor
 pB P CAlgcnA q ÞÑ pMapModZ
 pM,GpAqq P Sq
 is corepresentable by a finite flat A-algebra.
 p3q For every positive integer n, the map n : G Ñ G is locally surjective withrespect to the finite flat topology. In other words, for every object B P CAlgcn
 A
 and every element x P π0pGpBqq, there exists a finite flat map B Ñ C for which| SpecpCq| Ñ | SpecpBq| is surjective and the image of x in π0pGpCqq is divisibleby n.
 If A is a nonconnective E8-ring, we define a P-divisible group over A to bea P-divisible group over the connective cover τě0pAq, which we view as a functorG : CAlgτě0pAq Ñ Modcn
 Z .
 Remark 2.6.2. Let A be a connective E8-ring and let G be a P-divisible group overA. It follows from p1q and p2q that, for any E8-algebra B over A, the canonical mapGpτě0pBqq Ñ GpBq is an equivalence. In other words, G is a left Kan extension ofits restriction to the full subcategory CAlgcn
 A Ď CAlgA (so no information is lost byreplacing G by its restriction G|CAlgcn
 A).
 Remark 2.6.3. In the situation of Definition 2.6.1, it suffices to check condition p3qin the special case where n “ p is a prime number.
 Example 2.6.4. Let p be a prime number and let A be an E8-ring. Then everyp-divisible group over A (in the sense of Definition 2.1.1) is a P-divisible group overA (in the sense of Definition 2.6.1).
 Example 2.6.4 has a converse:
 Construction 2.6.5. For each object M P ModcnZ and each prime number p, we
 let Mppq denote the localization of M at the ideal ppq (given by the formula Mppq »
 ZppqbZM).Let A be an E8-ring and let G be a P-divisible group over A. For each prime
 number p, we let Gppq : CAlgA Ñ ModcnZ denote the functor given by the formula
 GppqpBq “ GpBqppq. Then Gppq is a p-divisible group over A: it satisfies requirements
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p1q, p2q, and p3q of Definition 2.1.1 by virtue of the fact that G satisfies the corre-sponding requirement of Definition 2.6.1. We refer to Gppq as the p-local componentof G.
 Notation 2.6.6. Let A be an E8-ring. We let BTpAq denote the full subcategoryof FunpCAlgA,Modcn
 Z q spanned by the P-divisible groups over A. We will refer toBTpAq as the 8-category of P-divisible groups over A.
 Remark 2.6.7. Let A be an E8-ring. Then, for every prime number p, the construc-tion G ÞÑ Gppq determines a forgetful functor BTpAq Ñ BTp
 pAq. Moreover, thesefunctors amalgamate to an equivalence of 8-categories
 BTpAq Ñź
 pPPBTp
 pAq,
 with homotopy inverse given by the construction
 tGppq P BTppAqupPP ÞÑ
 à
 pPPGppq P BTpAq.
 In other words, we can identify a P-divisible group G over A as a family of p-divisiblegroups tGppqupPP, where p ranges over the set P of all prime numbers.
 We now introduce a “global” version of Definition 2.1.4:
 Definition 2.6.8. Let A be an E8-ring and let G be a P-divisible group over A.A preorientation of G is a morphism of Z-module spectra ΣpQ Zq Ñ GpAq. Thecollection of preorientations of G are parametrized by a space
 PrepGq “ MapModZpΣpQ Zq,GpAqq,
 which we will refer to as the space of preorientations of G.
 Remark 2.6.9. The group Q Z splits canonically as a direct sum of local summandsÀ
 pPP Qp Zp. Consequently, if G is a p-divisible group over an E8-ring A, we have acanonical homotopy equivalence
 PrepGq “ MapModZpΣpQ Zq,GpAqq
 »ź
 pPPMapModZ
 pΣpQp Zpq,GppqpAqq
 »ź
 pPPPrepGppqq.
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In other words, giving a preorientation e of G (in the sense of Definition 2.6.8) isequivalent to giving a preorientation ep of the p-local summand Gppq, for each primenumber p (in the sense of Definition 2.1.4).
 Example 2.6.10. Let A be an E8-ring and let G be a p-divisible group over A. Thenwe can also regard G as a P-divisible group over A (Example 2.6.4). In this case,we can identify preorientations of G as a p-divisible group (Definition 2.1.4) withpreorientations of G as a P-divisible group (Definition 2.6.8).
 Example 2.6.11. Let G be a P-divisible group over an E8-ring A. Suppose that Ais p-local, for some prime number p. Then, for every prime number ` ‰ p, the `-localcomponent Gp`q is an etale `-divisible group. It follows that the space of preorientationsPrepGp`qq is contractible (Example 2.1.6). Consequently, the product decompositionof Remark 2.6.9 simplifies to a homotopy equivalence PrepGq » PrepGppqq. That is,when we are working over a p-local E8-ring A, then we can identify preorientations ofa P-divisible group G (in the sense of Definition 2.6.8) with preorientations of thep-local summand Gppq (in the sense of Definition 2.1.4).
 Definition 2.6.12. Let A be an E8-ring, let G be a P-divisible group over A, andlet e be a preorientation of G (Definition 2.6.8), so that e determines a preorientationep of the p-local component Gppq for every prime number p (Remark 2.6.9). We willsay that e is an orientation of G if, for every prime number p, the following conditionis satisfied:
 p˚q Let pA denote the p-completion of A and let Gppq, pA denote the p-divisible group
 over pA obtained from Gppq by extending scalars along the canonical map AÑ pA.Then the image of ep under the homotopy equivalence PrepGppqq
 „ÝÑ PrepG
 ppq, pAq
 of Proposition 2.2.1 is an orientation of Gppq, pA, in the sense of Definition 2.5.1.
 We let OrDatpGq denote the summand of PrepGq consisting of orientations of G.
 Example 2.6.13. Let A be a p-local E8-ring, let G be a P-divisible group over A, andlet e be a preorientation of G. Then, for every prime number ` ‰ p, the `-completion ofA vanishes. It follows that condition p˚q of Definition 2.6.12 is automatically satisfiedfor prime numbers different from p. Consequently, e is an orientation of G (in thesense of Definition 2.6.12) if and only if its image under the homotopy equivalence
 PrepGq » PrepGppqq » PrepGppq, pAq
 is an orientation of the p-divisible group pGppq, pA (in the sense of Definition 2.5.1). Here
 pA denotes the p-completion of G.
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Remark 2.6.14. Let A be an E8-ring, let G be a P-divisible group over A, andsuppose that G admits an orientation (in the sense of Definition 2.6.12). Then,for every prime number p, the p-local component Gppq admits an orientation afterextending scalars to the p-completion pA of A. It follows that the p-divisible groupGppq, pA is 1-dimensional (Remark 2.5.4). In particular, if the p-local component Gppq
 vanishes, then the p-completion pA must also vanish: that is, the prime number p mustbe invertible in A.
 Example 2.6.15. Let A be an E8-ring and let G be a p-divisible group over A. Thenwe can regard G as a P-divisible group over A (Example 2.6.4), where the `-localcomponent Gp`q vanishes for ` ‰ p. It follows from Remark 2.6.14 that G can onlyadmit an orientation (in the sense of Definition 2.6.12) if the E8-ring A is p-local.
 Example 2.6.16. Let A be an E8-algebra over Q. Then the p-adic completion of Avanishes, for each prime number p. It follows that every P-divisible group G over Aadmits an essentially unique preorientation, which is automatically an orientation.
 Remark 2.6.17. Let A be an E8-ring and let G be an oriented P-divisible groupover A. If G is etale, then A is an E8-algebra over Q. To prove this, it suffices toobserve that for every prime number p, the p-divisible group Gppq becomes both etaleand 1-dimensional after extending scalars to the p-completion A^ppq of A, so we musthave A^ppq » 0.
 Warning 2.6.18. Let A be an E8-ring. The existence of an oriented P-divisiblegroup G over A guarantees that the p-completion A^ppq is complex periodic for everyprime number p (Proposition Or.4.3.23 ). However, it does not guarantee that A itselfis complex periodic (Example 2.6.16).
 2.7 Splitting of P-Divisible GroupsLet G be a P-divisible group over an E8-ring A. We will say that G is etale if, for
 every prime number p, the p-divisible group Gppq is etale (in the sense of DefinitionOr.2.5.3 ). Equivalently, G is etale if, for every finite abelian group M , the functor
 GrM s : CAlgA Ñ S B ÞÑ MapModZpM,GpBqq
 is corepresentable by an E8-algebra which is finite and etale over A. If the p-divisiblegroups Gppq have constant height, this condition guarantees that, after a faithfullyflat base change, we can arrange that G is actually constant (see Proposition 2.7.9
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below). In this section, we sketch the proof of this (and related) facts and establishsome terminology which will be useful later in this paper.
 Definition 2.7.1. A colattice is an abelian group Λ which satisfies the followingconditions:
 • The abelian group Λ is torsion; that is, for every element x P Λ, there exists apositive integer n such that nx “ 0.
 • For every positive integer n, the map n : Λ Ñ Λ is a surjection with finite kernel.
 Remark 2.7.2. Let Λ be an abelian group. For each prime number p, we let Λppqdenote the localization of Λ with respect to the prime ideal ppq Ď Z. Then Λ is acolattice if and only each each localization Λppq is isomorphic to pQp Zpq
 n, for someinteger n (which might depend on p).
 Example 2.7.3. The abelian group Q Z is a colattice.
 Example 2.7.4. For every prime number p, the quotient Qp Zp is a colattice.
 Construction 2.7.5 (Constant P-Divisible Groups). Let Λ be an abelian group.We let Λ : CAlg Ñ Modcn
 Z denote the functor given concretely by the formulaΛpBq “ Homp| SpecpBq|,Λq, where the right hand side denotes the set of all locallyconstant functions from the Zariski spectrum | SpecpAq| into Λ. If A is an E8-ring,we will generally abuse notation by identifying Λ with the composition
 CAlgτě0pAq Ñ CAlg ΛÝÑ Modcn
 Z .
 When Λ is a colattice, this functor is a P-divisible group over A, which we will referto as the constant P-divisible group associated to Λ.
 Remark 2.7.6. Let A be an E8-ring and let Λ be an abelian group. Then the functorΛ : CAlgτě0pAq Ñ Modcn
 Z of Construction 2.7.5 is the sheafification (with respect tothe Zariski topology) of the constant functor taking the value Λ. It follows that, if Gis any P-divisible group over A, we have a canonical homotopy equivalence
 MapFunpCAlgτě0pAq,ModcnZ qpΛ,Gq » MapModZ
 pΛ,GpAqq.
 In particular, if Λ is a colattice, then we have an equivalence MapBTpAqpΛ,Gq »MapModZ
 pΛ,GpAqq.
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Definition 2.7.7. Let A be an E8-ring, let G be a P-divisible group over A, and letΛ a colattice. If B is an E8-algebra over A, we say that a map ρ : Λ Ñ GpBq is asplitting of G over B if it induces an equivalence Λ Ñ GB of P-divisible groups overB.
 Let ρ : Λ Ñ GpBq be a splitting of G over B. We say that ρ exhibits B as asplitting algebra of G if it satisfies the following universal property:
 p˚q For every E8-algebra C P CAlgA, the induced map
 MapCAlgApB,Cq Ñ MapModZpΛ,GpCqq
 restricts to a homotopy equivalence from MapCAlgApB,Cq to the summand ofMapModZ
 pΛ,GpCqq consisting fo those maps Λ Ñ GpCq which are splittings ofG over C.
 Note that if there exists a map ρ : Λ Ñ GpBq which exhibits B as a splitting algebraof G, then the E8-algebra B (and the map ρ) are unique up to a contractible spaceof choices. In this case, we will denote B by SplitΛpGq.
 Warning 2.7.8. Our terminology is slightly abusive: a splitting algebra of G (if itexists) depends not only on G, but also on Λ.
 For existence, we have the following:
 Proposition 2.7.9. Let A be an E8-ring, let G be a P-divisible group over A, andlet Λ be a colattice. Then there exists a splitting algebra SplitΛpGq which is faithfullyflat over A if and only if the following conditions are satisfied:
 paq The P-divisible group G is etale.
 pbq Let p be a prime number and let h be the unique integer for which Λppq isisomorphic to pQp Zpq
 h. Then the p-divisible group Gppq has height h.
 Moreover, if these conditions are satisfied, then SplitΛpGq can be realized as a filteredcolimit of finite etale A-algebras.
 Proof. Suppose first that there exists a splitting algebra SplitΛpGq which is faithfullyflat over A. Since assertions paq and pbq can be tested after faithfully flat base change,we can replace A by SplitΛpGq and thereby reduce to the case where there exists asplitting ρ : Λ Ñ GpAq. In this case, G is isomorphic to the constant P-divisiblegroup Λ, so assertions paq and pbq are obvious.
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Conversely, suppose that paq and pbq are satisfied. For each positive integer n, letΛrns denote the kernel of the map n : Λ Ñ Λq, let Xn : CAlgA Ñ S denote the functorgiven by the formula
 XnpBq “ MapModZpΛrns,GpBqq,
 and let X˝n Ď Xn be the subfunctor whose value on an E8-algebra B is spanned by
 those maps Λrns Ñ GB which induce an equivalence of finite flat group schemesΛrns Ñ GBrns. It follows from paq that the functors Xn and X˝
 n are representable byfinite etale A-algebras, and from pbq that these A-algebras are faithfully flat over A.Passing to the inverse limit over n, we conclude that the functor
 B ÞÑ tSplittings ρ : Λ Ñ GpBq u
 is corepresentable by an E8-algebra SplitΛpBq which is a filtered colimit of finite etaleA-algebras of positive degree (and is therefore faithfully flat over A).
 Remark 2.7.10. In the situation of Proposition 2.7.9, the splitting algebra SplitΛpGqdepends functorially on Λ, and therefore admits an action of the automorphismgroup AutpΛq. In fact, we can be more precise: the spectrum SpecpSplitΛpGqq can beregarded as a torsor over SpecpAq (locally trivial for the flat topology) with respect tothe profinite group group AutpΛq.
 We will need to consider a more general notion of splitting algebra which appliesin a relative situation.
 Notation 2.7.11. Let A be an E8-ring and let f : G0 Ñ G be a morphism ofP-divisible groups over A. We will say that f is a monomorphism if, for every primenumber p, the induced map fppq : G0ppq Ñ Gppq is a monomorphism of p-divisiblegroups over A (in the sense of Definition Or.2.4.3 ). In this case, f admits a cofiber inthe 8-category BTpAq, which we will denote by GG0 (see Proposition Or.2.4.8 ).
 Definition 2.7.12. Let A be an E8-ring, let f : G0 Ñ G be a monomorphism ofP-divisible groups over A, and let Λ be a colattice. If B is an E8-algebra over A,we say that a map ρ : Λ Ñ GpBq is a splitting of f over B if the induced mapΛ Ñ pGG0qpBq is a splitting of GG0 over B, in the sense of Definition 2.7.7.
 Let ρ : Λ Ñ GpBq be a splitting of f over B. We say that ρ exhibits B as asplitting algebra of f if it satisfies the following universal property:
 p˚q For every E8-algebra C P CAlgA, the induced map
 MapCAlgApB,Cq Ñ MapModZpΛ,GpCqq
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restricts to a homotopy equivalence from MapCAlgApB,Cq to the summand ofMapModZ
 pΛ,GpCqq consisting fo those maps Λ Ñ GpCq which are splittings off over C.
 Note that if there exists a map ρ : Λ Ñ GpBq which exhibits B as a splitting algebraof f , then the E8-algebra B (and the map ρ) are unique up to a contractible space ofchoices. In this case, we will denote B by SplitΛpfq.
 Example 2.7.13. Let A be an E8-ring, let G be a P-divisible group over A, andlet Λ be a colattice. Then a morphism ρ : Λ Ñ GpBq is a splitting of G over B (inthe sense of Definition 2.7.7) if and only if it is a splitting of the monomorphismf : 0 Ñ G over B (in the sense of Definition 2.7.12). In particular, we can identify thesplitting algebra SplitΛpGq of Definition 2.7.7 (if it exists) with the splitting algebraSplitΛpf : 0 Ñ Gq of Definition 2.7.12 (if it exists).
 Remark 2.7.14. Let A be an E8-ring, let f : G0 Ñ G be a monomorphism ofP-divisible groups over A, and let Λ be a colattice. Then a morphism ρ : Λ Ñ GpBqis a splitting of f over B if and only if f and ρ together induce an equivalenceG0B ‘ Λ Ñ GB of P-divisible groups over B.
 Proposition 2.7.15. Let A be an E8-ring, let f : G0 Ñ G be a monomorphism ofP-divisible groups over A, and let Λ be a colattice. Then there exists a splitting algebraSplitΛpfq which is faithfully flat over A if and only if the following conditions aresatisfied:
 paq The P-divisible group GG0 is etale.
 pbq Let p be a prime number and let h be the unique integer for which Λppq isisomorphic to pQp Zpq
 h. Then the p-divisible group pGG0qppq has height h.
 Proof. As in the proof of Proposition 2.7.9, the necessity of conditions paq and pbqis clear. To prove that they are sufficient, suppose that paq and pbq are satisfied.For each positive integer n, let Λrns denote the kernel of the map n : Λ Ñ Λq, letXn : CAlgA Ñ S denote the functor given by the formula
 XnpBq “ MapModZpΛrns,GpBqq,
 and let X˝n Ď Xn be the subfunctor whose value on an E8-algebra B is spanned by
 those maps Λrns Ñ GB which induce an equivalence of finite flat group schemesΛrns Ñ pGG0qBrns. Then Xn and X˝
 n are representable by finite flat A-algebras,
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and pbq guarantees these A-algebras are faithfully flat over A. Passing to the inverselimit over n, we conclude that the functor
 B ÞÑ tSplittings ρ : Λ Ñ GpBq of f u
 is corepresentable by an E8-algebra SplitΛpBq which is a filtered colimit of finite flatA-algebras of positive degree (and is therefore faithfully flat over A).
 Remark 2.7.16. In the situation of Proposition 2.7.15, every splitting of the monomor-phism f : G0 Ñ G determines a splitting of the quotient P-divisible group GG0.In particular, the universal splitting of f is classified by a map of splitting algebrasSplitΛpGG0q Ñ SplitΛpfq. This map is an equivalence in the case G0 » 0 (Example2.7.13). In general, it exhibits SplitΛpfq as the tensor product of SplitΛpGG0q withan auxiliary A-algebra B, where B classifies splittings of the exact sequence
 0 Ñ G0fÝÑ G Ñ GG0 Ñ 0.
 Remark 2.7.17. Let f : G0 Ñ G be a monomorphism of P-divisible groups over anE8-ring A and let Λ be a colattice. Assume that f and Λ satisfy the the hypotheses ofProposition 2.7.15, so that there exists a splitting algebra SplitΛpfq which is faithfullyflat over A. Then, for any morphism of E8-rings AÑ A1, the relative tensor productA1 bA SplitΛpfq can be regarded as a splitting algebra for the induced monomorphismfA1 : G0A1 Ñ GA1 of P-divisible groups over A1.
 Applying this observation to the maps A Ð τě0pAq Ñ π0pAq, we deduce thatπ0pSplitΛpfqq can be identified with a splitting algebra for pf0,Λq, where f0 : G0π0pAq Ñ
 Gπ0pAq is the underlying map of P-divisible groups over the commutative ring π0pAq.This algebra can be characterized in terms of ordinary algebra: it is determined bythe fact that it satisfies condition p˚q of Definition 2.7.12 whenever C P CAlg♥
 π0pAqis
 an ordinary commutative algebra over the commutative ring π0pAq.We can summarize the situation as follows. Let f : G0 Ñ G is a monomorphism
 of P-divisible groups over an ordinary commutative ring R. Assume that the quotientGG0 is etale and let Λ be a colattice satisfying the hypotheses of Proposition 2.7.15.Then the splitting algebra SplitΛpfq is flat over R, and in particular an ordinarycommutative ring. If A is an E8-ring equipped with an isomorphism R » π0pAq, thenevery lift rf of f to a monomorphism of P-divisible groups over A determines a lift ofSplitΛpfq to a flat E8-algebra over A, given by the splitting algebra SplitΛp
 rfq.
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2.8 Example: The Multiplicative P-Divisible GroupRecall that the strict multiplicative group Gm : CAlg Ñ Modcn
 Z is the functorcharacterized by the formula
 MapModZpM,GmpAqq “ MapCAlgpΣ8`pMq, Aq,
 where M is any abelian group.
 Construction 2.8.1. Let A be an E8-ring. We let µP8pAq denote the fiber of thecanonical map
 u : GmpAq Ñ QbZGmpAq,
 formed in the 8-category ModcnZ (that is, it is the connective cover of the usual fiber
 of u). The construction A ÞÑ µP8pAq then defines a functor µP8 : CAlg Ñ ModcnZ .
 Proposition 2.8.2. The functor µP8 : CAlg “ CAlgS Ñ ModcnZ is a P-divisible
 group over the sphere spectrum S (in the sense of Definition 2.6.1).
 Proof. We must show that µP8 satisfies conditions p1q, p2q, and p3q of Definition 2.6.1.Condition p1q is immediate from the definitions. For condition p2q, we observe thatfor any finite abelian group M , we have a canonical homotopy equivalences
 MapModZpM,µP8pAqq » fibpMapModZ
 pM,GmpAqq Ñ MapModZpM,QbZGmpAqq
 » MapModZpM,GmpAqq
 » MapCAlgpΣ8`pMq, Aq.
 It follows that the functor A ÞÑ MapModZpM,µP8pAqq is corepresentable by the
 suspension spectrum Σ8`pMq, which is a free module over the sphere spectrum S
 (of rank equal to the order |M | of the group M). Requirement p3q follows from theobservation that for any monomorphism M ãÑ N of finite abelian groups, the inducedmap of suspension spectra Σ8`pMq Ñ Σ8`pNq is finite flat.
 Definition 2.8.3. We will refer to the functor µP8 : CAlg Ñ ModcnZ as the multi-
 plicative P-divisible group over S. If A is any E8-ring, we will abuse notation bywriting µP8 for the P-divisible group pµP8qA given by the composition
 CAlgA Ñ CAlg µP8ÝÝÝÑ Modcn
 Z ;
 we refer to this composite functor as the multiplicative P-divisible group over A.
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Remark 2.8.4. Let A be an E8-ring and let µP8 be the multiplicative P-divisiblegroup over A. Then, for every prime number p, the p-local component pµP8qppq canbe identified with the multiplicative p-divisible group µp8 over A (see PropositionOr.2.2.11 ). We therefore have a direct sum decomposition
 µP8pAq »à
 pPPµp8pAq.
 Remark 2.8.5. Let A be an E8-ring and let µP8 be the multiplicative P-divisiblegroup over A. Then we have canonical homotopy equivalences
 PrepµP8q “ MapModZpΣpQ Zq, µP8pAqq
 » fibpMapModZpΣpQ Zq,GmpAqq Ñ MapModZ
 pΣpQ Zq,QbZGmpAqq
 » MapModZpΣpQ Zq,GmpAqq
 » MapCAlgpΣ8`KpQ Z, 1q, Aq.
 In other words, preorientations of the multiplicative P-divisible group µP8 are classifiedby the E8-ring Σ8`pKpQ Z, 1qq.
 Construction 2.8.6 (The Orientation of µP8). Set R “ Σ8`pCP8q “ Σ8`KpZ, 2q.
 The fiber sequence of Z-module spectra
 ΣpQ Zq uÝÑ Σ2
 pZq Ñ Σ2pQq,
 and u determines a map of E8-rings Σ8`KpQ Z, 1q Ñ Σ8`KpZ, 2q “ R, which classifiesa preorientation e : ΣpQ Zq Ñ µP8pRq of the multiplicative P-divisible group overR. However, we get a bit more: there is also a tautological map e : Σ2pZq Ñ GmpRq
 which fits into a commutative diagram of fiber sequences
 ΣpQ Zq //
 e
 Σ2pZq
 e
 // Σ2pQq
 µP8pRq //GmpRq //QbZGmpRq
 in the 8-category ModcnZ . Here we can think of e as a preorientation of the strict
 multiplicative group Gm over R, or equivalently of its formal completion pGm. Thispreorientation determines a map of R-modules
 ωpGm» R
 βeÝÑ Σ´2
 pRq
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whose homotopy class determines an element β P π2pRq, represented concretely bythe composite map
 S2“ CP1 ãÑ CP8
 Ñ Ω8Σ8pCP8q Ñ Ω8Σ8`pCP8
 q “ Ω8pRq.
 Let KU denote the periodic complex K-theory spectrum. Then there is a canonicalmap of E8-rings
 ρ : R “ Σ8`pCP8q Ñ KU,
 which carries β to an invertible element of π2pKUq (in fact, it induces a homotopyequivalence Rrβ´1s » KU, by a classical theorem of Snaith; see Theorem Or.6.5.1 ). Itfollows that, if we regard µP8 as a P-divisible group over KU, then the preorientationclassified by the composite map
 Σ8`KpQ Zq Ñ Σ8`KpZ, 2q “ RρÝÑ KU
 is an orientation (in the sense of Definition 2.6.12). We will refer to this orientationas the tautological orientation of µP8 over KU.
 Remark 2.8.7. Let A be an E8-ring and regard µP8 as a P-divisible group overA. For each prime number p, let A^ppq denote the p-completion of A. Then supplyingan orientation e of the multiplicative P-divisible group µP8 over A is equivalent tosupplying a family of orientations
 ep P OrDatppµp8qA^ppqq,
 where p ranges over all prime numbers, or equivalently to providing an orientation ofthe formal multiplicative group pGm over each A^ppq. We therefore obtain a homotopyequivalence
 OrDatpµP8q »ź
 pPPMapCAlgpKU, A^ppqq » MapCAlgpKU, pAq,
 where pA “ś
 pPP A^ppq denotes the profinite completion of A. The pullback diagram of
 E8-ringsA //
 pA
 AQ // pAQ,
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then determines a pullback diagram of spaces
 MapCAlgpKU, Aq //
 OrDatpµP8q
 χ
 MapCAlgpKU, AQq //MapCAlgpKU, pAQq.
 It follows that KU is very close to being universal among E8-rings over which thereexists an orientation of µP8 . In particular, every orientation e of µP8 determinesa map χpeq : KU Ñ pAQ, carrying the Bott element β P π2pKUq to some elementχpeqpβq P π2p pAQq; the orientation e can then be obtained from the tautologicalorientation of Construction 2.8.6 if and only if χpeqpβq can be lifted to an element ofπ2pAQq.
 2.9 Example: Torsion of Elliptic CurvesWe now consider another natural source of examples of P-divisible groups.
 Construction 2.9.1. Let A be an E8-ring and let X be a strict abelian variety overA (Definition AV.1.5.1 ), which we view as a functor
 CAlgτě0pAq Ñ ModcnZ .
 For every object B P CAlgτě0pAq, we let XrP8spBq denote the fiber of the canonical
 mapu : XpBq Ñ QbZ XpBq,
 formed in the 8-category ModcnZ (that is, it is the connective cover of the usual fiber
 of u). The construction B ÞÑ XrP8spBq then defines a functor XrP8
 s : CAlgτě0pAq Ñ
 ModcnZ .
 Proposition 2.9.2. Let X be a strict abelian variety over an E8-ring A. Then thefunctor XrP8
 s of Construction 2.9.1 is a P-divisible group over A (in the sense ofDefinition 2.6.1).
 Proof. We must show that XrP8s satisfies conditions p1q, p2q, and p3q of Definition
 2.6.1. Condition p1q is immediate from the definitions, while p2q and p3q follow fromthe observation that for every positive integer n, the multiplication map X n
 ÝÑ X isfinite flat (of nonzero degree); see Proposition AV.6.7.3 .
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Remark 2.9.3. Let A be an E8-ring and let X be a strict abelian variety over A.Then, for every prime number p, the p-local component of XrP8
 s can be identifiedwith the p-divisible group Xrp8s associated to X. We therefore have a direct sumdecomposition XrP8
 s »À
 pPP Xrp8s.
 Remark 2.9.4. Let A be an E8-ring and let X be a strict abelian variety over A.Then we have canonical homotopy equivalences
 PrepXrP8sq “ MapModZ
 pΣpQ Zq,XrP8spAqq
 » fibpMapModZpΣpQ Zq,XpAqq Ñ MapModZ
 pΣpQ Zq,QbZ XpAqq» MapModZ
 pΣpQ Zq,XpAqq.
 In other words, giving a preorientation of XrP8s is equivalent to giving a map
 ΣpQp Zpq Ñ XpAq.
 Remark 2.9.5. Let A be an E8-ring and let X be a strict abelian variety over A.We define a preorientation of X to be a map of pointed spaces S2 Ñ Ω8 XpAq, orequivalently a map of Z-module spectra e : Σ2pZq Ñ XpAq. Note that giving apreorientation of X is equivalent to giving a preorientation of its formal completion.Moreover, every preorientation e of X determines a preorientation of the P-divisiblegroup XrP8
 s, given by the composition ΣpQ Zq Ñ Σ2pZq eÝÑ X.
 The following observation provides a rich supply of oriented P-divisible groups(giving non-trivial examples in which we can apply our formalism of tempered coho-mology).
 Construction 2.9.6. Let A be an E8-ring and let X be a strict elliptic curve overA. Recall that a preorientation e of X is said to be an orientation if it determines anorientation of the underlying formal group pX (Definition Or.7.2.7 ). If this condition issatisfied, then the composite map ΣpQ Zq Ñ Σ2pZq e
 ÝÑ X determines an orientationof the P-divisible group XrP8
 s, in the sense of Definition 2.6.12.
 3 OrbispacesLet G be a compact Lie group. For every G-space X, we let KU˚GpXq denote
 the G-equivariant complex K-theory of X, in the sense of [20]. The constructionX ÞÑ KU˚GpXq determines a cohomology theory on the homotopy category of G-spaces,which is representable by a (genuine) G-spectrum which we denote by KUG. Moreover,
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these equivariant spectra are related as the group G varies: for example, if H is asubgroup of G, then the underlying H-spectrum of KUG can be identified with KUH .This observation can be summarized by saying that complex K-theory is an exampleof a global spectrum: it has an underlying G-spectrum KUG for every compact Liegroup G, varying functorially with G (for various formalizations of this notion, werefer the reader to [2], [4], and [19]).
 The theory of tempered cohomology developed in this paper has a similar feature:given an oriented P-divisible group G over an E8-ring A, it allows us to construct afamily of tAG,Hu of H-spectra (all having the same underlying spectrum A), where Hranges over the collection of all finite groups. The construction of AG,H as a genuineH-spectrum is somewhat subtle, and requires the assumption that G is oriented.However, the underlying naive H-spectrum is much easier to define, and makes sensemore generally when G is a preoriented P-divisible group over A. This is alreadyenough information to construct a family of cohomology theories
 A˚G,H : tH-SpacesuopÑ tGraded abelian groupsu,
 where H ranges over the collection of finite groups. For our purposes, it will beconvenient to assemble this collection of cohomology theories into a single functor
 A˚G : OSopÑ tGraded abelian groupsu.
 Here OS denotes the 8-category of functors FunpT op,Sq, where S is the 8-categoryof spaces and T Ĺ S is the full subcategory spanned by spaces of the form BH, whereH is a finite abelian group. We will refer to the objects of OS as orbispaces and toOS as the 8-category of orbispaces.
 Warning 3.0.1. Our use of the term orbispace is borrowed from the work of Gepner-Henriques ([3]), who associate a homotopy theory of orbispaces to every family F oftopological groups. The 8-category OS that we consider here is a model for thishomotopy theory in the special case where F is the family of all finite abelian groups.See also [18] and [7] for related discussions.
 Our goal in this section is to give a brief overview of the theory of orbispaces,emphasizing the constructions which will play an important role in this paper. The8-category OS can be viewed as an enlargement of the 8-category S of spaces. In§3.1, we show that every space X can be promoted to an orbispace in (at least) twoways: we can associate to X the constant functor
 X : T opÑ tXu ãÑ S
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taking the value X (Example 3.1.8), or the functor
 Xp´q : T opÑ S T ÞÑ XT
 represented by X (Example 3.1.6). These constructions determine a fully faithfulembeddings of 8-categories S Ñ OS, which are left and right adjoint to the “forgetful”functor OS Ñ S given by evaluation on the final object of T . In general, theseembeddings are different (though they coincide on finite spaces, by a nontrivial theoremof Miller: see Remark 3.1.14).
 In §3.2, we review the relationship between the homotopy theory of orbispacesand equivariant unstable homotopy theory. To every finite group G, we associate afunctor of 8-categories
 tG-Spacesu Ñ OS X ÞÑ XG,
 which we refer to as the orbispace quotient functor. This construction does notlose very much information: in §3.3, we show that it induces an equivalence froma localization of G-spaces (relative to the family of abelian subgroups of G) to thefull subcategory of OSBGp´q spanned by orbispaces X equipped with a representablemorphism X Ñ BGp´q (Proposition 3.3.13).
 In §3.4, we associate to each torsion abelian group Λ a functor
 LΛ : OS Ñ OS .
 Roughly speaking, this functor carries an orbispace X to a new orbispace LΛpXq which
 parametrizing maps from the classifying space BpΛ into X which are “continuous” withrespect to the profinite topology on the Pontryagin dual group pΛ “ HompΛ,Q Zq(Construction 3.4.3). We will be particularly interested in the case where Λ “
 pQp Zpqn; in this case, we can think of LΛ
 pXq as a p-adic version of an iterated freeloop space, parametrizing maps from a p-adic torus into X. This construction willplay an essential role in our discussion of character theory for tempered cohomology(see §4.3).
 We conclude this section by establishing a connection of the theory of orbispaceswith the notion of P-divisible group introduced in §2.6. Let A be an E8-ring and letG be a P-divisible group over A. For every finite abelian group H (with Pontryagindual group pH) the functor
 pB P CAlgAq ÞÑ MapModZp pH,GpBqq
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is representable by a finite flat A-algebra which we will denote by OGr pHs. Theconstruction H ÞÑ OGr pHs determines a functor Abop
 fin Ñ CAlgA, where Abfin denotesthe category of finite abelian groups. In §3.5, we show that choosing a preorientationof G (in the sense of Definition 2.6.8) is equivalent to factoring this functor as acomposition
 Abopfin
 H ÞÑBHÝÝÝÝÑ T op
 Ñ CAlgA;
 see Theorem 3.5.5. In particular, every preorientation of G determines a functorAG : T op Ñ CAlgA: this will be the representing object for our theory of G-temperedcohomology.
 Remark 3.0.2. The notion of orbispace we consider here is defined in terms of the8-category T of classifying spaces BH, where H is a finite abelian group. Manyvariants of this definition are possible: for example, we could allow all finite groups.For our objectives in this paper, this extra generality serves no purpose. Our theoryof G-tempered cohomology already determines an H-equivariant cohomology theoryfor every finite group H, whose values can be extrapolated (by the process of Kanextension) from the case where H is abelian. Perhaps unexpectedly, this extrapolationprocedure gives rise to a theory with excellent properties, at least in the case G is anoriented P-divisible group.
 3.1 The 8-Category of OrbispacesWe begin by introducing some definitions.
 Notation 3.1.1. Let S denote the 8-category of spaces. For every group H, we letBH denote the classifying space of H, which we regard as an object of the 8-categoryS. We let T denote the full subcategory of S spanned by those objects which arehomotopy equivalent to BH, where H is a finite abelian group.
 Remark 3.1.2. Let T be an object of the category T : that is, a space which ishomotopy equivalent to BH, for some finite abelian group H. Note that the groupH is canonically determined by T : it can be recovered as the fundamental groupπ1pT q (which is canonically independent of the choice of base point, because G isabelian). Moreover, the space T can be recovered up to homotopy equivalence as theclassifying space of H “ π1pT q. Beware, however, that the identification T » BH
 is not functorial: it depends on a choice of base of T . In particular, the compositefunctor
 Tπ1ÝÑ Abfin
 H ÞÑBHÝÝÝÝÑ T
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is not equivalent to the identity functor idT .To avoid confusion, we will generally use the notation BH to indicate objects of
 T that are equipped with a specified base point (or in situations where it is harmlessto choose a base point), and the letter T to denote a generic object of the 8-categoryT .
 The 8-category T of Notation 3.1.1 can be described more concretely.
 Remark 3.1.3. Let Group denote the category of groups (with morphisms given bygroup homomorphisms). Then Group can be viewed as the underlying category of a(strict) 2-category Group`, which can be described informally as follows:
 • The objects of Group` are groups.
 • If G and H are groups, then a 1-morphism from G to H in Group` is a grouphomomorphism ϕ : GÑ H.
 • If G and H are groups and ϕ, ψ : GÑ H are group homomorphisms, then a 2-morphism from ϕ to ψ in Group` is an element h P H satisfying ψpgq “ hϕpgqh´1
 for each g P G.
 Let us abuse notation by identifying the 2-category Group` with the associated 8-category (given by its Duskin nerve). Then the construction pG P Group`q ÞÑ pBG P
 Sq induces an equivalence from the 8-category Group` to the full subcategory of Sspanned by objects of the form BG. It follows that the 8-category T of Notation3.1.1 is equivalent to the full subcategory of Group` spanned by the finite abeliangroups.
 Definition 3.1.4. An orbispace is a functor of 8-categories X : T op Ñ S. If X isan orbispace, we will denote the value of X on an object T P T op by XT . We letOS denote the 8-category FunpT op,Sq. We will refer to OS as the 8-category oforbispaces.
 Notation 3.1.5. For any orbispace X, we let |X| denote the value of X on the finalobject t˚u of the 8-category T . We will refer to |X| as the underlying space of X.The construction X ÞÑ |X| determines a functor OS Ñ S, which we will refer to as theforgetful functor.
 The forgetful functor of Notation 3.1.5 has left and right adjoints.
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Example 3.1.6. Let X be a space. For each object T P T , we let XT “ FunpT,Xq »MapSpT,Xq denote the space parametrizing maps from T into X. Then the construc-tion T ÞÑ XT determines a functor of 8-categories T op Ñ S, which we can regard asan orbispace. We will denote this orbispace by Xp´q.
 Remark 3.1.7. The functor
 S Ñ OS X ÞÑ Xp´q
 does not preserve colimits in general. However, it does preserve coproducts: thisfollows from the observation that each of the spaces T P T is connected.
 Example 3.1.8. Let X be a space. We let X denote the constant functor T op Ñ
 tXu ãÑ S. We will refer to X as the constant orbispace associated to X.
 Note that, if X is any space, then the functor pT P T opq ÞÑ pXT P Sq of Example3.1.6 is a right Kan extension of its restriction to the full subcategory of T op spannedby the contractible space t˚u » ∆0. Similarly, the constant functor X is a left Kanextension of its restriction to the same subcategory. This immediately implies thefollowing:
 Proposition 3.1.9. Let X be a space and let Y be any orbispace. Then evaluationon the final object t˚u P T induces homotopy equivalences
 MapOSpY, Xp´qq„ÝÑ MapSp|Y|, Xq
 MapOSpX,Yq„ÝÑ MapSpX, |Y|q.
 Corollary 3.1.10. The forgetful functor
 OS Ñ S Y ÞÑ |Y|
 has both a left adjoint (given by X ÞÑ X) and a right adjoint (given by X ÞÑ Xp´q).
 Corollary 3.1.11. Let X and Y be spaces. Then evaluation on the contractible spaceteu P T induces homotopy equivalences
 MapOSpYp´q, Xp´q
 q„ÝÑ MapSpY,Xq
 „ÐÝ HomOSpY ,Xq.
 Corollary 3.1.12. The construction X ÞÑ Xp´q of Example 3.1.6 determines a fullyfaithful embedding of 8-categories S ãÑ OS.
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Corollary 3.1.13. The construction X ÞÑ X of Example 3.1.8 induces a fully faithfulembedding of 8-categories S ãÑ OS.
 Remark 3.1.14 (The Sullivan Conjecture). For any space X, there is a canonical mapX Ñ Xp´q comparing the orbispaces of Examples 3.1.6 and 3.1.8. When evaluated onan object T P T , it induces the diagonal embedding X “ XT
 Ñ XT . In general, thismap is not a homotopy equivalence. However, it is a homotopy equivalence when X isfinite, by deep theorem of Miller (see [16]).
 Example 3.1.15 (The Yoneda Embedding). Let T be an object of of T . Then theorbispace T p´q of Example 3.1.6 is the functor
 T opÑ S T 1 ÞÑ MapSpT
 1, T q “ MapT pT1, T q;
 represented by the object T P T . In other words, the composition
 T ãÑ S X ÞÑXp´qÝÝÝÝÝÑ OS
 is the Yoneda embedding for the 8-category T .
 Remark 3.1.16. Let X be an orbispace. Our use of the notation XT to indicate thevalue of X on an object T P T op is intended to suggest a point of view: one shouldview XT as a parameter space for “maps from T into X.” Note that this is literallycorrect if we identify T with the orbispace T p´q of Example 3.1.6: by Yoneda’s lemma,we have a canonical homotopy equivalence XT » MapOSpT
 p´q,Xq.
 3.2 Equivariant Homotopy TheoryWe now give a brief review of (unstable) equivariant homotopy theory, from the
 perspective we will adopt in this paper.
 Definition 3.2.1. Let G be a group and let BG denote its classifying space. If Cis an 8-category, we will refer to a functor BG Ñ C as a G-equivariant object ofC. The collection of G-equivariant objects of C can be organized into an 8-categoryFunpBG, Cq, which we will refer to as the 8-category of G-equivariant objects of C.
 Remark 3.2.2. Let G be a group. For any 8-category C, evaluation at the basepoint ˚ of BG determines a forgetful functor FunpBG, Cq Ñ C. We will generallyabuse notation by not distinguishing between an object X P FunpBG, Cq and its imageXp˚q P C under this forgetful functor. One should think of the functor X : BGÑ Cas encoding an action of G on the underlying object Xp˚q P C.
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Example 3.2.3. Let G be a group. For any 8-category C, composition with theprojection map BG Ñ ˚ determines a diagonal map C » Funp˚, Cq Ñ FunpBG, Cq.More informally, this functor carries each object X P C to itself, equipped with thetrivial action of the group G.
 Notation 3.2.4. Let G be a group and let C be an 8-category which admits smallcolimits. Then the diagonal map C Ñ FunpBG, Cq of Example 3.2.3 admits a leftadjoint FunpBG, Cq Ñ C. If X is an object of FunpBG, Cq, we denote its image underthis functor by XhG. We refer to the construction X ÞÑ XhG as the homotopy orbitsfunctor.
 Notation 3.2.5. Let G be a group and let C be an 8-category which admits smalllimits. Then the diagonal map C Ñ FunpBG, Cq of Example 3.2.3 admits a rightadjoint FunpBG, Cq Ñ C. If X is an object of FunpBG, Cq, we denote its image underthis functor by XhG. We refer to the construction X ÞÑ XhG as the homotopy fixedpoint functor.
 Example 3.2.6. Let T op denote the ordinary category of topological spaces. Thenthe construction X ÞÑ Sing‚pXq determines a functor Sing‚ from T op (regarded asan ordinary category) to S (regarded as an 8-category). Passing to G-equivariantobjects, we obtain a functor
 tTopological spaces with a G-actionu “ FunpBG, T opq Ñ FunpBG,Sq.
 Let G be a group. Then the 8-category FunpBG,Sq is a setting of the “naive”version of G-equivariant homotopy theory. If X and Y are topological spaces equippedwith actions of G and f : X Ñ Y is a continuous G-equivariant map, then f inducesan equivalence Sing‚pXq Ñ Sing‚pY q in the 8-category FunpBG,Sq if and only if itis a weak homotopy equivalence of the underlying topological spaces. If X and Y
 are CW complexes, this implies that f admits a homotopy inverse g : Y Ñ X, butdoes not guarantee that we can choose g to be a G-equivariant map. To model the“genuine” version of G-equivariant homotopy theory, one needs a variant of Definition3.2.1.
 Notation 3.2.7. Let G be a group. We define a category OrbitpGq as follows:
 • The objects of OrbitpGq are right G-sets of the form HzG, where H is a subgroupof G.
 • The morphisms in OrbitpGq are G-equivariant maps.
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We will refer to OrbitpGq as the orbit category of the group G.
 Remark 3.2.8. Let G be a group. Then we can identify the classifying space BGwith the full subcategory of OrbitpGq spanned by the orbit G “ teuzG.
 Remark 3.2.9. Let G be a group and suppose we are given subgroups H,H 1 Ď G.Then giving a map of right G-sets HzGÑ H 1zG is equivalent to giving an element ofH 1zG which is fixed by the right action of H. Using this observation, we can define acategory Orbit1pGq which is isomorphic to OrbitpGq as follows:
 • The objects of Orbit1pGq are the subgroups H Ď G (corresponding to the rightG-set HzG P OrbitpGq).
 • Given subgroups H,H 1 Ď G, a morphism from H to H 1 in Orbit1pGq is a cosetuH 1 P H 1zG satisfying u´1Hu Ď H 1.
 • Given subgroups H,H 1, H2 Ď G, the composition of morphisms
 uH 1P HomOrbit1pGqpH,H
 1q vH2
 P HomOrbit1pGqpH1, H2
 q
 is given by uvH2 P HomOrbit1pGqpH,H2q
 Definition 3.2.10. Let G be a finite group. A G-space is a functor X : OrbitpGqop Ñ
 S. We let SG denote the functor 8-category FunpOrbitpGqop,Sq; we will refer to SGas the 8-category of G-spaces.
 Remark 3.2.11. Let G be a finite group. Then the inclusion BG ãÑ OrbitpGq ofRemark 3.2.8 determines a forgetful functor
 SG “ FunpOrbitpGqop,Sq Ñ FunpBGop,Sq » FunpBG,Sq,
 which carries a G-space (in the sense of Definition 3.2.10) to a G-equivariant object ofS (in the sense of Definition 3.2.1). Composing with the functor FunpBG,Sq Ñ Sof Remark 3.2.2, we obtain a forgetful functor SG Ñ S, given by evaluation on theG-orbit G “ teuzG P OrbitpGq.
 We will often abuse notation by not distinguishing between a G-space X P SG,the underlying G-equivariant object X|BG, and the underlying space XpteuzGq. Inparticular, if X is a G-space, then we write XhG and XhG for the homotopy orbit andhomotopy fixed points of the underlying G-equivariant object of S (Notation 3.2.4and Notation 3.2.5).
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Remark 3.2.12. Let G be a finite group. Then the 8-category SG is generated,under small colimits, by the image of the Yoneda embedding OrbitpGq ãÑ SG. Wesay that a G-space X is finite if it belongs to the subcategory generated by the imageof OrbitpGq under finite colimits.
 Example 3.2.13. Let X be a topological space equipped with a continuous rightaction of a finite group G. Then X determines a functor of ordinary categories
 OrbitpGqopÑ tTopological spacesu,
 HzG ÞÑ HomGpHzG,Xq “ XH“ tx P X : p@h P Hqrxh “ xsu;
 here HomGpHzG,Xq is the set of G-equivariant maps from HzG into X (equippedwith the obvious topology). Composing with the singular complex functor
 Sing‚ : T op Ñ S,
 we obtain a functor of 8-categories
 SingG‚ pXq : OrbitpGqopÑ S HzG ÞÑ Sing‚pXH
 q,
 which we can regard as a G-space in the sense of Definition 3.2.10; note that therestriction SingG‚ pXq|BG is the G-equivariant object of S given by Example 3.2.6.
 Remark 3.2.14. Let G be a finite group. The construction of Example 3.2.13 inducesa functor SingG‚ from the ordinary category of topological spaces with a right action ofG to the 8-category SG of G-spaces (Definition 3.2.10). If f : X Ñ Y is a continuousG-equivariant map, then SingG‚ pfq is an equivalence in the8-category SG if and only if,for each subgroup H Ď G, the induced map XH Ñ Y H is a weak homotopy equivalenceof topological spaces. In fact, one can say more: by a theorem of Elmendorff, thefunctor SingG‚ exhibits SG as the 8-category underlying the classical homotopy theoryof G-spaces: for example, it induces an equivalence from the homotopy category ofG-CW complexes to the homotopy category of the 8-category SG. (this is essentiallya theorem of Elmendorff; see [15]).
 Notation 3.2.15. Let G be a finite group and let Y be a G-space. For each subgroupH Ď G, we let Y H denote the object of S given by evaluating Y on the G-orbitHzG P OrbitpGqop. This notation motivated by Example 3.2.13: if Y “ SingG‚ pXq fora topological space equipped with a free action of G, then Y H “ Sing‚pXHq is thesingular simplicial set of the subspace XH “ tx P X : p@h P Hqrxh “ xsu.
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We now relate the equivariant homotopy theory of §3.2 to the theory of orbispacesdeveloped in §3.1.
 Construction 3.2.16. Let G be a finite group. We let OrbitpGqab denote the fullsubcategory of OrbitpGq spanned by those objects of the form HzG, where H Ď G
 is an abelian subgroup of G. Let T be the 8-category of Notation 3.1.1. Notethat if S » HzG is an object of OrbitpGqab, then the homotopy orbit space ShG isisomorphic to the classifying space BH, and therefore belongs to T . Consequently,the construction S ÞÑ ShG determines a functor Q : OrbitpGqab Ñ T .
 Let R : SG “ FunpOrbitpGqop,Sq Ñ FunpOrbitpGqopab,Sq be the restriction functor,
 and let Q! : FunpOrbitpGqopab,Sq Ñ FunpT op,Sq “ OS be the functor given by left
 Kan extension along (the opposite of) Q, Then the composition Q! ˝ R is a functorfrom the 8-category SG of G-spaces to the 8-category OS of orbispaces. We willdenote the value of this functor on a G-space X by XG, and refer to it as theorbispace quotient of X by G.
 Remark 3.2.17. Let G be a finite group and let X be a G-space. The orbispacequotient XG of Construction 3.2.16 can be described more concretely by the formula
 pXGqBH “ pž
 α:HÑGX impαq
 qhG.
 Here H denotes a finite abelian group, and the coproduct is taken over all grouphomomorphisms α : H Ñ G.
 Example 3.2.18. Let G be a finite group and let X be a G-space. Then the imageof XG under the forgetful functor
 OS Ñ S Y ÞÑ |Y|
 is the homotopy orbit space XhG. Consequently, for each Y P S, we have canonicalhomotopy equivalences
 MapOSpXG, Yp´qq » MapSpXhG, Y q » MapSpX, Y q
 hG.
 MapOSpY ,XGq » MapSpY,XhGq.
 In particular, we have canonical maps
 XhG Ñ XGÑ pXhGqp´q
 in the 8-category of orbispaces (whose composition is the comparison map of Remark3.1.14).
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Remark 3.2.19. Let G be a finite group and let X be a G-space. Then the comparisonmap XGÑ pXhGq
 p´q, when evaluated on an object BH P T , yields a map of spaces
 Φ : pž
 α:HÑGX impαq
 qhG Ñ pž
 α:HÑGXhH
 qhG;
 here both coproducts are indexed by the collection of all group homomorphismsα : H Ñ G, and Φ is comprised of individual comparison maps Φα : X impαq Ñ XhH .
 Example 3.2.20. Let G be a finite group and let X “ ˚ be a final object of SG(so that XH is contractible for each subgroup H Ď G). Then the comparison mapXG Ñ pXhGq
 p´q “ BGp´q of Example 3.2.18 is an equivalence of orbispaces (thisfollows easily from Remark 3.2.19).
 Example 3.2.21. Let G “ teu be the trivial group. Then the 8-category SG canbe identified with the 8-category S of spaces (via the evaluation functor X ÞÑ XG).Under this identification, the orbispace quotient construction X ÞÑ XG correspondsto the functor X ÞÑ X of Example 3.1.8.
 3.3 Representable Morphisms of OrbispacesLet G be a finite group, and consider the orbispace quotient functor
 SG Ñ OS X ÞÑ XG
 of Construction 3.2.16. This functor fails to be an equivalence of categories for atleast two reasons:
 paq For any G-space X P SG, our definition of orbispace quotient XG involvesonly the restriction X|OrbitpGqop
 ab: that is, it depends only on the fixed-point spaces
 XH where H is an abelian subgroup of G, and ignores the information providedby fixed points for nonabelian groups.
 pbq The orbispace quotient functor SG Ñ OS does not preserve final objects:instead, it carries the final object of SG to the orbispace BGp´q associated tothe classifying space of G (Example 3.2.20). Consequently, for every G-space X,the orbispace quotient XG comes equipped with an additional datum, givenby a structure morphism XGÑ ˚G “ BGp´q.
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Our goal in this section is to show that these are essentially the only differencesbetween SG and OS. More precisely, we show that the functor XG induces anequivalence of 8-categories
 tG-Spaces X satisfying XH “ H for H is nonabelianu„
 tRepresentable orbispace morphisms f : Y Ñ BGp´qu;
 see Proposition 3.3.13 below. First, we need to introduce some terminology.
 Definition 3.3.1. Let T be the 8-category of Notation 3.1.1. We will say that amorphism f : T0 Ñ T in T is a covering map if the induced map π1pT0q Ñ π1pT q is amonomorphism (of finite abelian groups). We let CovpT q denote the full subcategoryof TT spanned by the covering maps T0 Ñ T .
 Definition 3.3.2. Let T be an object of T . Then we have a canonical equivalenceof 8-categories
 Ψ : OST p´q » FunpT opT ,Sq,
 given concretely by the formula ΨpXqpT0q “ MapOST p´q
 pTp´q
 0 ,Xq (see CorollaryHTT.5.1.6.12 ). We will say that a morphism of orbispaces X Ñ T p´q is repre-sentable if the functor ΨpXq P FunpT op
 T ,Sq is a left Kan extension of its restriction tothe subcategory CovpT qop Ď T op
 T of Definition 3.3.1.
 Example 3.3.3. Let T be the final object of T . Then every orbispace X admits anessentially unique map X Ñ T p´q, which is representable if and only if the orbispaceX is a constant functor: that is, if and only if it is equivalent to the functor X ofExample 3.1.8, for some X P S.
 Remark 3.3.4. Let T be an object of T . Then the collection of representablemorphisms X Ñ T p´q is closed under the formation of small colimits (in the 8-category OST p´q .
 Remark 3.3.5. Let T be an object of T . Then a map of orbispaces X Ñ T p´q isrepresentable if and only if X can be written as a colimit (in the 8-category OST p´qof objects of the form T
 p´q
 0 , where T0 Ñ T is a covering map in T .
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Remark 3.3.6. Let S Ñ T be a morphism in the 8-category T , and suppose weare given a pullback square of orbispaces
 Xf
 // Yg
 Sp´q // T p´q.
 If g is representable, then f is also representable. To prove this, we can use Remarks3.3.4 and 3.3.5 to reduce to the case where Y has the form T
 p´q
 0 , for T0 Ñ T isa covering map in T . In this case, Remark 3.1.7 implies that the fiber productSp´qˆT p´q T
 p´q
 0 » pS ˆT T1qp´q decomposes as a disjoint union of finitely many objects
 of the form Sp´q
 0 , where S0 Ñ S is a covering map in T ; the desired result then followsfrom Remark 3.3.4.
 Definition 3.3.7. Let f : X Ñ Y be a map of orbispaces. We will say that f isrepresentable if, for every object T P T and every pullback square
 XT //
 f 1
 Xf
 T p´q // Y,
 the morphism f 1 is representable (in the sense of Definition 3.3.2).
 Example 3.3.8. Let T be an object of T . Then a morphism of orbispaces X Ñ T p´q
 is representable in the sense of Definition 3.3.7 if and only if it is representable in thesense of Definition 3.3.2. The “only if” direction is obvious, and the converse followsfrom Remark 3.3.6.
 Remark 3.3.9. Let Y be an orbispace. Then the collection of representable morphismsf : X Ñ Y is closed under small colimits in the 8-category OSY (this is an immediateconsequence of Remark 3.3.4, since the formation of pullbacks commutes with theformation of colimits).
 Remark 3.3.10. Suppose we are given a pullback diagram of orbispaces
 X1
 f 1
 // Xf
 Y1 // Y.
 If f is representable, then f 1 is representable.
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Remark 3.3.11. Suppose we are given morphisms of orbispaces X fÝÑ Y g
 ÝÑ Z. If fand g are representable, then the composition g ˝ f is representable. To prove this, wecan assume without loss of generality that Z “ T p´q, for some T P T . In this case, wecan write Y as a colimit of orbispaces of the form T 1p´q, where T 1 Ñ T is a coveringmap (Remark 3.3.5). By virtue of Remark 3.3.4, it will suffice to show that each ofthe composite maps
 X ˆY T1p´q
 Ñ T 1p´q Ñ T p´q
 are representable. Using our representability assumption f , we can write the fiberproduct X ˆY T
 1p´q as a colimit of orbispaces of the form T 2p´q, where T 2 Ñ T 1 is acovering map in T . The desired result now follows from the observation that thecomposite map T 2 Ñ T 1 Ñ T is a covering.
 Lemma 3.3.12. Let G be a finite group, and let C Ď OSBGp´q be the smallest fullsubcategory which is closed under small colimits and contains BHp´q, for each abeliansubgroup H Ď G. Then a map of orbispaces f : X Ñ BGp´q belongs to C if and only iff is representable.
 Proof. We first prove the “only if” direction. By virtue of Remark 3.3.9, it will sufficeto show that for every subgroup H Ď G, the map BHp´q Ñ BGp´q is representable(in fact, it will suffice to prove this when H is abelian, but we will not need this).Form a pullback diagram of orbispaces
 X //
 f
 BHp´q
 pBH 1qp´q // BGp´q,
 where H 1 is a finite abelian group. Then X “ Xp´q, where X is the fiber productBH 1 ˆBG BH. Note that X is a finite covering space of BH 1. It follows that eachconnected component Xi of X belongs to T , and the map Xi Ñ BH 1 is a covering.The representability of f now follows from Remark 3.3.4 (and Remark 3.1.7).
 We now prove the converse. Assume that f : X Ñ BGp´q is representable; wewish to show that X belongs to C. Let TBG “ T ˆS SBG denote the 8-categorywhose objects are maps u : T Ñ BG, where T belongs to T . Then the orbispaceBGp´q can be realized tautologically as the colimit lim
 ÝÑTPTBGT p´q. Let T cov
 BG Ď TBG
 be the full subcategory spanned by those maps u : T Ñ BG which are coveringmaps: that is, which are injective on the level of fundamental groups. Then the
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inclusion ι : T covBG ãÑ TBG has a left adjoint (carrying an object T P TBG to its
 Postnikov truncation τď0pT q, formed in the 8-topos SBG). It follows that ι is leftcofinal, so that the orbispace BGp´q can also be realized as the colimit lim
 ÝÑTPT covBG
 T p´q.Consequently, to show that X belongs to C, it will suffice to show that the fiberproduct XT “ T p´q ˆBGp´q X belongs to C for each T P T cov
 BG. Our assumption thatf is representable guarantees that the projection map XT Ñ T p´q is representable,so that we can realize XT as a colimit of objects of the form T 1p´q, where T 1 Ñ T isa covering map. We now observe that the composite map T 1 Ñ T Ñ BG is also acovering, so that T 1 is equivalent to BH for some abelian subgroup H Ď G.
 Proposition 3.3.13 ([3]). Let G be a finite group, and let SabG denote the full subcat-
 egory of SG spanned by those G-spaces X such that XH “ H for every nonabeliansubgroup H Ď G. Then the construction X ÞÑ XG determines a fully faithfulembedding
 SabG ãÑ OSBGp´q ,
 whose essential image is spanned by the representable maps Y Ñ BGp´q.
 Remark 3.3.14. Let G be a finite group. Then an object of SG “ FunpOrbitpGqop,Sqbelongs to the subcategory Sab
 G of Proposition 3.3.13 if and only if it is a left Kan exten-sion of its extension to the full subcategory OrbitpGqop
 ab Ď OrbitpGqop of Construction3.2.16. It follows that the restriction functor X ÞÑ X|OrbitpGqop
 abinduces an equivalene of
 8-categories SabG » FunpOrbitpGqop
 ab,Sq. More informally, the 8-category SabG models
 “G-equivariant homotopy theory relative to the family of abelian subgroups of G.”
 Proof of Proposition 3.3.13. By virtue of Remark 3.3.14, it will suffice to show thatthe functor Q! of Construction 3.2.16 induces a fully faithful embedding
 FunpOrbitpGqopab,Sq Ñ OSBGp´q ,
 whose essential image is the collection of representable maps X Ñ BGp´q. This followsimmediately from the observation that Q induces an equivalence of 8-categoriesOrbitpGqab » T cov
 BG, together with the characterization of representable morphismssupplied by Lemma 3.3.12.
 Remark 3.3.15. The discussion of this section can be formulated in the languageof fractured 8-topoi, developed in Chapter SAG.VI.1 . By definition, an orbispace isa S-valued presheaf on the 8-category T , so the 8-category OS “ FunpT op,Sq isan 8-topos. The collection of representable morphisms of orbispaces determines a
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geometric admissibility structure on the 8-category OS (Definition SAG.VI.1.3.4.1 ).It follows from Theorem SAG.VI.1.3.4.4 that we can regard OS as a fractured 8-topos; moreover, the fracture subcategory of corporeal objects OScorp
 Ď OS can beidentified FunpT cov,op,Sq; here T cov denotes the non-full subcategory of T whosemorphisms are covering maps T0 Ñ T , and the presheaf 8-category FunpT cov,op,Sqembeds as a non-full subcategory of the 8-topos OS “ FunpT op,Sq by means of leftKan extension along the inclusion T cov,op ãÑ T op.
 3.4 Formal Loop SpacesLet X P S be a space. We let LpXq “ FunpS1, Xq denote the free loop space of X,
 parametrizing maps from the circle S1 “ KpZ, 1q into X. More generally, for eachinteger n ě 0 we can consider the iterated free loop space
 LnpXq “
 #
 X if n “ 0LpLn´1
 pXqq if n ą 0,
 parametrizing maps from the torus T n “ KpZn, 1q into X. Our goal in this section isto introduce a related construction in the setting of orbispaces.
 Notation 3.4.1. The 8-category of orbispaces OS “ FunpT op,Sq is an 8-topos; inparticular, it is Cartesian closed. Consequently, to any pair of orbispaces X and Y,we can associate an orbispace MapOSpY,Xq parametrizing maps from Y to X. Moreprecisely, the orbispace MapOSpY,Xq is equipped with an evaluation map
 ev : Y ˆMapOSpY,Xq Ñ X
 with the following universal property: for every orbispace Z, composition with evinduces a homtopy equivalence
 MapOSpZ,MapOSpY,Xqq » MapOSpY ˆ Z,Xq.
 Remark 3.4.2. Let X and Y be orbispaces. For any object T P T , we have canonicalhomotopy equivalences
 MapOSpY,XqT» MapOSpT
 p´q,MapOSpY,Xqq» MapOSpY ˆ T p´q,Xq.
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Construction 3.4.3 (Formal Loop Spaces). Let X be an orbispace and let Λ be atorsion abelian group. We define a new orbispace LΛ
 pXq by the formula
 LΛpXq “ lim
 ÝÑΛ0ĎΛ
 MapOSpBpΛ0,Xq;
 here the colimit is taken over the collection of all finite subgroups Λ0 Ď Λ, andpΛ0 “ HompΛ0,Q Zq denotes the Pontryagin dual of Λ0. We will refer to LΛ
 pXq asthe formal loop space of X with respect to Λ. Concretely, it is characterized by theformula
 LΛpXqT » lim
 ÝÑΛ0ĎΛ
 XBpΛ0ˆT .
 Example 3.4.4. Let X be an object of S and let X denote the constant orbispaceassociated to X (Example 3.1.8). Then, for any torsion abelian group Λ, the formalloop space LΛ
 pXq can be identified with X.
 Example 3.4.5. Let G be a finite group, let X P SG be a G-space. For any torsionabelian group Λ, we can construct a new G-space
 Y “ž
 α:pΛÑG
 X impαq,
 which is essentially characterized by the formula
 Y G0 “ž
 α
 XG0 impαq;
 here G0 denotes a subgroup of G, the coproduct is taken over all continuous grouphomomorphisms α : pΛ Ñ G which are centralized by G0, and G0 impαq denotes thesubgroup of G generated by G0 together with the image of α. If XG denotesthe orbispace quotient of X by G (Construction 3.2.16), then we have a canonicalequivalence of orbispaces
 LHpXGq » pž
 α:pΛÑG
 X impαqqG.
 In the special case where G is trivial, this recovers the identification of Example 3.4.4
 Remark 3.4.6. Let Λ be a torsion abelian group. Then the functor LΛ : OS Ñ OSpreserves small colimits. To prove this, we can assume without loss of generality thatΛ is finite, in which case it follows from the description of MapOSpB
 pΛ, ‚q supplied byRemark 3.4.2.
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Let X be an object of S and let Xp´q be the orbispace represented by X. For anytorsion abelian group Λ, the underlying space of the orbispace LΛ
 pXp´qq is given bythe direct limit lim
 ÝÑΛ0ĎΛXBpΛ0 , taken over the collection of all finite subgroups Λ0 Ď Λ.
 In particular, we have a canonical map of spaces |LΛpXp´qq| Ñ XBpΛ, which (by virtue
 of Proposition 3.1.9) can be identified with a map of orbispaces
 LΛpXp´q
 q Ñ pXBpΛqp´q.
 Here XBpΛ denotes the space FunpBpΛ, Xq of all maps from the classifying space BpΛinto X (where we ignore the profinite topology on the group pΛ). In good cases, thismap is an equivalence.
 Proposition 3.4.7. Let X be a π-finite space (Definition 1.1.25) and let Λ be acolattice (Definition 2.7.1). Then the preceding construction induces an equivalence oforbispaces LΛ
 pXp´qq Ñ pXBpΛqp´q.
 Proof. Let T be an object of T ; we wish to show that the canonical map LΛpXp´qqT Ñ
 pXBpΛqT is a homotopy equivalence. Replacing X by XT , we can reduce to the casewhere T is contractible. In this case, we wish to show that the canonical map
 limÐÝ
 Λ0ĎΛXBpΛ0 Ñ XBpΛ
 is a homotopy equivalence; here Λ0 ranges over the collection of all finite subgroupsof Λ. Decomposing X as a union of connected components, we may assume withoutloss of generality that X is connected. Since X is π-finite, there exists an integer nsuch that X is n-truncated. We proceed by induction on n. In the case n “ 1, we canidentify X with an Eilenberg-MacLane space BG “ KpG, 1q for some finite group G.In this case, we are reduced to proving that every group homomorphism α : pΛ Ñ G
 is continuous. This follows from our assumption that Λ is a colattice, since kerpαqcontains the subgroup mpΛ Ď pΛ for m “ |G| (so that α factors through the Pontryagindual of the finite subgroup Λrms Ď Λ). To carry out the inductive step, we note thatif n ě 2 then we have a pullback diagram of π-finite spaces
 X //
 X 1
 τďn´1pXq // BG,
 where G “ π1pX, xq is the fundamental group of X (with respect to some choice ofbase point) and X 1 Ñ BG has homotopy fibers KpM,n` 1q, where M is some finite
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abelian group with an action of G. Applying our inductive hypothesis to τďn´1pXq
 and KpG, 1q, we are reduced to proving that for every homomorphism α : pΛ Ñ G
 factoring through pΛ0 for some finite subgroup Λ0 Ď Λ, the canonical map
 limÐÝΛ1
 X 1BpΛ1q ˆBGB
 yΛ1 tαu Ñ X 1BpΛˆBGB pΛ tαu
 is a homotopy equivalence; here Λ1 ranges over the collection of all finite subgroups ofΛ which contain Λ0. For this, it suffices to show that the map of cohomology rings
 θ : limÝÑΛ1
 H˚pBpΛ1;Mq Ñ H˚pBpΛ;Mq;
 is bijective; here we abuse notation by identifying the finite abelian group M with thecorresponding local system on the classifying spaces BpΛ and BpΛ1. In other words, weare reduced to proving that the cohomology of pΛ as a profinite group (with coefficientsin the continuous representation M) agrees with its cohomology as a discrete group.Decomposing M as a direct sum, we may assume that it is a finite abelian p-group forsome prime number p. Write Λ “ Λ1 ‘ Λ1, where Λ1 is the p-local summand of Λ. Inthis case, θ is induced by a map
 θ1 : limÝÑ
 Λ0XΛ1ĎΛ11ĎΛ1H˚pBpΛ11;Mq Ñ H˚pBpΛ1;Mq
 by taking fixed points for the action of BpΛ2. It will therefore suffice to prove that θ1 isan isomorphism: that is, we can replace Λ by Λ1 and thereby reduce to the case whereΛ is p-nilpotent. In this case, M admits a finite composition series whose successivequotients carry a trivial action of the group pΛ; this allows us to reduce further to thecase where M “ Fp. We can then identify θ with the canonical map
 limÝÑ
 H˚pBpZrpk Zr
 q; Fpq Ñ H˚pB Zrp; Fpq.
 To show that this map is an isomorphism, we make the stronger claim that the pro-system of homology groups tH˚pBpZr
 pk Zrq; Fpqurě0 is isomorphic to H˚pB Zr
 p; Fpq
 as a pro-system. Using the Kunneth formula, we can reduce to the case r “ 1,where the result follows from a simple calculation (see, for example, PropositionSAG.E.7.5.1 ).
 Variant 3.4.8. Let pZ “ limÐÝN
 Z N Z denote the profinite completion of Z. Thenthen inclusion Z ãÑ pZ induces a map of classifying spaces u : B Z Ñ BpZ. For anyspace X, precomposition with u induces a map
 XBpZÑ XB Z
 “ LpXq,
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where LpXq is the free loop space of X. We therefore have canonical maps of orbispaces
 LQ ZpXp´q
 q Ñ pXBpZqp´qÑ LpXqp´q.
 If X is π-finite, then these maps are equivalences: the first by virtue of Proposition3.4.7, and the second by virtue of the fact that u induces an equivalence of profinitecompletions (which follows as in the proof of Proposition 3.4.7, using the fact that uinduces an isomorphism on cohomology with coefficients in any abelian group with anaction of pZ). More generally, we have comparison maps LpQ Zqn
 pXp´qq Ñ LnpXqp´q,which are equivalences when X is π-finite.
 Warning 3.4.9. In general, the comparison map v : LQ ZpXp´qq Ñ LpXqp´q of
 Variant 3.4.8 is not an equivalence. For example, if X is a finite space, then v can beidentified with the map Xp´q Ñ LpXqp´q induced by the identification of X with thesubspace of LpXq given by the constant loops (this follows from Remark 3.1.14 andExample 3.4.4).
 In general, the orbispace LQ ZpXp´qq need not be of the form Y p´q for any space
 Y . This is one of the principal motivations for allowing more general orbispaces inour definition of tempered cohomology.
 3.5 Preorientations RevisitedLet A be an E8-ring. In §2.6, we introduced the notion of a preoriented P-divisible
 group over A (Definition 2.6.8). In this section, we explain a reformulation of thisnotion which will lead directly to our theories of tempered cohomology (§4) andtempered local systems (§5).
 We begin with some general observations. Assume for the moment that A isconnective, and let G be a P-divisible group over A (Definition 2.6.1), which weregard as a functor
 G : CAlgA Ñ ModcnZ .
 For every finite abelian group M , we define a functor GrM s : CAlgA Ñ S by theformula
 GrM spBq “ MapModZpM,GpBqq.
 The P-divisibility of G guarantees that GrM s is corepresentable by a finite flat A-algebra that we denote by OGrMs. The construction M ÞÑ OGrMs then determines afunctor from the category of finite abelian groups Abfin to the 8-category CAlgA ofE8-algebras over A. In [8], we gave a characterization of those functors which arise inthis way:
 73

Page 74
                        
                        

Definition 3.5.1. Let A be an E8-ring. We will say that a functor E : Abfin Ñ CAlgAis P-divisible if it satisfies the following conditions:
 piq The functor E preserves finite coproducts: that is, it carries direct sums of finiteabelian groups T to tensor products in CAlgA. In particular, the unit mapAÑ Ep0q is an equivalence.
 piiq For every short exact sequence of finite abelian groups 0 ÑM 1 ÑM ÑM2 Ñ 0,the diagram of E8-algebras
 EpM 1q //
 Ep0q
 EpMq // EpM2q
 is a pushout square. Moreover, the vertical maps are finite flat of positive degree.
 We let FunPpAbfin,CAlgAq denote the full subcategory of FunpAbfin,CAlgAq spanned
 by P-divisible functors.
 Remark 3.5.2. Let A be an E8-ring. Then there is a canonical equivalence of8-categories BTpAq » FunP
 pAbfin,CAlgAqop, which carries a P-divisible group G toa P-divisible functor E which is essentially characterized by the formula GrM s »SpecpEpMqq. We will review this equivalence below; see also §AV.6.5 .
 We now introduce a variant of Definition 3.5.1. Let T be the 8-category ofNotation 3.1.1 (so that the objects of T are spaces of the form BH, where H is afinite abelian group).
 Definition 3.5.3. Let A be an E8-ring. We will say that a functor of 8-categoriesA : T op Ñ CAlgA is P-divisible if the composite functor
 AbfinM ÞÑBxMÝÝÝÝÝÑ T op A
 ÝÑ CAlgA
 is P-divisible, in the sense of Definition 3.5.1. We let FunPpT op,CAlgAq denote the
 full subcategory of FunpT op,CAlgAq spanned by the P-divisible functors.
 Remark 3.5.4. Let A be an E8-ring and let A : T op Ñ CAlgA be a functor. ThenA is P-divisible (in the sense of Definition 3.5.3) if and only if the following conditionsare satisfied:
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paq For each T P T , the spectrum ApT q is projective of finite rank as an A-module.
 pbq The construction T ÞÑ π0pApT qq determines a P-divisible functor
 π0pAq : T opÑ CAlgπ0pAq .
 Every P-divisible functor A : T op Ñ CAlgA determines a P-divisible functorAbfin Ñ CAlgA, which we can identify with a P-divisible group G over A (Remark3.5.2). The P-divisible group G is essentially characterized by the formula
 GrM s “ SpecpApBxMqq.
 From the P-divisible group G, we can use this formula to determine the value ofthe functor A on each object of the 8-category T . However, it does not allow usto completely reconstruct A from G, because it only determines the value of A onbase-point preserving morphisms of T (see Remark 3.1.2). To promote a P-divisiblegroup G to a P-divisible functor A : T op Ñ CAlgA, we need to supply some additionaldata. The main result of this section asserts that this additional data can be identifiedwith a choice of preorientation of G:
 Theorem 3.5.5. Let A be an E8-ring. Then the forgetful functor
 FunPpT op,CAlgAqop
 Ñ FunPpAbfin,CAlgAqop
 » BTpAq
 is equivalent to a left fibration, classified by the functor
 BTpAq Ñ S G ÞÑ PrepGq.
 Remark 3.5.6. More informally, Theorem 3.5.5 asserts that we can identify P-divisible functors A : T op Ñ CAlgA with pairs pG, eq, where G is a P-divisible groupover A and e : ΣpQ Zq Ñ GpAq is a preorientation of G.
 Example 3.5.7 (The Kpnq-Local Case). Fix a prime number p, and let A be anE8-ring which is Kpnq-local for some n ą 0. It follows from Theorem Or.4.6.3 thatthe functor
 pT P T opq ÞÑ pAT P CAlgAq
 is P-divisible (in the sense of Definition 3.5.3). Moreover, the P-divisible groupassociated to this functor is the Quillen p-divisible group GQ
 A of Construction Or.4.6.2(essentially by definition). The equivalence of Theorem 3.5.5 supplies a preorientationon the Quillen p-divisible group GQ
 A , which can be identified with the universalpreorientation described in Remark 2.4.2 (this identification will be implicit in ourproof of Theorem 3.5.5).
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Example 3.5.8 (The Trivial Case). Let G be a P-divisible group over an E8-ring A,which we identify with a P-divisible functor E : Abfin Ñ CAlgA (Remark 3.5.2). Wecan then define a P-divisible functor A : T op Ñ CAlgA by the composition
 T op T ÞÑπ1pT qÝÝÝÝÝÑ Abfin
 EÝÑ CAlgA .
 Note that the composition of A with the map AbfinM ÞÑBxMÝÝÝÝÝÑ T op is equivalent to E
 (Remark 3.1.2). By virtue of Theorem 3.5.5, the functor A supplies preorientation e ofthe P-divisible group G. This preorientation is given by the zero map ΣpQ Zq ÑGpAq (this will again be implicit in our proof of Theorem 3.5.5).
 Variant 3.5.9. Let A0 : T op Ñ CAlg be any functor, and let ˚ denote the finalobject of T . Then A “ A0p˚q is an E8-ring, and A0 can be promoted to a functor of8-categories
 A : T op» pT op
 q˚A0ÝÑ CAlgA0p˚q » CAlgA .
 Let FunPpT op,CAlgq denote the full subcategory of FunpT op,CAlgq spanned by those
 functors A0 for which A is P-divisible, in the sense of Definition 3.5.3. Using Theorem3.5.5, we can identify objects of FunP
 pT op,CAlgq with triples pA,G, eq where A isan E8-ring, G is a P-divisible group over A, and e is an orientation of G.
 To prove Theorem 3.5.5, we will need to recall how the equivalence of Remark3.5.2 is constructed. Let C be an 8-category which admits finite limits. A torsionobject of C (in the sense of Definition AV.6.4.2 ) is a functor X : Abop
 fin Ñ C whichsatisfies the following pair of conditions:
 paq The functor X commutes with finite products; in particular, Xp0q is a finalobject of C.
 pbq For every short exact sequence of abelian groups 0 ÑM 1 ÑM ÑM2 Ñ 0, thediagram
 XpM2q //
 XpMq
 Xp0q // XpM 1q
 is a pullback square in C. In other words, the functor X carries short exactsequences of abelian groups to fiber sequences in C.
 We let TorspCq denote the full subcategory of FunpAbopfin, Cq spanned by the torsion
 objects of C.
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Example 3.5.10. Let N be a Z-module spectrum. Then the construction
 pM P Abopfinq ÞÑ MapModZ
 pM,Nq
 determines a functor Abopfin Ñ S satisfying conditions paq and pbq above, which we
 will denote by N rP8s. The construction N ÞÑ N rP8
 s determines a functor ModZ Ñ
 TorspSq. By virtue of Example AV.6.4.11 , this functor restricts to an equivalence of8-categories Modcn,Tors
 Z » TorspSq. Here Modcn,TorsZ denotes the full subcategory of
 ModZ spanned by those connective Z-module spectra N whose homotopy groups aretorsion (that is, N bZ Q » 0).
 Definition 3.5.11. Let C be an 8-category which admits finite limits. A preorientedtorsion object of C is a functor X : T Ñ C with the property that the composition
 Abopfin
 M ÞÑBxMÝÝÝÝÝÑ T X
 ÝÑ C
 is a torsion object of C. We let PTorspCq denote the full subcategory of FunpT , Cqspanned by the preoriented torsion objects of C. Note that precomposition with thefunctor M ÞÑ BxM determines a functor PTorspCq Ñ TorspCq, which we will refer toas the forgetful functor.
 Example 3.5.12. Let A be a connective E8-ring and set C “ FunpCAlgA,Sq be the8-category of all functors from CAlgA to S, and let Spec : CAlgop
 A ãÑ C denote theYoneda embedding. Then composition with Spec induces a fully faithful embedding
 FunPpAbfin,CAlgAqop ãÑ TorspCq.
 Unwinding the definitions, we obtain a pullback diagram of 8-categories
 FunPpT op,CAlgAqop //
 FunPpAbfin,CAlgAqop
 Spec
 „ // BTpAq
 PTorspCq // TorspCq „ // FunpCAlgA,Modcn,TorsZ q,
 where the equivalence on the bottom right is provided by Example 3.5.10.
 Example 3.5.13. Let ι : T ãÑ S be the inclusion functor. Then ι is a preorientedtorsion object of the 8-category S. Moreover, the image of ι under the forgetfulfunctor PTorspSq Ñ TorspSq » Modcn,Tors
 Z can be identified with the Z-modulespectrum ΣpQ Zq.
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Remark 3.5.14. Let ι : T ãÑ S be the inclusion functor. Then ι is a left Kanextension of its restriction to the full subcategory t˚u Ď T spanned by contractiblespace ˚ » ∆0. Consequently, for any functor X : T Ñ S, the canonical map
 MapFunpT ,Sqpι,Xq Ñ MapSpιp˚q, Xp˚qq » Xp˚q
 is a homotopy equivalence.If X is a preoriented torsion object of S (in the sense of Definition 3.5.11), then
 Xp˚q is contractible. It follows that the mapping space MapPTorspSqpι,Xq is alsocontractible: that is, ι is an initial object of the 8-category PTorspSq.
 We will deduce Theorem 3.5.5 from the following categorical fact:Proposition 3.5.15. Let ι : T ãÑ S be the inclusion functor, regarded as a preorientedtorsion object of S. Then the forgetful functor The forgetful functor F : PTorspSq ÑTorspSq induces an equivalence of 8-categories
 PTorspSqι Ñ TorspSqF pιq.
 Proof of Theorem 3.5.5 from Proposition 3.5.15. Let A be an E8-ring, which we mayassume to be connective (without loss of generality). Set C “ FunpCAlgA,Sq, so thatExample 3.5.12 supplies a pullback diagram σ :
 FunPpT op,CAlgAqop //
 U
 BTpAq
 PTorspCq // FunpCAlgA,Modcn,TorsZ q.
 Let ι P PTorspCq » FunpCAlgA,PTorspSqq be the constant functor taking the value ι PPTorspSq. It follows from Remark 3.5.14 that the mapping space MapPTorspCqpι, UpAqqis contractible for every P-divisible functor A : T op Ñ CAlgA. We can thereforepromote σ to a pullback diagram σ1:
 FunPpT op,CAlgAqop //
 U
 BTpAq
 PTorspCqι // FunpCAlgA,Modcn,TorsZ q.
 Using Proposition 3.5.15 and Example 3.5.13, we can rewrite σ1 as a pullback diagram
 FunPpT op,CAlgAqop //
 U
 BTpAq
 FunpCAlgA,Modcn,TorsZ qΣpQ Zq // FunpCAlgA,Modcn,Tors
 Z q,
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where ΣpQ Zq denotes the constant functor CAlgA Ñ Modcn,TorsZ taking the value
 ΣpQ Zq. It follows that the upper horizontal map is equivalent to the left fibrationclassified by the functor
 pG P BTpAqq ÞÑ MapFunpCAlgA,ModZqpΣpQ Zq,Gq » PrepGq.
 Proof of Proposition 3.5.15. Let Φ : T Ñ Abopfin be the functor given by
 ΦpT q “ π1pT q “ Hompπ1pT q,Q Zq » H1pT ; Q Zq.
 Then Φ is a left homotopy inverse of the functor
 Abopfin Ñ T M ÞÑ BxM.
 Moreover, Φ is a left fibration of 8-categories, classified by the functor
 U : Abopfin Ñ S UpMq “ KpxM, 2q.
 Note that U is a torsion object of the8-category S, whose image under the equivalenceTorspSq » Modcn,Tors
 Z of Example 3.5.10 is the Z-module spectrum Σ2pQ Zq. Apply-ing Corollary HTT.5.1.6.12 , we see that Φ induces an equivalence of 8-categoriesFunpT ,Sq » FunpAbop
 fin,SqU , which restricts to an equivalence of full subcategoriesPTorspSq » TorspSqU » pModcn,Tors
 Z qΣ2pQ Zq. Under this equivalence, the forgetfulfunctor
 PTorspSqι Ñ TorspSqι » pModcn,TorsZ qΣpQ Zq
 corresponds to the functor
 pModcn,TorsZ qΣ2pQ Zq Ñ pModcn,Tors
 Z qΣpQ Zq
 which carries a map of Z-module spectra u : M Ñ Σ2pQ Zq to the fiber fibpuq. Thisfunctor is an equivalence of 8-categories; the inverse equivalence carries a map ofZ-module spectra v : ΣpQ Zq Ñ N to the cofiber cofibpvq.
 3.6 Example: Complex K-TheoryLet KU denote the periodic complex K-theory spectrum. Then Construction 2.8.6
 supplies an orientation of the multiplicative P-divisible group µP8 over KU. By virtue
 79

Page 80
                        
                        

of Theorem 3.5.5, the P-divisible group µP8 and its orientation can be encoded by afunctor
 KU : T opÑ CAlgKU
 which is P-divisible in the sense of Definition 3.5.3. Our goal in this section is togive an explicit description of this functor and to explain its relationship to therepresentation theory of finite groups.
 Construction 3.6.1. Let Vect»C be the groupoid whose objects are finite-dimensionalcomplex vector spaces and whose morphisms are isomorphisms. For any space T ,we let FunpT,Vect»Cq denote the groupoid of functors from T (or equivalently thefundamental groupoid πď1pT q) into Vect»C. In other words, FunpT,Vect»Cq is theordinary category whose objects are local systems of finite-dimensional complex vectorspaces on T (and whose morphisms are isomorphisms).
 We will be exclusively interested in the situation T “ BG is the classifying spaceof a finite group G, so that FunpT,Vect»Cq can be identified with the category of finite-dimensional complex representations of G (with morphisms given by isomorphisms).In this case, the standard topology on the field C determines a topological enrichmentof the category FunpT,Vect»Cq. Let Nhc
 pFunpT,Vect»Cqq denote the homotopy coherentnerve of FunpT,Vect»Cq (as a topologically enriched category).
 The formation of direct sums of complex vector spaces determines a symmetricmonoidal structure on the categories Vect»C and FunpT,Vect»Cq, and which induces anE8-structure on the space Nhc
 pFunpT,Vect»Cqq. We let kupT q denote the connectivespectrum given by the group completion of Nhc
 pFunpT,Vect»Cqq.The formation of tensor products of complex vector spaces determines a second
 symmetric monoidal structure on the categories Vect»C and FunpT,Vect»Cq, whichdistributes over the first. This structure endows each Nhc
 pFunpT,Vect»Cqq with thestructure of a commutative algebra object of the 8-category CMonpSq of E8-spaces,where we regard CMonpSq as equipped with the symmetric monoidal structure givenby the smash product of E8-spaces (see Proposition AV.3.6.1 ). Put more informally,NhcpFunpT,Vect»Cqq is an E8-semiring space, with addition given by direct sum of
 local systems and multiplication given by the tensor product of local systems. Itfollows that the group completion kupT q inherits the structure of an E8-ring.
 Example 3.6.2. When the space T is contractible, the E8-ring kupT q can be identifiedwith the connnective complex K-theory spectrum ku » τě0pKUq (essentially byconstruction).
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Remark 3.6.3. Let G be a finite group. Then connected components of the spaceNhcpFunpBG,Vect»Cqq can be identified with isomorphism classes of finite-dimensional
 complex representations of G. Passing to group completions, we obtain an isomorphismπ0pkupBGqq » ReppGq, where ReppGq is the complex representation ring of G.
 Remark 3.6.4 (Functoriality). Let T and T 1 be spaces which are homotopy equiv-alent to the classifying spaces of finite groups G and G1, respectively. For anymap f : T Ñ T 1, composition with f determines a topologically enriched functorf˚ : FunpT 1,Vect»Cq Ñ FunpT,Vect»Cq. This functor is compatible with the forma-tion of direct sums and tensor products, and therefore induces a map of E8-ringsf˚ : kupT 1q Ñ kupT q.
 In the special case where G1 is the trivial group, we obtain a map of E8-ringsku Ñ kupT q, which exhibits kupT q as an E8-algebra over the connective K-theoryspectrum ku.
 Notation 3.6.5. Let T be a space which is homotopy equivalent to BG, for somefinite group G. We let KUpT q denote the tensor product KUbkukupT q. In other words,KUpT q is the E8-algebra over KU which is obtained from kupT q by inverting the Bottclass β P π2pkuq.
 Remark 3.6.6. Let G be a finite group, and let V1, . . . , Vn be a set of representativesfor the collection of all isomorphism classes of irreducible complex representations ofG. Then the construction
 pW1, . . . ,Wnq ÞÑà
 1ďiďnVi bC Wi
 induces an equivalence of topologically enriched categories
 pVect»Cqn » FunpBG,Vect»Cq.
 It follows that the E8-rings kupBGq and KUpBGq are free of rank n when regardedas a module over ku and KU, respectively.
 Remark 3.6.7. Let H be a finite abelian group, and let pH “ HompH,Q Zq denotethe Pontryagin dual group of H. For each λ P pH, we let Vλ denote the representationof H whose underlying vector space is C, where H acts by the character
 H Ñ Cˆ h ÞÑ expp2πiλq.
 The construction λ ÞÑ rVλs then induces an isomorphism of commutative rings Zr pHs „ÝÑReppHq.
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For the rest of this section, we specialize Construction 3.6.1 further to the casewhere T is the classifying space of a finite abelian group (we will return to consideringnonabelian groups in §4.1). Using Remark 3.6.4, we can regard the constructionsT ÞÑ kupT q and T ÞÑ KUpT q as providing functors
 ku : T opÑ CAlgku KU : T op
 Ñ CAlgKU
 where T Ď S is the 8-category of Notation 3.1.1.
 Proposition 3.6.8. The functor ku : T op Ñ CAlgku is P-divisible (in the sense ofDefinition 3.5.3).
 Proof. It follows from Remark 3.6.6 that each kupT q is a free module of finite rankover ku. It will therefore suffice to show that the functor
 T opÑ CAlgπ0pkuq T ÞÑ π0pkupT qq
 is P-divisible (Remark 3.5.4). Using Remarks 3.6.3 and Remark 3.6.7, we see thatthis functor is given by BH ÞÑ ReppHq » Zr pHs, and therefore agrees with the P-divisible functor T op Ñ CAlgZ associated to the multiplicative P-divisible group µP8
 of Construction 2.8.1.
 Remark 3.6.9 (Relationship with Construction 2.8.6). Applying Theorem 3.5.5, wecan identify the P-divisible functor ku : T op Ñ CAlgku with a pair pG, eq, where G isa P-divisible group over ku and e is a preorientation of G. The proof of Proposition3.6.8 shows that, after extending scalars along the map ku Ñ π0pkuq » Z, there is acanonical isomorphism of P-divisible groups γ0 : GZ » µP8 . Since µP8 is Cartier dualto the etale P-divisible group Q Z, it has no nontrivial deformations: in particular,γ0 admits an essentially unique lift to an equivalence G » µP8 of P-divisible groupsover ku. We can therefore identify the preorientation e with a map of E8-spacesBpQ Zq Ñ GL1pkuq, or equivalently with a map of E8-rings Σ8`BpQ Zq Ñ ku.Unwinding the constructions, we see that this map factors as a composition
 Σ8`BpQ Zq Ñ Σ8` CP8 ρÝÑ ku
 where ρ is induced by the map of E8-spaces
 CP8» BUp1q ãÑ Nhc
 pVect»Cq Ñ Ω8pkuq,
 carrying the canonical generator of π2pCP8q to the Bott class β P π2pkuq.
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Combining Proposition 3.6.8 with Remark 3.6.9, we obtain the following:
 Corollary 3.6.10. The construction KU : T op Ñ CAlgKU is P-divisible (in the senseof Definition 3.5.3). Under the equivalence of Theorem 3.5.5, it corresponds to themultiplicative P-divisible group µP8 over KU, equipped with the orientation describedin Construction 2.8.6.
 4 Tempered CohomologyWe now introduce the main object of study in this paper.
 Notation 4.0.1. Let A be an E8-ring and let G be a preoriented P-divisible groupover A. We let AG denote the P-divisible functor T op Ñ CAlgA corresponding to Gunder the equivalence Theorem 3.5.5. We will denote the value of AG on an objectT P T by ATG. In particular, if H is a finite abelian group, we have a canonicalequivalence SpecpABHG q “ Gr pHs, where pH “ HompH,Q Zq denotes the Pontryagindual of H.
 Warning 4.0.2. Let A be an E8-ring and let G be a preoriented P-divisible groupover A. Then, for any object T P T , there exists an equivalence
 SpecpATGq » Grπ1pT qs.
 Beware that this equivalence is not canonical: it depends on a choice of base pointof T (which allows us to identify T with the classifying space BH for H “ π1pT q).Choosing an equivalence SpecpATGq » Grπ1pT qs which depends functorially on T isequivalent to choosing a nullhomotopy of the preorientation e : ΣpQ Zq Ñ GpAq(Example 3.5.8).
 Construction 4.0.3 (Tempered Function Spectra). Let A be an E8-ring and let Gbe a preoriented P-divisible group over A. Let us abuse notation by identifying the8-category T of Notation 3.1.1 with its essential image under the Yoneda embedding
 T ãÑ OS T ÞÑ T p´q.
 By virtue of Theorem HTT.5.1.5.6 , the functor AG : T op Ñ CAlgA admits anessentially unique extension to a functor OSop
 Ñ CAlgA which preserves small limits(that is, it carries colimits in the 8-category of orbispaces to limits in the 8-categoryCAlgA). We will abuse notation by denoting this functor also by AG; it carries each
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orbispace X to an E8-algebra over A which we will denote by AXG. We will refer to
 AXG as the G-tempered function spectrum (parametrizing maps from X to AG).
 In the special case where X “ Xp´q is the orbispace represented by a space X P S,we will denote the E8-ring AX
 G simply by AXG.
 Remark 4.0.4. Let A be an E8-ring and let G be a preoriented P-divisible groupover A. Then, for each orbispace X, the spectrum AX
 G is essentially determined (as aspectrum) by the formula
 Ω8´npAXGq » MapOSpX,Ω8´nAGq.
 Here we identify AG with a spectrum object of the 8-category of orbispaces.
 Construction 4.0.5 (Tempered Cohomology). Let A be an E8-ring and let G be apreoriented P-divisible group over A. For each orbispace X, we let A˚GpXq denote thegraded-commutative ring given by the formula
 A˚GpXq “ π´˚pAXGq.
 We will refer to A˚GpXq as the G-tempered cohomology ring of X.In the special case where X “ Xp´q is the orbispace represented by a space X P S,
 we will denote the graded ring A˚GpXq by A˚GpXq, which we refer to as the G-temperedcohomology ring of X.
 Our goal in this section is to carry out a detailed study of Constructions 4.0.3and 4.0.5. We begin in §4.1 with the case where A “ KU is the complex K-theoryspectrum and G “ µP8 is the multiplicative P-divisible group (endowed with theorientation of Construction 2.8.6). In this case, we will see that Construction 4.0.5reproduces equivariant complex K-theory (for finite groups). More precisely, for everyfinite group G and every G-space X P SG, we construct a canonical isomorphism
 KU˚HpXq„ÝÑ KU˚µP8
 pXGq,
 whose domain is the G-equivariant complex K-theory of X and whose codomainis the µP8-tempered cohomology of the orbispace quotient XG (Corollary 4.1.3).When G is abelian, this is essentially a tautology (by virtue of our description ofthe orientation of µP8 supplied by Corollary 3.6.10). The extension to nonabeliangroups articulates an important feature of G-equivariant complex K-theory: it can beformally reconstructed (by a Kan extension procedure) from its behavior with respectto abelian subgroups of G. This observation motivates all of the constructions whichappear in this paper: in essence, we are showing that an analogous procedure givessensible results in other contexts (like the setting of elliptic cohomology).
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Remark 4.0.6 (Equivariant Stable Homotopy Theory). Let A be an E8-ring, let Gbe a preoriented P-divisible group over A, and let H be a finite group. Then theconstruction
 pX P SHq ÞÑ A˚GpXHq
 can be viewed as a cohomology theory defined on the 8-category of H-spaces SH . Itfollows formally that this cohomology theory is representable by a spectrum objectof the 8-category SH : that is, by a naive H-spectrum. In [10], we will show (usingideas developed in this paper; see §7.4) that this naive H-spectrum can be promotedto a genuine H-spectrum in the case when G is an oriented P-divisible group.
 Fix a preoriented P-divisible group G over an E8-ring A. The most essentialfeatures of G-tempered cohomology can be summarized by the following variants ofTheorems 1.1.17, 1.1.18, and 1.1.19:
 paq Let X be an orbispace with underlying space |X|. Then there is a canonical ringhomomorphism
 ζ : A˚GpXq Ñ A˚p|X|q,which we call the Atiyah-Segal comparison map (Construction 4.2.2). In the casewhere A is Kpnq-local and G is the Quillen p-divisible over A, we show that ζis an isomorphism (Theorem 4.2.5; this reduces to Theorem 1.1.17 in the casewhen X is an orbispace quotient Y H).
 pbq Suppose that the P-divisible group G splits as a direct sum G0 ‘ Λ, where Λ isa colattice. In §4.3, we associate to every orbispace X a canonical isomorphism
 χ : A˚GpXq Ñ A˚G0pLΛpXqq,
 where LΛpXq denotes the formal loop space of Construction 3.4.3 (Theorem
 4.3.2); this reduces to Theorem 1.1.18 in the case where X is an orbispacequotient Y H).
 pcq Let B be an E8-algebra over A, and let us abuse notation by identifying G withthe P-divisible group GB obtained from G by extension of scalars. For everyorbispace X, there is a tautological comparison map
 θ : B bA AXG Ñ BX
 G.
 This map is an equivalence when G is oriented and X is representable by aπ-finite space X (Theorem 4.7.1, which formally implies Theorem 1.1.19 byarguments that we will outline in §4.7).
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Properties paq and pbq are essentially formal, and we prove them in §4.2 and §4.3,respectively. Assertion pcq is much more difficult. In this section, we prove pcq onlyin the special case where X is a generalized Eilenberg-MacLane space (with abelianhomotopy groups). In this case, we will show that the tempered cohomology ringA˚GpXq is a projective module of finite rank over the coefficient ring π´˚pAq, whichhas an explicit description in terms of the arithmetic of the P-divisible group G. Weformulate this description precisely in §4.4 (Theorem 4.4.16) and carry out the proof in§4.5 (making essential use of properties paq and pbq, together with the main results of[6]). We can then verify assertion pcq by explicitly comparing the tempered cohomologyrings A˚GpXq and B˚GpXq. For a more general π-finite space X, this approach breaksdown (it seems unrealistic to hope for an explicit calculation of A˚GpXq in general).We prove pcq in general in §7 as a consequence of our tempered ambidexterity theorem(Theorem 7.2.10), which ultimately rests on the calculations for Eilenberg-MacLanespaces carried out in this section.
 Properties paq, pbq, and pcq have many nontrivial consequences, some of which canbe formulated without reference to the theory of G-tempered cohomology. As notedin §1, they can be used to recover the “generalized character theory” of Hopkins-Kuhn-Ravenel and Stapleton (as well as the classical character theory of finite groups: seeCorollary 4.7.8). For these applications, we do not need the full strength of pcq: itsuffices to assume that pcq holds for orbispaces X of the form BGp´q, where G is afinite group. However, the full strength of assertion pcq allows us to extend the scopeof character-theoretic methods. In §4.8, we make this explicit by using paq, pbq, andpcq to compute the rationalized Lubin-Tate cohomology of an arbitrary π-finite spaceX (Corollary 4.8.5). As an application, we show that the Euler characteristic of Xwith respect to Morava K-theory Kpnq (at some prime number p) can be identifiedwith the number of homotopy classes of maps from the p-adic torus KpZn
 p , 1q into X(Corollary 4.8.6).
 Throughout this section, we view the tempered cohomology theory X ÞÑ A˚GpXq
 as a construct which depends on a choice of P-divisible group G together with apreorientation e P PrepG. By virtue of Theorem 3.5.5, the datum of the pair pG, eq isequivalent to the datum of the P-divisible functor
 AG : T opÑ CAlgA
 of Notation 4.0.1. Note that Constructions 4.0.3 and 4.0.5 are phrased directly interms of the functor AG (rather than the P-divisible group G itself). Consequently, itis possible to adopt a more direct approach to our theory of tempered cohomology
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(circumventing the formalism of §2) by adopting Definition 3.5.3 as the definitionof a preoriented P-divisible group. Beware, however, that many important formalproperties of tempered cohomology (like property pcq above) depend on the assumptionthat G is an oriented P-divisible group. It is therefore desirable to have a criterionfor determining if e P PrepGq is an orientation directly in terms of the functorAG : T op Ñ CAlgA. We establish three such criteria in this section, each based onproperties of the Atiyah-Segal comparison map ζ:
 • Assume that A is p-complete. Then G is oriented if and only if A is complexperiodic and the Atiyah-Segal comparison map
 ζ : ABCpnG Ñ ABCnp
 exhibits ABCpn as the completion of ABCpnG with respect to the augmentationideal ICpn Ď A0
 GpBCpnq, for each n ě 0 (Proposition 4.2.12). Here Cpn denotesthe cyclic group with pn elements.
 • Let A be any E8-ring. Then G is oriented if and only if, for every prime powerpn and every E8-algebra B over A, the Atiyah-Segal comparison map
 ζ : BBCpnG Ñ BBCpn
 exhibits BBCpn as the completion of BBCpnG with respect to its augmentation
 ideal ICpn Ď A0GpBCpnq (Proposition 4.2.15).
 • Let A be any E8-ring. Then G is oriented if and only if, for every prime numberp, the Atiyah-Segal comparison map
 ζ : ABCpG Ñ ABCp
 exhibits the function spectrum ABCp as the completion of ABCpG with respectto the augmentation ideal ICp Ď A0
 GpBCpq, and the Tate construction AtCp isICp-local (Theorem 4.6.2).
 We can roughly paraphrase these results as saying that a preoriented P-divisiblegroup G is oriented if and only if the theory of G-tempered cohomology satisfies ananalogue of the Atiyah-Segal completion theorem in a few special cases. In §4.9, weprove a strong converse of this result: if A is Noetherian and G is oriented, then ourtheory of G-tempered cohomology satisfies a version of the Atiyah-Segal completiontheorem in general (Theorem 4.9.2).
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4.1 Equivariant K-Theory as Tempered CohomologyThroughout this section, we let KU denote the complex K-theory spectrum and
 µP8 the multiplicative P-divisible group over KU. We regard µP8 as equipped withthe orientation of Construction 2.8.6, so that Construction 4.0.3 supplies functors
 X ÞÑ KUXµP8
 X ÞÑ KU˚µP8pXq.
 It follows from Corollary 3.6.10 that we have equivalences (of E8-algebras over KU)KUT
 µP8 » KUpT q depending functorially on T P T ; here KUpT q is the KU-algebradescribed in Notation 3.6.5. In particular, if G is a finite abelian group, then thetempered cohomology ring KU0
 µP8pBGq can be identified with the representation ring
 ReppGq. In this section, we will extend this identification to the case where G is notassumed to be abelian. More generally, for any G-space X, we construct a canonicalisomorphism
 uX : KU˚GpXq » KU˚µP8pXGq
 from the G-equivariant K-theory of X to the µP8-tempered cohomology of theorbispace quotient XG (Theorem 4.1.2). The existence of the isomorphism uX ismore or less tautological in the case where G is abelian; the extension to non-abeliangroups G will use the technique of complex-oriented descent appearing in the work ofHopkins-Kuhn-Ravenel ([5]).
 Let G be a finite group (not necessarily abelian), which we regard as fixed for theremainder of this section. We begin with a brief review of G-equivariant complexK-theory (see [20] for a more detailed exposition). For every G-space X, we letKU˚GpXq denote the graded ring given by G-equivariant complex K-theory of X. Wethen have an isomorphism KU˚GpXq » π´˚pKUX
 G q, where KUXG is an E8-algebra over
 KU which we will refer to as the G-equivariant complex K-theory spectrum of X.This construction has the following properties:
 paq The construction X ÞÑ KUXG determines a functor of 8-categories Sop
 G Ñ
 CAlgKU, where SG denotes the 8-category of G-spaces (Definition 3.2.10).Moreover, this functor carries small colimits in SG to small limits in CAlgKU.
 pbq Let OrbitpGq denote the category of G-orbits, which (by slight abuse of notation)we identify with a full subcategory of SG. Then the composite functor
 OrbitpGqop ãÑ SopG
 X ÞÑKXG
 ÝÝÝÝÑ CAlgKU
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is given by the construction X ÞÑ KUpXhGq; here XhG denotes the homotopyorbit space of X by the action of G and KUpXhGq is the E8-algebra of Notation3.6.5. In particular, when X “ HzG is the quotient of G by a subgroup H Ď G,we have equivalences
 KUXG » KUpBHq KU0
 GpXq » ReppHq.
 pcq Let X be a topological space equipped with a continuous action of G, and let usabuse notation by identifying X with the G-space SingG‚ pXq P SG described inExample 3.2.13. Then there is a canonical map of sets
 tG-equivariant complex vector bundles on Xuisomorphism Ñ KU0GpXq.
 E ÞÑ rE s
 If X is a finite G-space, then this map exhibits KU0GpXq as the Grothendieck
 group of the commutative monoid of isomorphism classes of G-equivariantcomplex vector bundles on X.
 pdq Let X be a topological space equipped with a continuous action of G, let E be aG-equivariant complex vector bundle of rank r over X, and let Y “ PpE q denotethe projectivization of E , so that we have a G-equivariant map π : Y Ñ X
 which exhibits Y as a fiber bundle over X (whose fibers are homeomorphic tothe complex projective space CPr´1). We then have a tautological short exactsequence
 0 Ñ Op´1q Ñ π˚E Ñ Q Ñ 0
 of complex vector bundles on Y , where Op´1q has rank 1. For each integerd P Z, let Opdq denote the p´dqth tensor power of Op´1q. Let us abuse notationby identifying X and Y with the G-spaces SingG‚ pXq, SingG‚ pY q P SG of Example3.2.13. Then the elements trOpdqsu0ďdăr form a basis for KU˚GpY q as a gradedmodule over KU˚GpXq.
 Remark 4.1.1. The functor X ÞÑ KUXG is characterized by properties paq and pbq
 above: it follows formally that the functor KUp´qG can be obtained as a right Kanextension of the functor
 OrbitpGqopÑ CAlgKU X ÞÑ KUpXhGq
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along the Yoneda embedding OrbitpGqop ãÑ SopG . From this perspective, one can
 obtain the comparison map
 tG-equivariant complex vector bundles on Xuisomorphism Ñ KU0GpXq
 of pcq by formulating a more refined statement at the level of classifying spaces, andformally extending from the case where X is a G-orbit. The fact that, in good cases,this map exhibits KU0
 GpXq as the Grothendieck group of complex vector bundles on Xrequires additional effort: in essence, one must show that these Grothendieck groupssatisfy a form of excision ([20]). For our purposes here, this more refined statementis unnecessary: the construction E ÞÑ rE s is needed only to formulate property pdq(which follows from the fact that equivariant complex K-theory admits a good theoryof Chern classes).
 We can now formulate the main result of this section.
 Theorem 4.1.2. Let G be a finite group and let X be a G-space. Then there is acanonical equivalence
 KUXG » KUXG
 µP8.
 Here XG denotes the orbispace quotient of X by the action of G (Construction3.2.16), and KUXG
 µP8is the tempered function spectrum of Construction 4.0.3.
 Corollary 4.1.3. Let G be a finite group and let X be a G-space. Then there is acanonical isomorphism of graded rings KU˚GpXq » KU˚µP8
 pXGq.
 Example 4.1.4. Let G be a finite group. Applying Corollary 4.1.3 in the case whereX is a single point (and restricting to degree zero), we obtain a canonical isomorphismReppGq „ÝÑ KU0
 µP8pBGq.
 Proof of Theorem 4.1.2. Let OrbitpGqab denote the full subcategory of OrbitpGqspanned by G-orbits of the form HzG, where H Ď G is abelian. Let us abusenotation by identifying OrbitpGqab with its image under the Yoneda embeddingOrbitpGq ãÑ SG. When X belongs to OrbitpGqab, the homotopy XhG is an object ofthe 8-category T (which represents the orbispace quotient XG), so property pbqand Corollary 3.6.10 provide a canonical equivalence
 uX : KUXG » KUpXhGq » KUXG
 µP8.
 Note that the functor
 SopG Ñ CAlgKU X ÞÑ KUXG
 µP8
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is a right Kan extension of its restriction to OrbitpGqopab. Consequently, the construction
 X ÞÑ uX admits an essentially unique extension to a natural transformation uX :KUX
 G Ñ KUXGµP8
 defined on the entire 8-category SG. We will complete the proof byshowing that uX is an equivalence, for all X P SG.
 The construction X ÞÑ uX carries colimits in SG to limits in the 8-categoryFunp∆1,CAlgKUq. It will therefore suffice to show that uX is an equivalence in thespecial case where X is a G-orbit. Suppose otherwise: then there exists some subgroupH Ď G for which the map uHzG is not an equivalence. Among such subgroups, chooseone for which the cardinality |H| is as small as possible. The group H cannot beabelian, and therefore admits an irreducible representation V of dimension largerthan 1. Then we can identify V with a G-equivariant vector bundle E on the orbitX “ HzG. Let Y0 “ PpE q denote the projectivization of the complex vector bundleE (regarded as a topological space with an action of G), and let us abuse notation byidentifying Y0 with the object SingG‚ pY0q P SG given in Example 3.2.13. Let Y‚ denotethe Cech nerve of the projection map Y0 Ñ X. We then have a commutative diagramof E8-algebras over KU
 KUXG
 uX //
 v
 KUµP8 pXGq
 w
 TotpKUY‚G q
 TotpuY‚ q // TotpKUY‚GµP8
 q.
 We will obtain a contradiction by showing that the vertical maps and lower horizontalmap in this diagram are equivalences:
 • It follows from property pdq above that KUY0G is a faithfully flat KUX
 G -algebraand that KUY‚
 G is the cosimplicial KUXG -algebra given by the iterated tensor
 powers of KUY0G . Consequently, the map v is an equivalence virtue of faithfully
 flat descent.
 • Note that the simplicial orbispace Y‚G can be identified with the Cech nerve(formed in the8-category of orbispaces) of the canonical map π : Y0GÑ XG.Consequently, to show that w is an equivalence, it will suffice to show that πis an effective epimorphism of orbispaces. Equivalently, we must show that forevery abelian subgroup A Ď G and every point x P X which is fixed by A, we canchoose a point y P Y0 lying over x which is fixed by A. Without loss of generality,
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we may assume that x P HzG is the identity coset, so that A is an abeliansubgroup of H. In this case, the existence of the point y P Y A
 0 is equivalent tothe existence of a 1-dimensional complex subspace L Ď V which is fixed by theaction of A. This is clear: our assumption that A is abelian guarantees that therepresentation V decomposes as a direct sum of 1-dimensional representationsof A.
 • To show that the lower horizontal map is an equivalence, it will suffice to showthat the map uYk is an equivalence for each k ě 0. Writing Yk as a colimit ofG-orbits of the form H 1zG, we are reduced to the problem of showing that uH 1zGis an equivalence whenever there exists a fixed point y P Y H 1
 k . Let x denotethe image of y in the orbit X “ HzG. Replacing H 1 by a conjugate subgroup,we may assume that x is the identity coset, so that H 1 is a subgroup of H. Itfollows from our minimality assumption that H 1 “ H. In this case, the existenceof a fixed point y P Y H
 k lying over the identity coset x P HzG implies that Vcontains a 1-dimensional complex subspace L Ď V which is invariant under theaction of H. Since the representation V is irreducible, it follows that L “ V ,contradicting our assumption that V has dimension ą 1.
 Remark 4.1.5. It follows from Theorem 4.1.2 that, when specialized to the mul-tiplicative P-divisible group over KU, our theory of tempered cohomology can beused to reconstruct the equivariant complex K-theory as a naive G-spectrum: that is,as a cohomology theory defined on the homotopy category of G-spaces. To recoverequivariant complex K-theory as a genuine G-spectrum, there is additional work tobe done: essentially, one must show that the equivalence KUX
 G » KUXGµP8
 behavesfunctorially not only with respect to pullback, but also with respect to transfers. Wewill return to this point in [10] (see §7.4 for a discussion of transfer maps in the settingof tempered cohomology).
 4.2 Atiyah-Segal Comparison MapsLet G be a finite group and let X be a finite G-space. Then every G-equivariant
 vector bundle on X determines a vector bundle on the homotopy orbit space XhG.This construction determines a map of K-groups
 KU0GpXq Ñ KU0
 pXhGq,
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which is the subject of Atiyah’s completion theorem (Theorem 1.1.5). In this section,we describe a variant of this construction in the more general setting of temperedcohomology, and prove a weak version of Atiyah’s theorem (Proposition 4.2.8); for astronger statement, we refer the reader to §4.9.
 Let A be an E8-ring. For any space X, we let AX denote the function spectrumof (unpointed) maps from X into A. The construction X ÞÑ AX determines a functorof 8-categories Sop
 Ñ CAlgA, which is determined (up to a contractible space ofchoices) by the requirement that it preserves small limits and carries the one-pointspace ˚ to A (Theorem HTT.5.1.5.6 ). If G is a preoriented P-divisible group over A,then the functor X ÞÑ A
 XG has the same properties. This proves the following:
 Proposition 4.2.1. Let G be a preoriented P-divisible group over an E8-ring A.Then, for any space X, we have a canonical equivalence AXG » AX of E8-algebras overA; here X denotes the constant orbispace associated to X (Example 3.1.8). Passing tohomotopy groups, we obtain a canonical isomorphism of graded rings A˚GpXq » A˚pXq.
 We now exploit Proposition 4.2.1 to compare our theory of G-tempered cohomologywith the usual cohomology theory represented by A.
 Construction 4.2.2 (The Atiyah-Segal Comparison Map). Let A be an E8-ring andlet G be a preoriented P-divisible group over A. Let X be any orbispace, and letX “ |X| denote its underlying space. Then the canonical map of orbispaces X Ñ Xinduces a map of E8-algebras ζ : AX
 G Ñ A|X|. Passing to homotopy groups, we obtaina map of cohomology rings A˚GpXq Ñ A˚p|X|q, which we will also denote by ζ. We willrefer to both of the maps
 ζ : AXG Ñ A|X| ζ : A˚GpXq Ñ A˚p|X|q
 as the Atiyah-Segal comparison map.In particular, for every object X P S, the canonical map of orbispaces X Ñ Xp´q
 induces Atiyah-Segal comparison maps
 ζ : AXG Ñ AX ζ : A˚GpXq Ñ A˚pXq.
 Example 4.2.3. Let X be a finite space. Then the canonical map X Ñ Xp´q is anequivalence of orbispaces (by Miller’s theorem; see Remark 3.1.14). It follows that, forany preoriented P-divisible group G over an E8-ring A, the Atiyah-Segal comparisonmap ζ : A˚GpXq Ñ A˚pXq is an isomorphism.
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Example 4.2.4. Let G be a preoriented P-divisible group over an E8-ring A. If His a finite group and X is an H-space, then we have canonical maps of orbispacesXhH Ñ XH Ñ X
 p´q
 hH , which induce comparison maps
 AXhHG Ñ AXHG Ñ AXhH A˚GpXhHq Ñ A˚GpXHq
 ζÝÑ A˚pXhHq.
 We have the following result (which contains Theorem 1.1.17 as a special case):
 Theorem 4.2.5. Fix a prime number p and a positive integer n. Let A be an E8-ringwhich is Kpnq-local, and let G “ GQ
 A be the Quillen p-divisible group of A (see §2.4).Then, for every orbispace X, the Atiyah-Segal comparison map ζ : AX
 G Ñ A|X| is anequivalence of E8-algebras over A, and therefore induces an isomorphism of gradedrings ζ : A˚GpXq » A˚p|X|q.
 Proof. Note that the functor
 OSopÑ Funp∆1,CAlgAq X ÞÑ pζ : AX
 G Ñ AXq
 preserves small limits. Since the 8-category of orbispaces is generated (under smallcolimits) by the image of the Yoneda embedding T ãÑ OS, it will suffice to proveTheorem 4.2.5 in the special case where X “ BHp´q is the classifying space of a finiteabelian group H. In this case, the desired result is immediate from the constructionGQA as an oriented p-divisible group (see Example 3.5.7).
 Theorem 4.2.5 has an analogue at height zero:
 Variant 4.2.6. Let A be an E8-algebra over Q and let G “ 0 be the trivial P-divisible group over A (so that G admits an essentially unique preorientation). Then,for every orbispace X with underlying space |X|, the Atiyah-Segal comparison mapζ : AX
 G Ñ A|X| is an equivalence of E8-algebras over A, and therefore induces anisomorphism of graded rings ζ : A˚GpXq » A˚p|X|q.
 Proof. As in the proof of Theorem 4.2.5, we can reduce to the case where X “ T p´q isrepresentable by an object T P T . In this case, we are reduced to showing that theunit map A˚pt˚uq Ñ A˚pT q is an isomorphism. This is clear, since A is an E8-algebraover Q and the space T is rationally acyclic.
 The terminology of Construction 4.2.2 is motivated by the special case whereA “ KU is the complex K-theory spectrum and G “ µP8 is the multiplicativeP-divisible group over A, endowed with the orientation of Construction 2.8.6. If
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G is a finite group and X is an G-space, then the Atiyah-Segal comparison mapζ : A˚GpXGq Ñ A˚p|XG|q can be identified with the map KU˚GpXq Ñ KU˚pXhGq
 appearing in Theorem 1.1.5. When X is a finite G-complex, this map exhibitsKU˚pXhGq as the completion of KU˚GpXq with respect to the augmentation ideal inthe representation ring ReppGq. We will show in §4.9 that an analogous phenomenonoccurs for any oriented P-divisible group, at least when A is Noetherian (Theorem4.9.2). For the moment, we consider only the special case where G is abelian and X isa single point, in which case the Noetherian assumption on A is unnecessary.
 Notation 4.2.7. Let A be an E8-ring, let G be a preoriented P-divisible group overA, and let H be a finite group. Then the canonical map EH Ñ BH determines asurjective ring homomorphism
 A0GpBHq Ñ A0
 GpEHq » π0pAq.
 We will denote the kernel of this homomorphism by IH and refer to it as the augmen-tation ideal of the commutative ring A0
 GpBHq.Note that if the group H is abelian, then A0
 GpBHq is a projective module of finiterank as a module over π0pAq. In this case, the augmentation ideal IH is also projectiveof finite rank as a module over π0pAq; in particular, it is finitely generated.
 Proposition 4.2.8. Let A be an E8-ring, let G be an oriented P-divisible groupover A, and let H be a finite abelian group. Then the Atiyah-Segal comparison mapABHG Ñ ABH exhibits the function spectrum ABH as the IH-completion of ABHG , whereIH is the augmentation ideal of Notation 4.2.7.
 The proof of Proposition 4.2.8 will require some preliminaries.
 Notation 4.2.9. Let G be a preoriented P-divisible group over A. Let f : AÑ B bea morphism of E8-rings, and let GB denote the preoriented P-divisible group over Bobtained from G by extending scalars along f . For every orbispace X, we will denotethe E8-ring BX
 GBof Construction Construction 4.0.3 simply by BX
 G, and we denote theGB-tempered cohomology ring B˚GB
 pXq simply by B˚GpXq. In the special case whereX “ Xp´q for some space X (Example 3.1.6), we denote BX
 G and B˚GpXq by BXG and
 B˚GpXq, respectively.
 Remark 4.2.10. Let G be a preoriented P-divisible group over an E8-ring A, andlet B be an E8-algebra over A. For any orbispace X, we have a canonical map ofA-modules AX
 G Ñ BXG, which extends to a B-linear map θX : B bA AX
 G Ñ BXG. Then:
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paq If T is an object of T , then the map θT : B bA ATG Ñ BTG is an equivalence.
 pbq If B is perfect as an A-module, then the map θX : B bA AXG Ñ BX
 G is anequivalence for every orbispace X.
 Assertion paq is immediate from the definition of the P-divisible group GB. Assertionpbq follows from paq by writing the orbispace X as a colimit of representable orbispaces.
 Lemma 4.2.11. Let G be an preoriented P-divisible group over an E8-ring A. Then,for every orbispace X, the functor
 CAlgA Ñ CAlgA B ÞÑ BXG
 preserves small limits.
 Proof. Writing X as a colimit of representable functors, we may assume that X “ BHp´q
 for some finite abelian group H. In this case, Remark 4.7.2 implies that for eachB P CAlgA, the comparison map
 ρ : B bA AXG Ñ BX
 G
 is an equivalence. The desired result now follows from the observation that ABHG isa finite flat A-module (representing the functor MapModZ
 p pH,Gp‚qq, where pH is thePontryagin dual of H).
 Proof of Proposition 4.2.8. Let B be an E8-algebra over A. We will say that B isgood if the Atiyah-Segal comparison map ζB : BBH
 G Ñ BBH exhibits BBH as theIH-completion of BBH
 G (in other words, B is good if Proposition 4.2.8 is true afterreplacing A by B; note that the augmentation ideal of B0
 GpBHq is generated by theimage of IH). Note that the construction B ÞÑ ζB preserves small limits (Lemma4.2.11). It follows that the collection of good objects of CAlgA is closed under smalllimits. We will prove that every object B P CAlgA is good.
 The proof proceeds in several steps. Let m “ |H| denote the order of the finitegroup H. We first treat the case where m is invertible in B. In this case, the classifyingspace BH is acyclic with respect to the spectrum B: that is, evaluation at the basepoint of BH induces an equivalence BBH » B. It follows that we can identify thecomparison map ζB with the augmentation map ε : BBH
 G Ñ B. Since |H| is invertiblein π0pBq, BBH
 G is an etale B-algebra, so that ε is the projection onto a direct factorand the result is clear.
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Now let B be an arbitrary E8-algebra over A. For each prime number p whichdivides n “ |H|, let B^ppq denote the p-completion of B. We then have a pullbacksquare
 B //
 ś
 p|mB^ppq
 Br 1
 ms // p
 ś
 p|mB^ppqqr
 1ms,
 where the algebras on the bottom left and bottom right are good by virtue of theprevious step. Consequently, to show that B is good, it will suffice to show that eachcompletion B^ppq is good.
 Replacing A by B^ppq, we are reduced to proving Proposition 4.2.8 in the specialcase where A is p-complete for some prime number p. Our assumption that G isoriented guarantees that A is complex periodic and that the identity component ofGppq is the Quillen formal group. For each integer n, let IAn denote the nth Landweberideal of A (Definition Or.4.4.11 ). Note that there exists an integer n ě 0 such thatA is IAn`1-local (for example, if n is an upper bound for the height of the p-divisiblegroup Gppq, then we have IAn`1 “ π0pAq). We proceed by induction on n, the casen “ 0 being trivial (since IAn`1 “ ppq). Let pA denote the IAn -completion of A, let Bdenote the IAn -localization of A, and let pB denote the IAn -completion of B. Then wehave a pullback square
 A //
 pA
 B // pB,
 where B and pB are good by virtue of our inductive hypothesis. Consequently, toshow that A is good, it will suffice to show that pA is good. Replacing A by pA, we arereduced to proving Proposition 4.2.8 in the special case where A is IAn`1-local andIAn -complete: that is, when A is Kpnq-local as a spectrum (see Theorem Or.4.5.2 ).
 If A is Kpnq-local, then the orientation of G supplies a short exact sequence ofp-divisible groups
 0 Ñ GQA Ñ Gppq Ñ G2
 Ñ 0,
 where G2 is etale. In this case, the Atiyah-Segal comparison map ζ : ABHG Ñ ABH “
 ABHGQA
 is given by the projection onto a direct factor, where the complementary factoris IH-local. We are therefore reduced to proving that the function spectrum ABH isIH-complete as a module over ABHG .
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Let C be the full subcategory of pOSqBHp´q spanned by those maps f : X Ñ BHp´q
 for which the induced map ABHG Ñ AXG exhibits AX
 G as an IH-complete module overABHG . We wish to show that C includes the tautological map BH Ñ BHp´q. In fact,we claim that C contains every object of the form f : X Ñ BHp´q, where X is aspace. Writing X as a homotopy colimit of contractible spaces, we can reduce tothe case where X is contractible, in which case f is equivalent to the base pointinclusion t˚u Ñ BH. We are therefore reduced to proving that the augmentation mapε : ABHG Ñ A exhibits A as an IH-complete module over ABHG , which is immediatefrom the definition.
 In the statement of Proposition 4.2.8, the assumption that G is oriented cannotbe omitted. For example, if the preorientation ΣpQp Zpq Ñ GpAq is nullhomotopic,then the Atiyah-Segal comparison map factors as a composition ABHG
 εÝÑ AÑ ABH ,
 which cannot exhibit ABH as the IH-completion of ABHG except in the trivial casewhere the order of H is invertible in A. More generally, we will show that a preorientedP-divisible group which satisfies Proposition 4.2.8 (in a sufficiently strong form) isautomatically oriented (see Proposition 4.2.15 below). We begin by analyzing thep-complete case.
 Proposition 4.2.12. Let p be a prime number, let A be a p-complete E8-ring, andlet G be a preoriented p-divisible group over A. Then G is oriented if and only if thefollowing conditions are satisfied:
 p1q The E8-ring A is complex periodic.
 p2q For every integer n ě 0, the Atiyah-Segal comparison map
 ζ : ABCpnG Ñ ABCpn
 exhibits ABCpn as the completion of ABCpnG with respect to the augmentation idealICpn .
 The proof of Proposition 4.2.12 will require some algebraic preliminaries.
 Lemma 4.2.13. Let R be a connective E8-ring, let M be an R-module which isn-truncated, and let M^
 I denote the completion of M with respect to some finitelygenerated ideal I Ď π0pRq. Suppose that, locally on | SpecpRq|, the ideal I can begenerated by ď d elements. Then M^
 I is pn` dq-truncated.
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Proof. Choose elements t1, . . . , tm P π0pRq which generate the unit ideal, having theproperty that each Irt´1
 i s Ď π0pRrt´1i sq is generated by ď k elements. For nonempty
 subset S Ď t1, . . . ,mu, let RS be the R-algebra obtained by inverting the elementsttiuiPS, and set MS “ RS bRM . Then M can be realized as the limit lim
 ÐÝSMS, so the
 I-completion of M is given by limÐÝS
 pMSq^I . It will therefore suffice to show that each
 pMSq^I is pn` kq-truncated. Since RS is flat over R, the module MS is n-truncated.
 We can therefore replace R by RS and M by MS, and thereby reduce to the casewhere I is globally generated by ď d elements. In this case, the desired result followsfrom Proposition SAG.II.4.3.4.4 .
 Lemma 4.2.14. Let R be a p-complete commutative ring and let G be p-divisiblegroup over R for which the identity component G˝ has dimension d ě 0. Fix aninteger n ą 0, and write Grpns “ SpecpHq, where H is a Hopf algebra which is finiteflat over R. Then the augmentation ideal of H is locally generated by ď d elements.
 Proof. Note that the augmentation ideal I Ď H is a projective R-module of finiterank, and is therefore finitely generated as an H-module. It will therefore suffice toshow that, for any maximal ideal m Ď H, the ideal Im Ď Hm is generated by ď d
 elements. Set n “ mXR, so that n is a maximal ideal of R. By Nakayama’s lemma, itwill suffice to show that the quotient ImnIm is generated by ď d elements as a moduleover HmnHm. We may therefore replace R by the residue field k “ Rn and therebyreduce to the case where R “ k is a field. If I ‰ m, then Im is the unit ideal in Hm
 and there is nothing to prove. Otherwise, we have I “ m. By Nakayama’s lemma,it will suffice to show that the quotient ImI “ II2 has dimension ď d as a vectorspace over k. This is clear, since II2 can be identified with the Zariski cotangentspace of the formal group G˝.
 Proof of Proposition 4.2.12. Let A be a p-complete E8-ring and let G be a preorientedp-divisible group over A. If G is oriented, then conditions p1q and p2q are satisfiedby virtue of Propositions 2.5.6 and 4.2.8, respectively. For the converse, assumethat p1q and p2q are satisfied; we wish to show that G is oriented. Let pGQ
 A denotethe Quillen formal group A (Construction Or.4.1.13 ) and let G˝ be the identitycomponent of G (Definition Or.2.0.10 ), so that the preorientation of G can beidentified with a map of formal groups e : pGQ
 A Ñ G˝; we wish to show that e is anequivalence (Proposition Or.4.3.23 ). Let us abuse notation by identifying pGQ
 A andG˝ with formal groups over the connective cover τě0pAq. Then the underlying formalhyperplanes of pGQ
 A and G˝ can be written as SpfpOpGQAq and SpfpOG˝q, respectively,
 where OpGQA
 and OG˝ are connective adic E8-algebras over τě0pAq. Then e induces a
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map e˚ : OG˝ Ñ OpGQA
 , and we wish to show that e˚ is an equivalence of E8-algebrasover τě0pAq (it is then automatically a map of adic E8-algebras, since the topologieson π0pOG˝q and π0pO pGQ
 Aq are determined by their augmentation ideals). For each
 n ě 0, let Ipnq “ ICpn denote the augmentation ideal in the tempered cohomology ringA0
 GpBCpnq, and let pτě0pABCpnG qq^Ipnq denote the Ipnq-completion of τě0pA
 CpnG q. Then
 e˚ fits into a commutative diagram of E8-algebras
 OG˝e˚ //
 τě0pACP8q
 limÐÝn
 pτě0pABCpnG qq^Ipnq
 // limÐÝn
 τě0pABCpn q
 where the inverse limits are formed in the 8-category CAlgcnτě0pAq, the left vertical map
 is an equivalence by the construction of G˝, the right vertical map is an equivalenceby virtue of our assumption that A is p-complete, and the bottom horizontal map canbe realized as a limit (indexed by nonnegative integers n) of the composite maps
 pτě0pABCpnG qq
 ^Ipnq
 ρpnqÝÝÑ τě0ppA
 BCpnG q
 ^Ipnqq
 ζpnqÝÝÑ τě0pA
 BCpn q,
 where each ζpnq is induced by the Atiyah-Segal comparison map determined by thepreorientation e and is therefore an equivalence by virtue of assumption p2q. Lemma4.2.14 guarantees that there exists an integer d " 0 such that each of the ideals Ipnqis locally generated by at most d elements, so that the completion pτď´1pA
 BCpnG qq^Ipnq
 is pd´ 1q-truncated (Lemma 4.2.13). Using the fiber sequence
 pτě0pABCpnG qq
 ^Ipnq Ñ pA
 BCpnG q
 ^Ipnq Ñ pτď´1pA
 BCpnG qq
 ^Ipnq,
 we deduce that ρpnq induces an isomorphism on homotopy groups in degrees ě d.Passing to the inverse limit over n, we conclude that the map
 e˚ : OG˝ Ñ OpGQA“ τě0pA
 CP8q
 induces an isomorphism on homotopy groups in degrees ě d, and therefore in alldegrees (since A is assumed to be complex periodic, and both OG˝ and OGQ
 Acan be
 realized as the duals of projective modules over τě0pAq).
 We now prove a variant of Proposition 4.2.12, where we do not assume that theE8-ring A is complex periodic or p-complete.
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Proposition 4.2.15. Let G be an preoriented P-divisible group over an E8-ring A.Then G is oriented if and only if it satisfies the following condition:
 p˚q For every prime power pn and every E8-algebra B over A, the Atiyah-Segalcomparison map
 ζ : BBCpnG Ñ BBCpn
 exhibits BBCpn as the completion of BBCpnG with respect to the augmentation ideal
 ICpn .
 Remark 4.2.16. The statement of Proposition 4.2.15 is potentially confusing, becauseit does not specify whether we view the ideal ICpn as an ideal of the temperedcohomology ring A0
 GpBCpnq or the tempered cohomology ring B0GpBCpnq. However,
 this does not matter: the augmentation ideal of B0GpBCpnq is generated by the image
 of the augmentation ideal of A0GpBCpnq.
 Remark 4.2.17. We will prove another variant of Proposition 4.2.15 in §4.6 (seeTheorem 4.6.2).
 Proof of Proposition 4.2.15. If G is oriented, then it remains oriented after extendingscalars along any map A Ñ B, and therefore satisfies condition p˚q by virtue ofProposition 4.2.8. Conversely, assume that p˚q is satisfied; we wish to show that G isoriented. Without loss of generality, we may assume that A is p-complete. Let G˝
 denote the identity component of the p-divisible group Gppq. Factoring A as a directproduct, we may assume without loss of generality that the formal group G˝ has someconstant dimension d. Suppose first that d ‰ 1. In this case, we claim that the E8-ringA vanishes. Let MP denote the periodic complex bordism spectrum, let B denote thesmash product MPbSA, and let pB denote the p-completion of B. Then pB is complexperiodic, so the preoriented p-divisible group G
 ppq pB is oriented by virtue of Proposition4.2.12. Consequently, after extending scalars from A to pB, the formal group G˝ isequivalent to the Quillen formal group of pB, and therefore has dimension 1. It followsthat the ring spectrum pB vanishes. Set M “ cofibpp : AÑ Aq and let EndApMq denotethe algebra of endomorphisms of M . Then M bA B » cofibpp : B Ñ Bq vanishes,so that EndBpM bA Bq » MPbS EndApMq vanishes. It follows from the nilpotencetheorem that EndApMq » 0, so that M » 0 and therefore the map p : AÑ A is anequivalence of A-modules. Since A is assumed to be p-complete, we conclude thatA » 0 as desired.
 We now treat the case where d “ 1. Let ω “ ωG˝ denote the dualizing line of theformal group G˝ (Definition Or.4.2.14 ), and let β : ω˝G Ñ Σ´2pAq denote the Bott
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map associated to the preorientation of G (Construction Or.4.3.7 ). We wish to showthat β is an equivalence. Let N denote the tensor product M bA cofibpβq, where Mis defined as above. Since G
 ppq pB is oriented, the tensor product pB bA N » B b AN
 vanishes. In particular, the endomorphism algebra EndBpBbANq » MPbS EndApNqvanishes. Invoking the nilpotence theorem again, we conclude that EndApNq » 0, sothat N » 0. By construction, we have a cofiber sequence of A-modules
 cofibpβq pÝÑ cofibpβq Ñ N,
 so multiplication by p induces an equivalence from cofibpβq to itself. However, thecofiber cofibpβq is a perfect module over the p-complete E8-ring A, and is thereforep-complete. It follows that cofibpβq vanishes, so that the Bott map β : ω˝G Ñ Σ´2pAq
 is an equivalence.
 4.3 Character IsomorphismsLet A be an E8-ring and let G be a preoriented P-divisible group over A. Our
 goal in this section is to describe the G-tempered cohomology functor X ÞÑ A˚GpXq inthe case where G splits as a direct sum G0 ‘ Λ, where Λ is the constant P-divisiblegroup over A associated to a colattice Λ (see Construction 2.7.5). As an application,we give a construction of the equivariant Chern character appearing in the formulationof Theorem 1.1.2. Our starting point is the following observation:
 Proposition 4.3.1. Let G0 be a preoriented P-divisible group over an E8-ring A, letΛ be a colattice (Definition 2.7.1), and set G “ G0 ‘ Λ. Then the functors
 pT P T opq ÞÑ pATG P CAlgAq pT P T op
 q ÞÑ pATB pΛ
 G0 P CAlgAq
 are equivalent.
 Proof. For each object T P T , evaluation at the base point of the classifying spaceBpΛ determines a map of spaces ev : TBpΛ Ñ T . Since T is the classifying space of anabelian group, the evaluation map ev restricts to a homotopy equivalence on eachconnected component of the mapping space TBpΛ, and therefore induces a homotopyequivalence
 TBpΛ» T ˆ π0pT
 BpΛq “ T ˆ HomppΛ, π1pT qq.
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We therefore obtain equivalences
 ABpΛ
 G0 » ATG0 bA AHomppΛ,π1pT qq
 » ATG0 bA ATΛ
 » ATG,
 depending functorially on T .
 Theorem 4.3.2. Let G0 be a preoriented P-divisible group over an E8-ring A, let Λbe a colattice, and set G “ G0 ‘ Λ. Then, for any orbispace X, there is a canonicalequivalence AX
 G » ALΛpXqG0 .
 Proof. By definition, the functor
 F : OSopÑ CAlgA X ÞÑ AX
 G
 is characterized (up to equivalence) by the following properties:
 paq The composition of F with the Yoneda embedding T op ãÑ OSop is equivalentto the functor AG.
 pbq The functor F carries small colimits of orbispaces to limits in the 8-categoryCAlgA.
 It will therefore suffice to show that the functor
 OSop LΛÝÑ OSop X ÞÑAX
 G0ÝÝÝÝÝÑ CAlgA
 also has properties paq and pbq. Property paq follows from Proposition 4.3.1 (andProposition 3.4.7), while pbq follows from the fact that the formal loop functor LΛ :OS Ñ OS preserves small colimits (Remark 3.4.6).
 Notation 4.3.3 (Character Maps). Let G0 be a preoriented P-divisible group overan E8-ring A, let Λ be a colattice (Definition 2.7.1), and set G “ G0 ‘ Λ. For anyorbispace X, we let
 χ : AXG Ñ A
 LΛpXqG0
 denote the equivalence constructed in the proof of Theorem 4.3.2. We will refer toχ as the character map. Passing to homotopy groups, we obtain an isomorphism oftempered cohomology rings
 χ : A˚GpXq Ñ A˚G0pLΛpXqq
 which we will also refer to as the character map (and denote by the same symbol χ).
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From Theorem 4.3.2 we obtain the following stronger version of Theorem 1.1.18:
 Corollary 4.3.4. Let A be an E8-ring and let G be a preoriented P-divisible groupover A which splits as a direct sum G0‘Λ. Let H be a finite group and let X P SH bean H-space, and let Y “
 š
 α:pΛÑH Ximpαq be the H-space appearing in Example 3.4.5.
 Then there is a canonical equivalence χ : AXHG » AY HG0 of E8-algebras over A. In
 particular, there is a canonical isomorphism of tempered cohomology ringstemperedcohomology rings
 χ : A˚GpXHq » A˚G0ppž
 α:pΛÑH
 X impαqqHq.
 Proof. Combine Theorem 4.3.2 with Example 3.4.5.
 We now specialize Theorem 4.3.2 to the setting of complex K-theory.
 Notation 4.3.5. Let KU denote the complex K-theory spectrum. We let KUQ denotethe E8-ring given by the smash product QbS KU. The homotopy ring of this smashproduct is given by
 π˚pKUQq » QbZπ˚pKUq » Qrβ˘1s,
 where β denotes the Bott element of π2pKUq. It follows that, as an E8-algebra overQ, KUQ is freely generated by an invertible element of homological degree 2. Thespectrum KUQ represents the 2-periodic version of rational cohomology, whose valueon a space X is given concretely by the formula
 KU˚QpXq “ H˚pX; Qqppβ´1qq
 The canonical map KU Ñ QbS KU “ KUQ induces a map of cohomology theories,which (when evaluated on a space X) is the classical Chern character map
 ch : KU˚pXq Ñ H˚pX; Qqppβ´1qq.
 Replacing Q by the larger field C of complex numbers in the above discussion, weobtain complexified K-theory spectrum KUC “ CbS KU, and complexified Cherncharacter ch : KU˚pXq Ñ H˚pX; Cqppβ´1qq.
 Construction 4.3.6 (The Orbispace Chern Character). Let KU denote the complexK-theory spectrum. Let µP8 denote the multiplicative P-divisible group, which weregard as an oriented P-divisible group over KU (Construction 2.8.6). After extending
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scalars to the complexification KUC “ CbS KU, we have an equivalence of P-divisiblegroups
 exp : Q Z Ñ µP8 λ ÞÑ expp2πiλq.For any orbispace X, Theorem 4.3.2 and Variant 4.2.6 supply equivalences
 pKUCqXµP8
 » pKUCqXQ Z » KU|L
 Q ZpXq|C
 Composing with the tautological map KUXµP8
 Ñ pKUCqXµP8
 and passing to homotopygroups, we obtain a map
 ch : KU˚µP8pXq Ñ H˚p|LQ Z
 pXq|; Cqppβ´1qq,
 which we will refer to as the orbispace Chern character.Example 4.3.7. Let X be a space and let X “ X be the constant orbispace associatedto X. Then the orbispace Chern character map
 ch : KU˚µP8pXq Ñ H˚p|LQ Z
 pXq|; Cqppβ´1qq
 reduces to the classical (complexified) Chern character of Notation 4.3.5.Example 4.3.8 (The Equivariant Chern Character). Let G be a finite group and letX be a G-space. Combining the orbispace Chern character of Construction 4.3.6 tothe orbispace quotient X “ XG with Theorem 4.1.2 (and using the description ofLQ Z
 pXq supplied by Example 3.4.5), we obtain a mapchG : KU˚GpXq » KU˚µP8
 pXGq Ñ“ H˚ppž
 gPG
 XgqhG; Cqppβ´1
 qq
 which we will refer to as the equivariant Chern character.Example 4.3.9. Let G be a finite group. Applying Example 4.3.8 in the case whereX is a point (and restricting to cohomological degree zero), we obtain a map
 chG : ReppGq Ñ tClass functions f : GÑ Cu.
 We claim that this map carries the class rV s of a representation V to the characterχV : GÑ C χpgq “ trpg|V q.
 By functoriality, it suffices to prove this when G is abelian (or even when G is a cyclicgroup, since a class function on G is determined by its restriction to cyclic subgroupsof G). In this case, we may assume without loss of generality that V is a 1-dimensionalrepresentation of G, whose character is given by χV pgq “ expp2πiλpgqq for someelement λ of the Pontryagin dual group pG. The desired equality now follows fromfact that the isomorphism of P-divisible groups Q Z » µP8 over KUC “ CbS KUis also given by the exponential map λ ÞÑ expp2πiλq.
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4.4 Tempered Cohomology of Eilenberg-MacLane SpacesFor every finite abelian group H, let pH “ HompH,Q Zq denote the Pontryagin
 dual group of H. If G is a P-divisible group over an E8-ring A, we let Gr pHs denotethe functor
 CAlgA Ñ S B ÞÑ MapModZp pH,GpBqq.
 If G is preoriented, then the tempered cohomology theory AG is related to G by theexistence of equivalences
 SpecpAKpH,1qG q » Gr pHs,
 depending functorially on H. If G is oriented, then there is an analogous description ofthe tempered cohomology of Eilenberg-MacLane spaces KpH, dq for every nonnegativeinteger d:
 Theorem 4.4.1. Let G be an oriented P-divisible group over an E8-ring A and letd ě 0 be an integer. Then there exists a P-divisible group Gpdq over A equipped withequivalences
 SpecpAKpH,dqG q » Gpdqr pHs,
 depending functorially on H.
 Remark 4.4.2. Let G be an oriented P-divisible group over an E8-ring A and letd ě 0 be an integer. Theorem 4.4.1 is equivalent to the assertion that the functor
 Abfin Ñ CAlgA M ÞÑ AKpxM,dqG
 is P-divisible, in the sense of Definition 3.5.1. More concretely, this is equivalent tothe following three assertions;
 paq For every finite abelian group H, the tempered function spectrum AKpH,dqG is a
 projective A-module of finite rank.
 pbq For every pair of finite abelian groups H and H 1, the canonical map
 AKpH,dqG bA A
 KpH 1,dqG Ñ A
 KpHˆH 1,dqG
 is an equivalence.
 pcq For every short exact sequence of finite abelian groups
 0 Ñ H 1Ñ H Ñ H2
 Ñ 0,
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the associated diagram of tempered function spectra
 AKpH2,dqG
 //
 AKpH,dqG
 A // AKpH 1,dqG
 is a pushout diagram, and the horizontal maps are finite flat of nonzero degree.
 Example 4.4.3. Theorem 4.4.1 holds for d “ 1, and the P-divisible group Gp1q can beidentified with G. This is essentially immediate from the construction of G-temperedcohomology (and does not require the assumption that G is oriented).
 Example 4.4.4. Theorem 4.4.1 holds for d “ 0, and Gp0q can be identified with theconstant P-divisible group Q Z.
 Remark 4.4.5. In the situation of Theorem 4.4.1, one can think of the P-divisiblegroup Gpdq as a kind of “dth exterior power” of G (see Remark 4.4.18 below).
 Warning 4.4.6. In the situation of Theorem 4.4.1, the P-divisible groups Gpdq arenot generally not oriented for d ‰ 1 (for example, they are generally not 1-dimensionalafter completing at some prime number p). However, they carry an analogous structure:since the functor X ÞÑ SpecpAXGq is functorial for unpointed maps between Eilenberg-MacLane spaces, each Gpdq is equipped with a map ed : ΣdpQ Zq Ñ GpdqpAq, whichspecializes to the preorientation of G “ Gp1q when d “ 1 (this follows from a variantof Theorem 3.5.5).
 Our goal for the rest of this section is to formulate a more precise version ofTheorem 4.4.1 (which we will prove in §4.5). We begin with a few general remarks. LetG be a preoriented P-divisible group over an E8-ring A. For every pair of orbispacesX and Y, the projection maps X Ð X ˆ Y Ñ Y determine morphisms of E8-algebrasAX
 G Ñ AXˆYG Ð AY
 G, which we can assemble into a single map
 m : AXG bA A
 YG Ñ AXˆY
 G .
 Proposition 4.4.7 (Tempered Kunneth Formula). Let G be a preoriented P-divisiblegroup over an E8-ring A. Let X and Y be orbispaces. If either AX
 G or AYG is perfect
 as an A-module spectrum, then the multiplication map
 m : AXG bA A
 YG Ñ AXˆY
 G .
 is an equivalence.
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Proof. Assume that AYG is perfect as an A-module spectrum. Regarding the orbispace
 Y as fixed and allowing X to vary, we note that the functors
 X ÞÑ AXG bA A
 YG X ÞÑ AXˆY
 G
 carry colimits in the 8-category OS to limits in the 8-category CAlgA. Since the8-category of orbispaces is generated under small colimits by the image of the Yonedaembedding, we may assume without loss of generality that X “ T p´q for some T P T .Under this assumption, we claim that m is an equivalence for every orbispace Y.Repeating the above argument (with X “ T p´q fixed and allowing Y to vary), we canreduce to the case where Y “ T 1p´q for some object T 1 P T . In this case, the desiredresult follows from the definition of a P-divisible functor T op Ñ CAlgA (Definition3.5.3).
 Corollary 4.4.8. Let G be a preoriented P-divisible group over an E8-ring A. LetX and Y be orbispaces. If either X or Y is representable by an object of T , then themultiplication map
 m : AXG bA A
 YG Ñ AXˆY
 G .
 is an equivalence.
 Under a suitable flatness assumption, Proposition 4.4.7 supplies a Kunneth formulaat the level of tempered cohomology groups.
 Corollary 4.4.9. Let G be a preoriented P-divisible group over an E8-ring A. LetX and Y be orbispaces, and suppose that AX
 G is a projective A-module of finite rank.Then the multiplication map of Proposition 4.4.7 induces an isomorphism
 A0GpXq bπ0pAq A
 ˚GpYq Ñ A˚GpX ˆ Yq.
 Corollary 4.4.10. Let G be a preoriented P-divisible group over an E8-ring A. LetX and Y be orbispaces. If X “ T p´q is the orbispace represented by an object T P T ,then the multiplication map of Proposition 4.4.7 induces an isomorphism
 A0GpXq bπ0pAq A
 ˚GpYq Ñ A˚GpX ˆ Yq.
 We now recall some algebraic constructions from [6].
 Notation 4.4.11. Let R be a commutative ring and let G be a finite flat commutativegroup scheme over R. For every integer d ě 0, we let SkewpdqG denote the group scheme
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over R given in Definition Ambi.3.2.9 , so that we can identify R-valued points ofSkewpdqG with maps
 GˆSpecpRq ¨ ¨ ¨ ˆSpecpRq GÑ Gm
 which are multilinear and skew-symmetric (in particular, Skewp1qG is the Cartier dual ofG). If H is the R-linear dual of the ring of functions on G, then we can identify SkewpdqGwith a closed subscheme of the affine space SpecpSym˚
 RpHbdqq (which parametrizes
 all maps from GˆSpecpRq ¨ ¨ ¨ ˆSpecpRq G to the affine line).We let AltpdqG Ď SkewpdqG denote the subgroup scheme given by Construction
 Ambi.3.2.11 (so that AltpdqG “ SkewpdqG whenever multiplication by 2 is an isomor-phism from G to itself).
 Definition 4.4.12. Let p be a prime number and let X be a p-finite space. We willsay that X is split if it can be written as a finite product of spaces of the form KpH,mq,where H is a finite abelian p-group and m is a nonnegative integer. In other words,X is split if it is a generalized Eilenberg-MacLane space: that it, if it has the formΩ8pMq, where M P Modcn
 Z is a Z-module spectrum (which is necessarily truncatedwith p-power torsion homotopy groups, since X is p-finite). We let S˛ denote the fullsubcategory of S spanned by the split p-finite spaces.
 Notation 4.4.13. Let p be a prime number and let G be a preoriented p-divisiblegroup over an E8-ring A which satisfies the following condition:
 pF q For every split p-finite space X, the tempered function spectrum AXG is a perfectA-module.
 For every split p-finite space X, let AG˚ pXq denote the graded abelian group given by
 the formulaAG˚ pXq “ π˚ppA
 XGq_q “ Ext´˚A pAXG, Aq,
 where pAXGq_ denotes the A-linear dual of AXG. We will refer to the groups AG˚ pXq as
 the G-tempered homology groups of X.
 Remark 4.4.14. Let p be a prime number and let G be a preoriented p-divisiblegroup over an E8-ring A which satisfies condition pF q of Notation 4.4.13. Then, if Xand Y are split p-finite spaces, the canonical map
 AXG bA AYG Ñ AXˆYG
 is an equivalence (in fact, it suffices to assume that either one of the spaces X and Y isp-finite; see Proposition 4.4.7). It follows that the construction X ÞÑ pAXGq
 _ determines
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a symmetric monoidal functor from the 8-category S˛ (with the symmetric monoidalstructure given by Cartesian product) to the 8-category ModA (with symmetricmonoidal structure gives by bA). Passing to homotopy groups, we deduce that thetempered homology functor X ÞÑ AG
 ˚ pXq is lax symmetric monoidal (as a functor fromthe 8-category S˛ to the ordinary category of graded π˚pAq-modules). In particular,the functor
 S˛ Ñ Mod♥π0pAq
 X ÞÑ AG0 pXq
 is also lax symmetric monoidal: that is, for every pair of split π-finite spaces X andY , we have a canonical map
 AG0 pXq bπ0pAq A
 G0 pY q Ñ AG
 0 pX ˆ Y q.
 Construction 4.4.15. Let p be a prime number and let G be a preoriented p-divisiblegroup over an E8-ring A which satisfies condition pF q of Notation 4.4.13. We let G♥
 denote the underlying P-divisible group over the ordinary commutative ring π0pAq
 and G♥rpts the finite flat group scheme of pt-torsion points G♥.For every pair of nonnegative integers d, t ě 0, we view the the Eilenberg-MacLane
 space KpZ pt Z, dq as a commutative monoid object of the 8-category S˛ of splitp-finite spaces. Applying Remark 4.4.14, we see that the G-tempered homology groupAG
 0 pKpZ pt Z, dqq inherits the structure of a commutative algebra over π0pAq. Wedenote its spectrum by SpecpAG
 0 pKpZ pt Z, dqqq, which we view as an affine schemeover π0pAq. In the special case d “ 1, we can view SpecpAG
 0 pKpZ pt Z, dqq as a finiteflat group scheme over π0pAq: it is the Cartier dual of the finite flat group schemeG♥rpts. In particular, each AG
 0 pKpZ pt Z, 1qq has the structure of a (commutativeand cocommutative) Hopf algebra over π0pAq. The iterated cup product is classifiedby a map of split p-finite spaces KpZ pt Z, 1qd Ñ KpZ pt Z, dq which induces a mapof π0pAq-modules
 AG0 pKpZ pt Z, 1qqbd Ñ AG
 0 pKpZ pt Z, dqq
 which extends to a map of π0pAq-algebras
 Sym˚π0pAqpA
 G0 pKpZ pt Z, 1qqbdq Ñ AG
 0 pKpZ pt Z, dqq.
 Using the multilinearity and skew-symmetry of the cup product, we obtain a map ofaffine schemes
 ρd,t : SpecpAG0 pKpZ pt Z, dqqq Ñ SkewpdqG♥rpts .
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Theorem 4.4.16. Let G be a preoriented p-divisible group over an E8-ring A whichis oriented over the p-completion of A. Then:
 p1q For every split p-finite space X, the tempered function spectrum AXG is a projectiveA-module of finite rank (in particular, G satisfies condition pF q of Notation4.4.13).
 p2q For every pair of integers d, t ě 0, the map
 ρd,t : SpecpAG0 pKpZ pt Z, dqqq Ñ SkewpdqG♥rpts
 of Construction 4.4.15 induces an isomorphism of SpecpAG0 pKpZ pt Z, dqqq with
 the subscheme AltpdqG♥rpts Ď SkewpdqG♥rpts.
 To deduce Theorem 4.4.1 from Theorem 4.4.16, we will need one more elementaryobservation.
 Lemma 4.4.17. Let G be a preoriented P-divisible group over an E8-ring A, let Sbe a set of prime numbers, and regard GpSq “
 À
 pPS Gppq as a direct factor of G (sothat GpSq inherits a preorientation). Then, for every S-finite space X (see Definition1.1.25), the canonical map AXGpSq
 Ñ AXG is an equivalence.
 Proof. Let TpSq denote the full subcategory of T spanned by those spaces of theform BH, where H is a finite abelian group whose prime divisors belong to S.By construction, the map of preoriented P-divisible groups G Ñ GpSq induces anequivalence ATGpSq
 Ñ ATG for each object T P T . It follows that the map AXGpSq
 Ñ AXG
 is an equivalence whenever X : T op Ñ S is an orbispace which is a left Kan extensionof its restriction to the full subcategory T op
 pSq Ď T op. We conclude by observing thatthis condition is satisfied in the case where X “ Xp´q is representable by an S-finitespace X.
 Proof of Theorem 4.4.1 from Theorem 4.4.16. Let G be an oriented P-divisible groupover an E8-ring A. We wish to show that G satisfies conditions paq, pbq, and pcq ofRemark 4.4.2. Note that if p is a prime number, then the canonical map AXGppq
 Ñ AXGis an equivalence for any p-finite space X (Lemma 4.4.17). Applying Theorem 4.4.16,we deduce that AKpH,dqG is a projective A-module of finite rank whenever H is a finitep-group. Assertions paq and pbq now follow from the Kunneth formula of Proposition4.4.7. To prove pcq, it will suffice to show that for every short exact sequence of finiteabelian groups
 0 Ñ H 1Ñ H Ñ H2
 Ñ 0,
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the resulting sequence of finite flat group schemes
 0 Ñ SpecpA0GpKpH
 1, dqqq Ñ SpecpA0GpKpH, dqqq Ñ SpecpA0
 GpKpH2, dqqq Ñ 0
 is also short exact. Using pbq, we can reduce to the case where H is a cyclic groupof prime power order. Passing to Cartier duals and applying Theorem 4.4.16 to thep-divisible group Gppq, we are reduced to proving the exactness of sequences of theform
 0 Ñ AltpdqG♥ppqrptsÑ AltpdqG♥
 ppqrpt`t1 s
 Ñ AltpdqG♥ppqrpt1 s
 Ñ 0,
 which follows from Corollary Ambi.3.5.4 (since our assumption that G is orientedguarantees that the p-divisible group G♥
 ppq has dimension 1).
 Remark 4.4.18. Let G be an oriented P-divisible group over an E8-ring A, let dbe a nonnegative integer, and let Gpdq be the P-divisible group which appears in thestatement of Theorem 4.4.1. Then Theorem 4.4.16 supplies a complete description ofthe underlying classical P-divisible group Gpdq♥ over the commutative ring π0pAq. Inparticular, it implies the following:
 • If p is a prime number and the p-divisible group and the p-local summand Gppq
 has height n, then the p-local summand Gpdqppq has height
 `
 nd
 ˘
 and dimension`
 n´1d´1
 ˘
 (see Corollary Ambi.3.5.4 ). In particular, the p-divisible group Gpdqppq vanishes for
 d ą n.
 • For every perfect field κ of characteristic p and every map x : Specpκq ÑSpecpπ0pAqq, the Dieudonne module of Gpdq at the point x can be identifiedwith the dth exterior power of the Dieudonne module of G at the point x (seeTheorem Ambi.3.3.1 ).
 4.5 The Proof of Theorem 4.4.16We devote this section to the proof of Theorem 4.4.16. Let G be a preoriented
 p-divisible group over an E8-ring A which is oriented after extending scalars to thep-completion of A. For every E8-algebra B over A, we let GB denote the orientedp-divisible group obtained from G by extending scalars from A to B and G♥
 B theunderlying classical p-divisible group over the commutative ring π0pBq. We will saythat B is good if it satisfies the following conditions:
 pT1q For every split p-finite space X, the tempered function spectrum BXG is a
 projective B-module of finite rank.
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pT2q For every pair of integers d, t ě 0, the map
 ρBd,t : SpecpBG0 pKpZ pt Z, dqqq Ñ SkewpdqG♥
 Brpts
 of Construction 4.4.15 induces an isomorphism of schemes
 SpecpBG0 pKpZ pt Z, dqqq » AltpdqG♥
 Brpts.
 To prove Theorem 4.4.16, we must show that A is good. Note that when A
 is a Lubin-Tate spectrum and G is the Quillen p-divisible group of A, this is oneof the main theorems of [6] (Theorem Ambi.3.4.1 ). Our strategy is to reduce tothe Lubin-Tate case by showing that the collection of good A-algebras has strongclosure properties. We first observe that class of good A-algebras is closed under finiteproducts. Consequently, we may assume without loss of generality that the p-divisiblegroup G has some fixed height n. Proceeding by induction on n, we may assume thatTheorem 4.4.16 holds for preoriented p-divisible groups of height ă n. The case n “ 0is trivial (since the p-divisible group G vanishes and p is invertible in the commutativering π0pAq). We will therefore assume that n ą 0.
 Lemma 4.5.1. Let B Ñ B1 be a morphism of E8-algebras over A and let X be asplit p-finite space. If B and B1 are good, then the canonical map θ : B1bB BX
 G Ñ B1XGis an equivalence.
 Proof. By virtue of the Kunneth formula of Proposition 4.4.7, we may assume withoutloss of generality that X is an Eilenberg-MacLane space KpZ pt Z, dq. Note that thedomain and codomain of θ are projective B1-modules of finite rank. It will thereforesuffice to show that the B1-linear dual of θ induces an isomorphism of commutativerings
 B1G0 pXq Ñ π0pB1q bπ0pBq B
 G0 pXq,
 which follows from the description supplied by pT2q.
 Lemma 4.5.2. Let B be an E8-algebra over A and let B‚ be a flat hypercovering ofB. If each Bk is good, then B is good.
 Proof. Let C “ limÐÝ
 ModB‚ denote the 8-category of cosimplicial spectra M‚ whichare modules over B‚, for which the canonical map BdbBd1M
 d1 ÑMd are equivalences.According to Corollary SAG.D.7.7.7 , the canonical map
 ModB Ñ limÐÝ
 ModB‚ “ C
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is an equivalence of 8-categories, with a homotopy inverse given by the functorM‚ ÞÑ lim
 ÐÝM‚. Let X be a split p-finite space. Using Lemma 4.5.1, we see that the
 cosimplicial spectrum B‚XG can be identified with an object of C, whose image in ModBis given by the totalization TotpB‚XG q » TotpB‚qXG » AXG (where the first equivalenceis supplied by Lemma 4.2.11). It follows that the canonical map B0 bB B
 XG Ñ B0X
 G isan equivalence for every split p-finite space X.
 Since B0 satisfies conditions pT1q, B0XG is a projective module of finite rank over
 B0 for every split p-finite space X. Using faithfully flat descent, we deduce that BXG
 is a projective B-module of finite rank. This proves pT1q. To prove pT2q, it suffices toobserve that the map of affine schemes
 ρBd,t : SpecpBG0 pKpZ pt Z, dqqq Ñ SkewpdqG♥
 Brpts
 factors through an isomorphism
 SpecpBG0 pKpZ pt Z, dqqq » AltpdqG♥
 Brpts
 if and only if it does so after extending scalars along the faithfully flat map ofcommutative rings π0pBq Ñ π0pB
 0q.
 Suppose that B is an E8-algebra over A which satisfies condition pT1q. If p is odd,then we have AltpdqG♥
 Brpts“ SkewpdqG♥
 Brpts
 , so Construction 4.4.15 directly supplies maps
 ρBd,t : SpecpBG0 pKpZ pt Z, dqqq Ñ AltpdqG♥
 Brpts
 that we wish to prove are isomorphisms. When p “ 2, the situation is a bit morecomplicated: it is not immediately obvious that the maps ρBd,t factor through AltpdqG♥
 Brpts
 .To address this point, we will need some auxiliary constructions.
 Notation 4.5.3. Fix an integer d ě 0. Then we have a commutative diagram
 ¨ ¨ ¨ // SkewpdqG♥rp3s//
 SkewpdqG♥rp2s//
 SkewpdqG♥rps//
 Specpπ0pAqq
 ¨ ¨ ¨ // AltpdqG♥rp3s// AltpdqG♥rp2s
 // AltpdqG♥rps// Specpπ0pAqq
 of commutative group schemes over the commutative ring π0pAq where the verticalmaps are monomorphisms. It follows from Corollary Ambi.3.5.4 that the upper
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horizontal maps in this diagram are finite flat of degree ppndq. In particular, each
 SkewpdqG♥rpts can be written as the spectrum of a commutative ring Rd,t which is finiteflat of degree ptp
 ndq over the commutative ring π0pAq. Consequently, the vertical maps
 in the preceding diagram are closed immersions. Write AltpdqG♥rpts “ SpecpRd,tq forsome commutative algebra Rd,t (which need not be finite over π0pAq when p “ 2), sothat we have a commutative diagram of rings
 ¨ ¨ ¨ Rd,3oo Rd,2oo Rd,1oo Rd,0oo
 ¨ ¨ ¨ // Rd,3oo
 OO
 Rd,2oo
 OO
 Rd,1oo
 OO
 Rd,0oo
 „
 OO
 where the vertical maps exhibit each Rd,t as the quotient of Rd,t by an ideal Jd,t Ď Rd,t.Note that the exact sequences
 0 Ñ Jd,t Ñ Rd,t Ñ Rd,t Ñ 0
 are automatically split in the category of π0pAq-modules (since each Rd,t is a projectivemodule over π0pAq). Choose a collection of splittings sd,t : Rd,t Ñ Rd,t (so that eachsd,t is a map of π0pAq-modules). We assume that these splittings are chosen to becompatible as t varies, in the sense that each of the diagrams
 Rd,t`1
 sd,t`1
 Rd,too
 sd,t
 Rd,t`1 Rd,too
 is commutative (note that it is always possible to arrange this, since the mapsRd,t Ñ Rd,t`1 are split monomorphisms in the category of π0pAq-modules).
 For each d, t ě 0, fix an A-module Ad,t which is projective of finite rank and anisomorphism π0pAd,tq » Rd,t. Note that Ad,t exists and is unique up to isomorphismas an object of the homotopy category of ModA (Corollary HA.7.2.2.19 ). We can evenregard Ad,t as a commutative algebra object of the homotopy category hModA, butwe will not need this: we regard Ad,t only as a module over A.
 Remark 4.5.4. In the situation of Notation 4.5.3, each of the transition mapsSkewpdqG♥rpt`1s Ñ SkewpdqG♥rpts factors through the closed subscheme AltpdqGrpts Ď SkewpdqG♥rpts.This is tautological when p is odd, and follows from Lemma Ambi.3.3.8 when p “ 2.In other words, each of the ring homomorphisms Rd,t Ñ Rd,t`1 annihilates the idealId,t Ď Rd,t.
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Construction 4.5.5. Let B be an E8-algebra over A which satisfies the followingweaker version of condition pT1q:
 pT11q For every split p-finite space X, the tempered function spectrum BXG is a perfect
 B-module.
 Under this assumption, we can apply Construction 4.4.15 to obtain maps
 ρBd,t : SpecpBG0 pKpZ pt Z, dqq Ñ SkewpdqG♥
 Brpts,
 which are classified by π0pAq-algebra homomorphisms Rd,t Ñ BG0 pKpZ pt Z, dqq. For
 each d, t ě 0, the composite map
 Rd,tsd,tÝÝÑ Rd,t Ñ BG
 0 pKpZ pt Z, dqq
 can be lifted to a map of A-module spectra ψd,t : Ad,t Ñ pBKpZ pt Z,dqG q_, which is
 uniquely determined up to homotopy.
 Lemma 4.5.6. Let B be an E8-algebra over A. Then B is good if and only if itsatisfies condition pT11q together with the following:
 pT21q For each d, t ě 0, the map ψd,t : Ad,t Ñ pBKpZ pt Z,dqG q_ extends to an equivalence
 B bA Ad,t » pBKpZ pt Z,dqG q_.
 Proof. It is easy to see that if B is good, then conditions pT11q and pT21q are satisfied(note that pT11q is a weaker version of pT1q and pT21q is a weaker version of pT2q).Conversely, suppose that B satisfies pT11q and pT21q; we wish to show that it alsosatisfies pT1q and pT2q. Without loss of generality, we may assume that B “ A, sothat pT21q asserts that pAKpZ p
 t Z,dqG q_ » Ad,t is a projective module of finite rank over
 A. Combining this with pT11q, we conclude that the tempered function spectrumAKpZ pt Z,dqG itself is a projective module of finite rank over A. Applying the Kunneth
 formula of Proposition 4.4.7, we deduce that AXG is projective of finite rank for everysplit p-finite space X. This proves pT1q. To prove pT2q, let us identify each ofthe maps ρd,t : SpecpAG
 0 pKpZ pt Z, dqqq Ñ SkewpdqG♥rpts with a ring homomorphismud,t : Rd,t Ñ AG
 0 pKpZ pt Z, dqq. We wish to show that ud,t annihilates the ideal Id,t ofNotation 4.5.3 and induces an isomorphism
 Rd,tId,t » Rd,t Ñ AG0 pKpZ pt Z, dqq.
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The second assertion is immediate from assumption pT21q. To prove the first, weobserve that there is a commutative diagram of π0pAq-modules
 Rd,t
 sd,t //
 Rd,t
 ud,t //
 AG0 pKpZ pt Z, dqq
 Rd,t`1
 sd,t`1 // Rd,t`1ud,t`1 // AG
 0 pKpZ pt`1 Z, dqq
 where the left vertical map is a monomorphism, the middle vertical map annihilatesthe ideal Id,t (Remark 4.5.4), and the horizontal composites are isomorphisms (byassumption pT21q). It follows that the right vertical map is also a monomorphism, sothat ud,t must also annihilate the ideal Id,t.
 Lemma 4.5.7. Let B be an E8-algebra over A, let I Ď π0pBq be a finitely generatedideal. Suppose that, for each element x P I, the localization Brx´1s is good. If B isI-local, then B is good.
 Proof. Choose a finite sequence x1, . . . , xm P I of generators for the ideal I. For everysubset J Ď t1, . . . ,mu, set xJ “
 ś
 jPJ xj, and set BJ “ Brx´1J s. Let P denote the
 partially ordered set of all nonempty subsets of t1, . . . ,mu. For each 1 ď j ď m, letPj denote the set tJ P P : j P Ju.
 Our assumption that B is I-local implies that the canonical map B Ñ limÐÝJPP
 BJ isan equivalence. In particular, for every space X, the canonical map BX
 G Ñ limÐÝJPP
 BXJG
 is an equivalence (Lemma 4.2.11). Fix an element j P t1, . . . ,mu, so that we have anequivalence
 BXGrx
 ´1j s Ñ lim
 ÐÝJPP
 BXJGrx
 ´1j s.
 By assumption, for each J P P , the A-algebras BJ and BJYtju are good. ApplyingLemma 4.5.1, we conclude that for every split p-finite space X, the canonical map
 BXJGrx
 ´1j s » BJYtju bBJ B
 XJG Ñ pBJYtjuq
 XG “ pBJYtjuq
 XGrx
 ´1j s
 is an equivalence. It follows that the functor J ÞÑ BXJGrx
 ´1j s is a right Kan extension
 of its restriction to Pj. Since Pj contains the set tju as an initial object, we concludethat the restriction map
 limÐÝJPP
 BXJGrx
 ´1j s Ñ BX
 tjuGrx´1j s » Brx´1
 j sXG
 is an equivalence. It follows that the natural map BXGrx
 ´1j s Ñ Brx´1
 j sXG is an equiva-
 lence for 1 ď j ď m.
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We now show that B satisfies the criterion of Lemma 4.5.6. We first verify conditionpT11q. Let X be a split p-finite space; we wish to prove that BX
 G is a compact object ofthe 8-category ModB. Equivalently, we wish to show that for every filtered diagramtMαu in ModB having colimit M , the canonical map
 θ : limÝÑ
 MapModBpBXG ,Mαq Ñ MapModBpB
 XG ,Mq
 is a homotopy equivalence. Since filtered colimits in S commute with finite limits, wecan write θ as the limit of a diagram of maps
 θJ : limÝÑ
 MapModBpBXG , BJ bB Mαq Ñ MapModBpB
 XG , BJ bB Mq,
 where J ranges over the nonempty subsets of t1, . . . ,mu. Using the first part of theproof, we can identify each θJ with the canonical map
 limÝÑ
 MapModBJpBX
 JG, BJ bB Mαq Ñ MapModBJpBX
 JG, BJ bB Mq,
 which is an equivalence by virtue of our assumption that each BJ satisfies pT11q.We now verify pT21q. Choose d, t ě 0, and let ψd,t : Ad,t Ñ pBX
 Gq_ be as in
 Construction 4.5.5. We wish to show that ψd,t induces an equivalence B bA Ad,t ÑpBX
 Gq_. Since B is I-local, it will suffice to show that this map becomes an equivalence
 after tensoring both sides with BJ , for J P P . This follows from our assumption thatBJ satisfies pT21q.
 Lemma 4.5.8. Suppose that B P CAlgA has the property that LKpnqB » 0. Then B
 is good.
 Proof. Let R “ π0pAqppq, so that G determines a p-divisible group GR over thecommutative Fp-algebra R having identity component G˝
 R. Let J Ď R be the nthLandweber ideal of the formal group G˝
 R, and let I Ď π0pAq be the inverse image ofthe ideal J . Then I is a finitely generated ideal of π0pAq which contains p, and theimage of I in π0pA
 ^ppqq generates the nth Landweber ideal in the complex periodic
 E8-ring A^ppq. Since G has height ď n, the ring spectrum A is Epnq-local. It followsthat, for any A-module spectrum M , we can identify the I-completion M^
 I with theKpnq-localization of M . In particular, our hypothesis guarantees that the completionB^I vanishes: that is, the algebra B is local with respect to I. Consequently, to showthat B is good, it will suffice to show that Brx´1s is good, for each element x P I(Lemma 4.5.7). We may therefore replace B by Brx´1s and thereby reduce to the casewhere I generates the unit ideal of B.
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Let G♥Brps denote the p-torsion subgroup of the p-divisible group G♥
 B, which weregard as a finite flat group scheme over the commutative ring π0pBq. Let G♥
 Brps˝
 denote the quasi-compact open subscheme of G♥Brps obtained by removing the zero
 section. Our assumption that I generates the unit ideal of π0pBq guarantees thatthe map G♥
 Brps˝ Ñ Specpπ0pBqq is surjective. Choose an etale surjection of schemes
 U Ñ G♥Brps
 ˝, where U is affine. Then the map U Ñ G♥Brps » SpecpB0
 GpBCpqq issurjective. Invoking Theorem HA.7.5.0.6 , we can write U “ Specpπ0pB
 1qq, where B1is an E8-algebra which is etale over BBCp
 G and faithfully flat over B. Let B2 denotethe direct limit of the sequence
 B1 Ñ B1 bBBCpG
 BBCp2G Ñ B1 b
 BBCpG
 BBCp3G Ñ ¨ ¨ ¨ .
 Each term in this sequence is faithfully flat over B, so that B2 is also faithfully flatover B. By virtue of Lemma 4.5.2, it will suffice to show that every E8-algebra Cover B2 is good. Replacing A by C, we are reduced to proving that A is good in thespecial case where the p-divisible group G splits as a direct sum G0 ‘Qp Zp. Inthis case, G0 is an oriented p-divisible group of height n´ 1, and therefore satisfiesTheorem 4.4.16 by virtue of our inductive hypothesis. Moreover, for every p-finitespace X, Theorem 4.3.2 supplies an equivalence of tempered function spectra
 AXG » ALpXqG0 ,
 where LpXq “ LZppXq “ XB Zp is the free loop space of X. If X is a split p-finite space,then LpXq is also a split p-finite space. Our inductive hypothesis then guaranteesthat ALpXq
 G0 is a projective A-module of finite rank, so that AXG is also a projectiveA-module of finite rank: that is, A satisfies condition pT1q.
 We will complete the proof by showing that A satisfies pT2q. Fix integers d, t ě 0,and set X “ KpZ pt Z, dq. Set Y “ KpZ pt Z, 1q, so that the iterated cup product isclassified by a pair of maps
 md : Y dÑ X md´1 : Y d´1
 Ñ ΩX.
 These maps are multilinear and skew symmetric up to homotopy, and therefore inducemaps of π0pAq-schemes
 ρd,t : SpecpAG0 pXqq Ñ SkewpdqG♥rpts
 ρ`d,t : SpecpAG00 pXqq Ñ SkewpdqG♥
 0 rpts
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ρ´d,t : SpecpAG00 pΩpXqq Ñ Skewpd´1q
 G♥0 rp
 ts
 Our inductive hypothesis implies that the maps ρ`d,t and ρ´d,t are closed immersions,having schematic images AltpdqG♥
 0 rptsĎ SkewpdqG♥
 0 rpts
 and Altpd´1qG♥
 0 rptsĎ Skewpd´1q
 G♥0 rp
 ts, respec-
 tively. We wish to prove that ρd,t is a closed immersion with schematic imageAltpdqG♥rpts Ď SkewpdqG♥rpts.
 The splitting of p-divisible groups G » G0 ‘Qp Zp determines an isomorphismof finite flat group schemes
 G♥rpts » G♥
 0 rpts ‘ Z pt Z
 over the commutative ring π0pAq. Applying Remark Ambi.3.2.21 , we obtain anisomorphism of π0pAq-schemes
 β : SkewpdqG♥rpts » SkewpdqG♥0 rp
 tsˆSpecpπ0pAqq Skewpd´1q
 G♥0 rp
 ts,
 given by a pair of projection maps
 β` : SkewpdqG♥rpts Ñ SkewpdqG♥0 rp
 tsβ´ : SkewpdqG♥
 0 rptsÑ Skewpd´1q
 G10rp
 ts.
 Moreover, Remark Ambi.3.2.21 implies that β restricts to an isomorphism
 AltpdqG♥rpts » AltpdqG♥0 rp
 tsˆSpecpπ0pAqq Altpd´1q
 G♥0 rp
 ts.
 Note that we have canonical maps
 X Ñ LpXq ΩpXq Ñ LpXq,
 where the first is given by precomposition with the projection map B Zp Ñ ˚ and thesecond by the identification of ΩpXq with the space of pointed maps from B Zp intoX. Using the addition law on LpXq, we can amalgamate these maps to a homotopyequivalence ζ : XˆΩpXq Ñ LpXq. Our inductive hypothesis then supplies a Kunnethdecomposition
 AXG » ALpXqG0 » AXG0 bA A
 ΩpXqG .
 Since both tensor factors are flat over A, this gives an isomorphism of affine schemes
 γ : SpecpAG0 pXqq » SpecpAG0
 0 pXqq ˆSpecpπ0pAqq SpecpAG00 pΩpXqqq
 given by a pair of projection maps
 γ` : SpecpAG0 pXqq Ñ SpecpAG0
 0 pXqq γ´ : SpecpAG0 pXqq Ñ SpecpAG0
 0 pΩpXqqq.
 To complete the proof that ρd,t is a closed immersion with image AltpdqG♥rpts, it willsuffice to verify the following:
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paq The diagram of π0pAq-schemes
 SpecpAG0 pXqq
 γ` //
 ρd,t
 SpecpAG00 pXqq
 ρ`d,t
 SkewpdqG♥rpts
 β` // SkewpdqG♥0 rp
 ts
 commutes.
 pbq The diagram of π0pAq-schemes
 SpecpAG0 pXqq
 γ´ //
 ρd,t
 SpecpAG00 pΩpXqqq
 ρ´d,t
 SkewpdqG♥rpts
 β´ // Skewpd´1qG♥
 0 rpts
 commutes.Assertion paq follows immediately from fact that the diagram of spaces
 Y d //
 md
 X
 LpY qd Lpmq // LpXq
 commutes up to homotopy (where the vertical maps are given by the diagonal embed-dings). Similarly, pbq follows from the homotopy commutativity of the diagram
 ΩpY q ˆ Y d´1 ν //
 ΩpXq
 LpY qd µd // LpXq,
 where ν : KpZ pt Z, 0qˆKpZ pt Z, 1qd´1 Ñ KpZ pt Z, d´1q classifies the cup product(together with a careful inspection of the definition of the isomorphism ρd,t).Lemma 4.5.9. Let B be an E8-ring, let I Ď π0pBq be a finitely generated ideal, andlet M be a B-module. Suppose that there exists a pullback diagram of B-modules
 Mψ1 //
 φ1
 M0
 φ
 M1ψ //M01
 in ModA with the following properties:
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paq The B-module M0 is I-complete, and therefore admits the structure of a moduleover the I-completion B0 “ B^I .
 pbq The B-module M1 is I-local, and therefore admits the structure of a module overthe I-localization B1 “ LIpBq.
 pcq Set B01 “ LIpB^I q. Then M01 admits the structure of an B01-module, and the
 maps φ and ψ induce equivalences
 B01 bB0 M0 ÑM01 Ð B01 bB1 M1.
 Then the maps φ1 and ψ1 induce equivalences B0 bB M » M0 and B1 bB M » M1.Moreover, if M0 and M1 are perfect as modules over B0 and B1, respectively, then M
 is perfect over B.
 Proof. We first show that φ1 induces an equivalence B1 bB M ÑM1. Note that theleft hand side can be identified with LIpMq. It will therefore suffice to show thatthe map M ÑM1 becomes an equivalence after applying the functor LI . Since σ isa pullback diagram, this is equivalent to the requirement that the map M0 Ñ M01
 becomes an equivalence after applying the functor LI , which follows from assumptionpcq.
 We next claim that ψ1 induces an equivalence µ : B0 bB M ÑM0. To prove this,it will suffice to show that µ becomes an equivalence after applying the localizationfunctor LI or the completion functor p´q^I . Using the first step of the proof, we deducethat LIpµq can be identified with the canonical map B01 bB1 M1 ÑM01, which is anequivalence by virtue of pcq. We are therefore reduced to proving that µ induces anequivalence after I-completion. Since unit map ν : M Ñ B0 bB M is an equivalenceafter I-completion, it will suffice to show that the I-completion of the composite mapψ1 “ µ ˝ ν is an equivalence. Since σ is a pullback diagram, this is equivalent to theassertion that ψ induces an equivalence pM1q
 ^I Ñ pM01q
 ^I , which is clear (since both
 completions vanish).To prove that M is perfect as an B-module, it will suffice to show that the functor
 N ÞÑ MapModBpM,Nq commutes with filtered colimits. For each N P ModB we havea pullback diagram
 N //
 B0 bB N
 B1 bB N // B01 bB N,
 122

Page 123
                        
                        

and therefore a pullback diagram of spaces σ :
 MapModBpM,Nq //
 MapModApM,B0 bB Nq
 MapModBpM,B1 bB Nq //MapModApM,B01 bB Nq.
 It will therefore suffice to prove that the functors
 N ÞÑ MapModBpM,B0 bB Nq » MapModB0pM0, B0 bB Nq
 N ÞÑ MapModBpM,B1 bB Nq » MapModB1pM1, B1 bB Nq
 N ÞÑ MapModB01pM,B01 bB Nq » MapModB1
 pM1, B01 bB Nq
 preserve filtered colimits, which follows from assumptions paq and pbq.
 Lemma 4.5.10. Let B P CAlgA. If LKpnqpBq is good, then B is good.
 Proof. Let I Ď π0pBq be as in the proof of Lemma 4.5.8. Set B0 “ B^I » LKpnqpBq,B1 “ LIpBq, and B01 “ LIpB
 ^I q. Our hypothesis guaranees that B0 is good, and
 Lemma 4.5.8 guarantees that B1 and B01 are good. For every split p-finite space X,Lemma 4.2.11 supplies a pullback diagram σX of tempered function spectra
 BXG
 //
 pB0qXG
 pB1q
 XG
 // pB01qXG.
 Using Lemma 4.5.1, we see that this diagram satisfies the hypotheses of Lemma 4.5.9.This allows us to draw three conclusions:
 piq For every split p-finite space X, the tempered function spectrum BXG is a perfect
 B-module.
 piiq For every split p-finite space X, the canonical map B0 bB BXG Ñ pB0q
 XG is an
 equivalence.
 piiiq For every split p-finite space X, the canonical map B1 bB BXG Ñ pB1q
 XG is an
 equivalence.
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We will complete the proof by showing that B satisfies criterion pT21q of Lemma4.5.6. Set X “ KpZ pt Z, dq, and let ψd,t : Ad,t Ñ pBX
 Gq_ be the map of Construction
 4.5.5; we wish to show that ψd,t induces an equivalence of B-modules θ : B bA Ad,t ÑpBX
 Gq_. Since B0 and B1 are good, it follows from piiq and piiiq that θ becomes an
 equivalence after extending scalars from B to B0 or B1 (hence also after extendingscalars from B to B01). Since B is the fiber product of B0 and B1 over B01, it followsthat θ is an equivalence.
 Proof of Theorem 4.4.16. We wish to prove that A is good. By virtue of Lemma4.5.10, we can replace A by LKpnqpAq and thereby reduce to the case where A isKpnq-local. Then A is p-complete, so G is oriented and A is complex periodic. Let Ebe a Lubin-Tate spectrum of height n, and let A0 denote the smash product AbS E.Let A‚ be the cosimplicial A-algebra given by the iterated tensor powers of A0 overA. Since E is Landweber exact, A0 is faithfully flat over A. By virtue of Lemma4.5.2, it will suffice to show that each Ak is good. Applying Lemma 4.5.10 again, weare reduced to proving that the localization LKpnqpA
 kq is good. We may thereforereplace A by LKpnqpAq and thereby reduce to the case where A is a Kpnq-local algebraover the Lubin-Tate spectrum E. Then G is an oriented p-divisible group of height nover A and therefore equivalent to the Quillen p-divisible group GQ
 A of ConstructionOr.4.6.2 . Applying Theorem 4.2.5, we deduce that the Atiyah-Segal completion mapζ : AXG Ñ AX is an equivalence for every space X. Using Corollary Ambi.5.4.7 , wededuce that the map AbE E
 X Ñ AX is an equivalence whenever X is π-finite. Wecan therefore replace A by the Lubin-Tate spectrum E, in which case the desiredresult follows from Theorem Ambi.3.4.1 .
 4.6 The Tate ConstructionLet G be a preoriented P-divisible group over an E8-ring A. According to
 Proposition 4.2.15, G is oriented if and only if the Atiyah-Segal comparison map
 ζ : BBCpnG Ñ BBCpn
 exhibits BBCpn as the completion of BBCpnG with respect to the augmentation ideal
 ICpn for every prime power pn and every E8-algebra B over A. Our goal in this sectionis to supply a variant of this criterion, which only needs to be checked in the specialcase where B “ A and n “ 1. The proof is based on a locality property of the Tateconstruction AtCp (Proposition 4.6.8) which will play an essential role in the theory ofG-tempered local systems we introduce in §5.
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Notation 4.6.1. Let A be an E8-ring, let H be a finite group, and let M : BH Ñ
 ModA be a local system of A-modules on the classifying space BH. We let MhH
 denote the associated homotopy fixed point spectrum (that is, the limit of the diagramM) and MhH the homotopy orbit spectrum (that is, the colimit of the diagram M).We let M tH denote the Tate construction on M : that is, the cofiber of the norm mapNm : MhH Ñ MhH (see Example Ambi.4.4.14 ). Note that since FunpBH,ModAq isan ABH-linear 8-category, we can regard Nm as a morphism of ABH-modules, so thatthe Tate construction M tH inherits the structure of a module over ABH .
 In particular, if G is a preoriented P-divisible group over A, then we can viewMhH Ñ MhH Ñ M tH as a fiber sequence of modules over the tempered functionspectrum ABHG (via the Atiyah-Segal comparison map ζ : ABHG Ñ ABH).
 Theorem 4.6.2. Let A be an E8-ring and let G be a preoriented P-divisible groupover A. Then G is oriented if and only if, for every prime number p, the followingconditions are satisfied:
 p˚pq The Atiyah-Segal comparison map ζ : ABCpG Ñ ABCp exhibits ABCp as thecompletion of ABCpG with respect to the augmentation ideal ICp Ď A0
 GpBCpq.
 p˚1pq The Tate construction AtCp is ICp-local when viewed as a module over thetempered function spectrum A
 BCpG .
 Remark 4.6.3. Let G be a preoriented P-divisible group over an E8-ring A, let Hbe a finite group, and assume that the augmentation ideal IH Ď A0
 GpBHq is finitelygenerated (this is satisfied automatically if H is abelian or A is Noetherian). ViewingM as a local system of ABHG -modules on the classifying space BH, we note that thevalue of M on each point x P BH is both IH-nilpotent and IH-complete (since theaction of ABHG on Mx factors through the evaluation map ABHG Ñ A
 txuG » A, which
 annihilates the ideal IH). It follows that the homotopy orbit spectrum MhH alsoIH-nilpotent (since the collection of IH-nilpotent objects of ModAHG is closed undercolimits) and the homotopy fixed point spectrum MhH is IH-complete (since thecollection of IH-complete objects of ModABHG
 is closed under limits).
 Remark 4.6.4. Let G be a preoriented P-divisible group over an E8-ring A. Then,for every prime number p, the function spectrum ABCp can be identified with thehomotopy fixed point spectrum AhCp , where we endow A with the trivial action ofCp. It follows that ABCp is automatically ICp-complete when viewed as a module overABCpG . Consequently, assertion p˚pq of Theorem 4.6.2 is equivalent to the requirement
 that the fiber of the Atiyah-Segal comparison map ζ : ABCpG Ñ ABCp is ICp-local.
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Remark 4.6.5. Let A be an E8-ring and let G be a preoriented P-divisible groupover A. Then conditions p˚`q and p˚1`q of Theorem 4.6.2 are automatically satisfiedfor any prime number ` which is invertible in π0pAq. In particular, if the E8-ringA is p-local, then Theorem 4.6.2 asserts that G is oriented if and only if it satisfiesconditions p˚pq and p˚1pq.
 Remark 4.6.6 (Condition p˚pq and Equivariant Stable Homotopy Theory). Let Gbe a preoriented P-divisible group over an E8-ring A which satisfies condition p˚pq ofTheorem 4.6.2. Then, if M is any ABCpG -module which is ICp-nilpotent, compositionwith ζ induces an isomorphism
 Ext˚ABCpGpM,A
 BCpG q Ñ Ext˚
 ABCpGpM,ABCpq.
 Applying this observation in the special case M “ AhCp , we deduce that the normmap Nm : AhCp Ñ AhCp “ ABCp admits an essentially unique factorization as acomposition
 AhCpNm0ÝÝÑ A
 BCpG
 ζÝÑ ABCp .
 This factorization equips A with the structure of a genuine Cp-spectrum. More precisely,it allows us to construct a Cp-spectrum with underlying spectrum is A (equipped withthe trivial action of Cp), “genuine” fixed point spectrum is ABCpG , and geometric fixedpoint spectrum ΦCppAq given by the the cofiber of the map Nm0 : AhCp Ñ A
 BCpG . We
 then have a homotopy pullback diagram of spectra
 ABCpG
 ζ //
 AhCp
 ΦCppAq // AtCp ,
 which we will refer to as the equivariant fracture square.
 Remark 4.6.7 (Condition p˚1pq and Equivariant Stable Homotopy Theory). Let A bean E8-ring, let G be a preoriented P-divisible group over A. Fix a prime number pand let I “ ICp Ď π0pA
 BCpG q be the augmentation ideal of Notation 4.2.7. For every
 ABCpG -module M , we will denote the I-completion of M by M^
 I and the I-localizationof M by LIpMq, so that we have a pullback diagram of ABCpG -modules σM :
 M //
 M^I
 LIpMq // LIpM
 ^I q
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which we will refer to as the algebraic fracture square.Suppose that G satisfies condition p˚pq of Theorem 4.6.2. Taking M “ A
 BCpG , we
 conclude that the completion M^I can be identified with the function spectrum ABCp .
 Moreover, the homotopy orbit spectrum AhCp is automatically ICp-nilpotent (Remark4.6.3). It follows that there exists a commutative diagram of ABCpG -modules
 ABCpG
 ζ //
 ABCp
 LIpA
 BCpG q //
 u
 LIpABCpq
 v
 ΦCppAq // AtCp ,
 where the upper square is the algebraic fracture square of M and the outer rectangleis the equivariant fracture square of Remark 4.6.6. In particular, the lower square isalso a pushout diagram, so that u is an equivalence if and only if v is an equivalence.The following conditions are equivalent:
 • The P-divisible group G satisfies condition p˚1pq of Theorem 4.6.2: that is, theTate construction AtCp is ICp-local as a module over ABCpG .
 • The morphisms u and v appearing in the above diagram are invertible: in otherwords, the algebraic fracture square of M “ A
 BCpG agrees with the equivariant
 fracture square of Remark 4.6.6.
 • The spectrum ΦCppAq is ICp-local. Equivalently, the map Nm0 : AhCp Ñ ABCpG
 identifies AhCp with the local cohomology spectrum ΓICp pABCpG q (this can be
 viewed as a “homological” version of the condition p˚pq of Theorem 4.6.2).
 The proof of Theorem 4.6.2 will require some preliminaries. We first show thatevery oriented P-divisible group satisfies condition p˚1pq.
 Proposition 4.6.8. Let G be an oriented P-divisible group over an E8-ring A. Let Cpbe a cyclic group of order p, for some prime number p, and let M P FunpBCp,ModAqbe Cp-equivariant object of the 8-category ModA. Then the Tate construction M tCp isICp-local when viewed as a module over ABCpG .
 Remark 4.6.9. In the situation of Proposition 4.6.8, the homotopy fixed pointspectrum MhCp is automatically complete with respect to the augmentation ideal ICp
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(Remark 4.6.3). Consequently, Proposition 4.6.8 is equivalent to the assertion thatthe norm map Nm : MhCp ÑMhCp exhibits MhCp as the ICp-completion of MhCp (ordually that it induces an equivalence equivalence MhCp » ΓICp pM
 hCpq.
 Remark 4.6.10. The assertion of Proposition 4.6.8 is a priori stronger than conditionp˚1pq of Theorem 4.6.2, since it applies to any Cp-equivariant object M of the8-categoryModA, rather than just to A itself (endowed with the trivial action of Cp). However,it is actually equivalent to p˚1pq. The Tate construction can be viewed as a laxsymmetric monoidal functor from FunpBCp,ModAq to ModA. Consequently, AtCp hasthe structure of an E8-algebra over A, and M tCp has the structure of a module overAtCp . In particular, if AtCp is ICp-local, then so is M tCp .
 The proof of Proposition 4.6.8 will make use of the following elementary observation:
 Lemma 4.6.11. Let H be a finite group and suppose we are given a map of spacesf : X Ñ BH. Let F P FunpX, Spq be a local system of spectra on X and letf˚F P FunpBH, Spq denote its pushforward to BH (that is, the right Kan extensionof F along f). If X is a finite space, then the Tate construction pf˚F qtH vanishes.
 Proof. Let C denote the full subcategory of FunpBH, Spq spanned by those objectsM with M tH » 0. Since the construction M ÞÑ M tH is exact, C is closed underfinite limits in FunpBH, Spq. We wish to prove that f˚F P C. For each x P X, letix : txu Ñ X denote the inclusion map. Using the equivalence F » lim
 ÐÝxPXix˚i
 ˚x F
 (and the finiteness of X), we can reduce to the case where F has the form ix˚F 1,for some F 1
 P Funptxu, Spq » Sp. We may therefore replace X by txu and therebyreduce to the case where X is a point, in which case the desired result follows fromExample HA.6.1.6.26 .
 Proof of Proposition 4.6.8. Let xM be the p-completion of M and let N denote the fiberof the canonical map M Ñ xM . We then have a fiber sequence of Tate constructions
 N tCp ÑM tCp Ñ xM tCp ,
 where the first term vanishes because p acts invertibly on N . We may therefore replaceM by xM and thereby reduce to the case where M is a module over the p-completionof A. In this case, we can replace A by its p-completion and thereby reduce to the casewhere A is p-complete. We may also replace the P-divisible group G by its p-localsummand Gppq (since this does not change the tempered function spectrum A
 BCpG ),
 and thereby reduce to the case where G is an oriented p-divisible group.
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For each n ě 0, let IAn Ď π0pAq denote the nth Landweber ideal of A (DefinitionOr.4.4.11 ) Note that every A-module is IAn`1-local (or equivalently Epnq-local, whereEpnq denotes the nth Johnson-Wilson spectrum) for n " 0; in fact, it suffices to taken to be any upper bound for the height of the p-divisible group G (since we then haveIAn`1 “ π0pAq). It will therefore suffice to prove the following:
 p˚nq If M is IAn -local, then the Tate construction M tCp is ICp-local.
 We proceed by induction on n. If n “ 1, then the assumption that M is IAn -localguarantees that p acts invertibly on M , so that M tCp vanishes. To carry out theinductive step, assume that p˚nq holds for some n ě 1 and that M is IAn`1-local. LetxM denote the completion of M for the ideal IAn , and let LM and LxM denote thelocalizations of M and xM with respect to IAn . We then have a pullback square
 M //
 xM
 LM // LxM
 of Cp-equivariant objects of ModA, which induces a pullback square of Tate construc-tions
 M tCp //
 xM tCp
 pLMqtCp // pLxMqtCp .
 Our inductive hypothesis then guarantees that pLMqtCp and pLxMqtCp are ICp-local.Consequently, to show that M tCp is ICp-local, it will suffice to show that xM tCp isICp-local. We may therefore replace M by xM and thereby reduce to the case where Mis IAn`1-local and IAn -complete: that is, the case where M is Kpnq-local as a spectrum(see Proposition Or.4.5.4 ). Replacing A by its Kpnq-localization, we can assume alsothat A is Kpnq-local. In this case, our orientation of G supplies a short exact sequenceof p-divisible groups
 0 Ñ GQA Ñ G Ñ Get Ñ 0,
 where GQA is the Quillen p-divisible group of A (Proposition 2.5.6). In particular, the
 underlying map of finite flat group scheme GQArps Ñ Grps is a strict monomorphism,
 so that the Atiyah-Segal comparison map ζ : A˚GpBCpq Ñ A˚pBCpq is surjective.We have a short exact sequence of abelian groups 0 Ñ Z p
 Ñ Z Ñ Cp Ñ 0which induces a fiber sequence of spaces BCp
 φÑ CP8 p
 Ñ CP8. Let e P A2pCP8q
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be a complex orientation of A. We can then choose an element e P A2GpBCpq
 satisfying ζpeq “ φ˚peq in A2pBCpq. Note that e is annihilated by the pullback mapA2
 GpBCpq Ñ A2GpECpq » π´2pAq, so that eA´2
 G pBCpq is contained in the augmentationideal ICp . Consequently, to show that M tCp is ICp-local, it will suffice to show thatmultiplication by e induces an equivalence θ : Σ´2M tCp ÑM tCp .
 To prove this, form a pullback diagram of spaces
 X //
 f 1
 ˚
 f
 BCpφ // CP8,
 and let AX P FunpX,ModAq denote the constant local system on X with the valueA. The cofiber of θ is then given by the Tate construction QtCp , where Q is theCp-equivariant object of ModA given by
 M bA φ˚ cofibpe : Σ´2ACP8 Ñ ACP8q » M bA φ
 ˚f˚pAqq
 » M bA f1˚AX
 » f 1˚f1˚M.
 The vanishing of QtCp now follows from Lemma 4.6.11, since X is homotopy equivalentto a circle.
 Lemma 4.6.12. Let p be a prime number and let G be a preoriented P-divisible groupover an E8-ring A which satisfies conditions p˚pq and p˚1pq of Theorem 4.6.2. Then,for every module M over the tempered function spectrum A
 BCpG , the canonical map
 θM : M Ñ pM bABCpG
 AECpG q
 hCp
 exhibits pM bABCpG
 AECpG qhCp as the ICp-completion of M .
 Proof. Set I “ ICp and let ModCplpIqABCpG
 denote the full subcategory of ModABCpG
 spanned
 by the ABCpG -modules which are I-complete. Then the construction
 M ÞÑ pM bABCpG
 AECpG q
 hCp
 determines a functor F : ModABCpG
 Ñ ModCplpIqABCpG
 . Let C Ď ModABCpG
 be the fullsubcategory spanned by those objects M for which the map θM : M Ñ F pMq exhibits
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F pMq as an ICp-completion of M . It follows from assumption p˚pq C contains thetempered function spectrum A
 BCpG (and all of its shifts). Consequently, to show that
 C “ ModABCpG
 , it will suffice to show that C is closed under small colimits. For this,it will suffice to show that the functor F preserves small colimits. Using assumptionp˚1pq (and Remark 4.6.10), we can factor F as a composition
 ModABCpG
 F 1ÝÑ Mod
 ABCpG
 F 2ÝÑ ModCplpIq
 ABCpG
 ,
 where F 2 is the functor of completion with respect to I (which preserves smallcolimits, since it is left adjoint to the inclusion) and F 1 given by the constructionM ÞÑ pM b
 ABCpG
 AECpG qhCp (which also preserves small colimits).
 Lemma 4.6.13. Let p be a prime number and let G be a preoriented P-divisible groupover an E8-ring A which satisfies conditions p˚pq and p˚1pq of Theorem 4.6.2, for someprime number p. Then, for every nonnegative integer n, the Atiyah-Segal comparisonmap
 ζ : ABCpnG Ñ ABCpn
 exhibits ABCpn as the completion of ABCpnG with respect to the augmentation ideal ICpn .
 Proof. We proceed by induction on n, the case n “ 0 being trivial. To carry outthe inductive step, we observe that the short exact sequence of abelian groups 0 ÑCpn´1 Ñ Cpn Ñ Cp provides a factorization of ζ as a composition
 ABCpnG
 ζ1ÝÑ pA
 BCpn´1G q
 hCp ζ2ÝÑ pABCpn´1 q
 hCp » ABCpn .
 It follows from Lemma 4.6.12 that the fiber fibpζ 1q is local with respect to theaugmentation ideal ICp Ď A0
 GpBCpq, hence also with respect to the augmentation idealICpn Ď A0
 GpBCpnq (which contains the image of ICp). Since ICpn´1 is generated by theimage of ICpn , our inductive hypothesis guarantees that fibpζ2q is also ICpn -local. Itfollows that fibpζq is ICpn -local, and therefore exhibits ABCpn as the ICpn -completionof ABCpnG (since ABCpn is automatically ICpn -local, by virtue of Remark 4.6.3).
 Lemma 4.6.14. Let G be a preoriented P-divisible group over an E8-ring A, let Bbe an E8-algebra over A, and let p be a prime number. If G satisfies conditions p˚pqand p˚1pq of Theorem 4.6.2, then the preoriented P-divisible group GB also satisfiesconditions p˚pq and p˚1pq.
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Proof. Condition p˚1pq follows from Remark 4.6.10. To prove p˚pq, we must show thatthe Atiyah-Segal comparison map ζ : BBCp
 G Ñ BBCp exhibits BBCp as the completionof BBCp
 G with respect to the augmentation ideal ICp Ď A0GpBCpq (or equivalently, with
 respect to the ideal that it generates in B0GpBCpq). Note that we have a commutative
 diagramB bA A
 BCpG
 //
 B bA ABCp
 BBCpG
 // BBCp ,
 where the left vertical map is an equivalence and the upper horizontal map inducesan equivalence after completion with respect to ICp (by virtue of assumption p2q). Itwill therefore suffice to show that the right vertical map also induces an equivalenceafter completion with respect to ICp . To prove this, we observe that it fits into acommutative diagram of fiber sequences
 B bA AhCpNm //
 „
 B bA AhCp //
 B bA AtCp
 BhCp
 Nm // BhCp // BtCp ,
 where the left vertical map is an equivalence. It will therefore suffice to show that theright vertical map becomes an equivalence after completion with respect to ICp . Infact, both B bA A
 tCp and BtCp vanish after completion with respect to ICp , by virtueof our assumption that G satisfies p˚1pq.
 Proof of Theorem 4.6.2. Let G be a preoriented P-divisible group over an E8-ring A.If G is oriented and p is a prime number, then G satisfies condition p˚pq (Proposition4.2.8) and condition p˚1pq (Proposition 4.6.8). Conversely, suppose that G satisfiesconditions p˚pq an p˚1pq for every prime number p. Then, for every E8-algebra B
 over A, the preoriented P-divisible group GB has the same property (Lemma 4.6.14).Applying Lemma 4.6.13, we deduce that the Atiyah-Segal comparison maps
 ζ : BBCpnG Ñ BBCpn
 exhibit each BBCpn as the completion of BBCpnG with respect to the augmentation ideal
 ICpn , so that G is oriented by virtue of Proposition 4.2.15.
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4.7 Base Change and FinitenessLet f : A Ñ B be a morphism of E8-rings. Then, for every space X, f induces
 an A-linear map of (unpointed) function spectra fX : AX Ñ BX , which extendsto a B-algebra map B bA A
 X Ñ BX . This map is an equivalence if the space Xis finite, or if B is perfect as an A-module. However, it is rarely an equivalence ingeneral. In essence, our theory of tempered cohomology is designed to correct thisproblem: it provides a replacement for the function spectrum AX , which is more likelyto be compatible with extension of scalars. If G is an oriented P-divisible group overA, then Theorem 4.4.16 (along with Lemma 4.5.1) implies that the canonical mapB bA A
 XG Ñ BX
 G is an equivalence when X “ KpH, dq is an Eilenberg-MacLane spaceassociated to a finite abelian p-group H. In fact, we have the following more generalresult:
 Theorem 4.7.1 (Base Change for Tempered Cohomology). Let G be an orientedP-divisible group over an E8-ring A and let X be a π-finite space. Then, for everymap of E8-rings AÑ B, the canonical map AXG Ñ BX
 G extends to an equivalence
 ρ : B bA AXG Ñ BXG
 of E8-algebras over B.
 We will give a proof of Theorem 4.7.1 in §7 (see Corollary 7.3.12).
 Remark 4.7.2. In the special case where X “ BH is the classifying space of afinite abelian group H, Theorem 4.7.1 is a tautology: it follows immediately from thedefinition of the P-divisible group GB, and does not require the assumption that G isoriented.
 Let us collect some consequences of Theorem 4.7.1.
 Corollary 4.7.3. Let G be an oriented P-divisible group over an E8-ring A and letX be a π-finite space. Let f : AÑ B be a morphism of E8-rings. If either AXG or Bis flat as an A-module spectrum, then the comparison map of Theorem 4.7.1 inducesan isomorphism of G-tempered cohomology rings
 π0pBq bπ0pAq A˚GpXq » B˚GpXq.
 Proof. Combine Theorem 4.7.1 with Proposition HA.7.2.2.13 .
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Remark 4.7.4. Let G be a preoriented P-divisible group over an E8-ring A. If B is afinite flat E8-algebra over A, then the comparison map π0pBq bπ0pAq A
 ˚GpXq » B˚GpXq
 is an equivalence for every orbispace X (see Remark 4.2.10).
 Corollary 4.7.5. Let G be an oriented P-divisible group over an E8-ring A. LetH be a finite group and let X be a finite H-space. Then, for every E8-ring B, thecomparison map ρ : B bA AXHG Ñ B
 XHG is an equivalence of E8-algebras over B.
 Proof. The constructions X ÞÑ B bA AXHG and X ÞÑ B
 XHG carry finite colimits in
 the8-category SH of H-spaces to finite limits in the8-category CAlgB of E8-algebrasover B. It will therefore suffice to prove Corollary 4.7.5 in the special case whereX is an H-space of the form H0zH, where H0 is a subgroup of H. In this case, theorbispace quotient XH can be identified with the BHp´q
 0 , and the desired result isa special case of Theorem 4.7.1.
 From Corollary 4.7.5, we immediately deduce the following slightly stronger formof Theorem 1.1.19:
 Corollary 4.7.6. Let G be an oriented P-divisible group over an E8-ring A. LetH be a finite group, let X be a finite H-space, and let B be an E8-algebra over A.If either AXHG or B is flat as an A-module spectrum, then the comparison map ofCorollary 4.7.5 induces an isomorphism of G-tempered cohomology rings
 π0pBq bπ0pAq A˚GpXHq Ñ B˚GpXHq.
 Proof. Combine Corollary 4.7.5 with Proposition HA.7.2.2.13 .
 Corollary 4.7.7. Let H be a finite group and let X be a finite H-space. Then theequivariant Chern character of Example 4.3.8 induces an isomorphism of complexvector spaces
 chH : CbZ KU˚HpXq Ñ H˚ppž
 hPH
 XhqhH ; Cqppβ´1
 qq.
 Proof. Apply Corollary 4.7.6 in the case where A “ KU is complex K-theory, G “ µP8
 is the multiplicative P-divisible group over KU (endowed with the orientation ofConstruction 2.8.6), and B “ CbS KU is the complexification of KU.
 Corollary 4.7.8. Let H be a finite group. Then the construction rV s ÞÑ χV inducesan isomorphism of complex vector spaces
 χ : CbZ ReppHq Ñ tClass functions H Ñ Cu.
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Proof. Combine Corollary 4.7.7 with Example 4.3.9.
 If G is an oriented P-divisible group over an E8-ring A and X “ KpH, dq is anEilenberg-MacLane space associated to a finite group H, then Theorem 4.4.1 impliesthat the tempered function spectrum AXG is a projective A-module of finite rank. UsingTheorem 4.7.1, we can prove a weak version of this assertion for π-finite spaces ingeneral:
 Proposition 4.7.9. Let G be an oriented P-divisible group over an E8-ring A andlet X be a π-finite space. Then AXG is perfect as an A-module spectrum.
 Corollary 4.7.10. Let G be an oriented P-divisible group over an E8-ring A, let Hbe a finite group, and let X be a finite H-space. Then AXHG is perfect as an A-modulespectrum.
 Proof. As in the proof of Corollary 4.7.5, we can reduce to the case where X “ H0zH
 is an orbit of H, in which case the orbispace quotient XH can be identified withBH
 p´q
 0 and the result follows from Proposition 4.7.9.
 Corollary 4.7.11. Let G be an oriented P-divisible group over an E8-ring A. LetX and Y be orbispaces. Suppose that X “ Xp´q for a π-finite space X. Then themultiplication map
 m : AXG bA A
 YG Ñ AXˆY
 G .
 is an equivalence.
 Proof. Combine Propositions 4.4.7 and 4.7.9.
 The proof of Proposition 4.7.9 will make use of the following general observation:
 Lemma 4.7.12. Let A be an E8-ring and let M be an A-module spectrum. Supposethat the functor
 CAlgA Ñ ModA B ÞÑ B bAM
 preserves small limits. Then M is perfect.
 Proof. Specializing to A-algebras of the form A‘N for N P ModA, we deduce thatthe functor
 ModA Ñ ModA N ÞÑ N bAM
 preserves small limits, and therefore admits a left adjoint (Corollary HTT.5.5.2.9 ). Itfollows that M is dualizable and therefore perfect as an A-module.
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Proof of Proposition 4.7.9. Let G be an oriented P-divisible group over an E8-ringA and let X be a π-finite space. Then the functor
 CAlgA Ñ ModA B bA AXG
 can be identified with B ÞÑ BXG (by virtue of Theorem 4.7.1), and therefore preserves
 small limits (Lemma 4.2.11). Applying Lemma 4.7.12, we conclude that AXG is aperfect A-module spectrum.
 We say that an E8-ring A is Noetherian if π0pAq is Noetherian and each homotopygroup πnpAq is finitely generated as a module over π0pAq. If A is Noetherian and M isa perfect A-module spectrum, then each homotopy group πnpMq is finitely generatedas a module over π0pAq. We therefore obtain the following:
 Corollary 4.7.13. Let A be a Noetherian E8-ring and let G be an oriented P-divisiblegroup over A. Then:
 paq If X is a π-finite space, then each of the tempered cohomology groups AnGpXq isfinitely generated as a module over π0pAq.
 pbq If H is a finite group and X is a finite H-space, then each of the temperedcohomology groups AnGpXHq is finitely generated as a module over π0pAq.
 4.8 Application: Character Theory for π-Finite SpacesWe now combine the results of §4.2, §4.3, and §4.7. We begin by studying the
 rational version of tempered cohomology.
 Proposition 4.8.1. Let A be an E8-ring and let G be an oriented P-divisible groupover A. Assume that, for every prime number p, the p-divisible group Gppq has someconstant height hp, and set Λ “
 À
 pPPpQp Zpqhp. Then:
 paq The P-divisible group G admits a splitting algebra B “ SplitΛpGq (see Definition2.7.7) which is faithfully flat over the rationalization AQ “ QbSA.
 pbq Let X be a π-finite space and let S be the finite set of all homotopy classes ofmaps from the classifying space BpΛ into X, where pΛ is the Pontryagin dual ofΛ. Then there is a canonical equivalence
 B bA AXG »
 ź
 sPS
 B
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of E8-algebras over B, which induces an isomorphism of graded rings
 π0pBq bπ0pAq A˚GpXq »
 ź
 sPS
 B˚ptsuq “ B˚pSq
 Proof. Note that, if G admits a splitting Λ Ñ GpA1q for an E8-algebra A1 over A,then the P-divisible group GA1 is etale. The existence of an orientation of G thenguarantees that A1 is an E8-algebra over Q (Remark 2.6.17). It follows that we canidentify a splitting algebras of G with a splitting algebras of GAQ , which exists (andis faithfully flat over AQ) by virtue of Proposition 2.7.9. This proves paq. To provepbq, let G0 “ 0 denote the trivial P-divisible group over AQ. Then the tautologicalsplitting of G over B can be regarded as a splitting of the monomorphism G0 Ñ GAQ .We have a diagram of equivalences
 B bA AXG
 „ÝÑ BX
 G„ÝÑ B
 LΛpXp´qqG0
 „ÐÝ BXB pΛ
 G0„ÝÑ BXB pΛ „
 ÐÝ BS
 where the first map is supplied by Theorem 4.7.1, the second by Theorem 4.3.2, thethird by Proposition 3.4.7, the fourth by Variant 4.2.6, and the fifth by the observationthat the projection map XBpΛ Ñ π0pX
 BpΛq “ S induces an isomorphism on rationalcohomology (since XBpΛ is a π-finite space). Passing to homotopy groups (and invokingthe fact that B is flat over AQ, hence over A), we obtain the isomorphism of gradedrings
 π0pBq bπ0pAq A˚GpXq »
 ź
 sPS
 B˚ptsuq “ B˚pSq.
 Remark 4.8.2. In the situation of Proposition 4.8.1, the isomorphism of graded rings
 π0pBq bπ0pAq A˚GpXq » B˚pSq
 is equivariant with respect to the action of the profinite group AutpΛq; here AutpΛqacts on the left hand side via its action on B “ SplitΛpGq, and on the right hand sideby combining its action on B and on the finite set S “ π0pX
 BpΛq. Note that π0pBq
 can be regarded as a (profinite) Galois extension of π0pAQq with Galois group AutpΛq(Remark 2.7.10). Passing to invariants, we obtain an isomorphism of graded rings
 QbZA˚GpXq » B˚pSqAutpΛq,
 where the right hand side denotes the fixed points for the action of AutpΛq on thegraded ring B˚pSq.
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Remark 4.8.3. In the situation of Proposition 4.8.1, the existence of an isomorphism
 π0pBq bπ0pAq A˚GpXq »
 ź
 sPS
 B˚ptsuq
 guarantees that the tensor product π0pBq bπ0pAq A˚GpXq is a finitely generated free
 module over the coefficient ring π´˚pBq, having a canonical basis parametrized by theset of homotopy classes of maps BpΛ Ñ X.
 Corollary 4.8.4. Let A be an E8-algebra over Q and let G be a P-divisible groupover A. Assume that, for every prime number p, the p-divisible group Gppq has someconstant height hp, and set Λ “
 À
 pPPpQp Zpqhp. Let X be a π-finite space. Then
 the graded ring QbZA˚GpXq is a projective module over the coefficient ring π´˚pAQq,
 with rank equal to the number of homotopy classes of maps from BpΛ into X.
 Proof. Combine Remark 4.8.3 with the faithful flatness of the map π0pAQq Ñ
 π0pSplitΛpGqq.
 Corollary 4.8.5. Let A be an E8-ring which is complex periodic and Kpnq-local forsome n ą 0. Set Λ “ pQp Zpq
 n. Then:
 paq The Quillen p-divisible group GQA admits a splitting algebra B “ SplitΛpGQ
 Aq
 which is faithfully flat over the rationalization AQ “ QbSA.
 pbq Let X be a π-finite space and let S be the finite set of all homotopy classesof maps from the classifying space B Zn
 p into X. Then there is a canonicalequivalence
 B bA AX»ź
 sPS
 B
 of E8-algebras over B, which induces an isomorphism of graded rings
 π0pBq bπ0pAq A˚pXq »
 ź
 sPS
 B˚ptsuq “ B˚pSq
 Proof. Combine Proposition 4.8.1 with Theorem 4.2.5.
 Let Kpnq denote the nth Morava K-theory (for some fixed prime number p). Wesay that a space X is Kpnq-finite if each of the groups KpnqipXq is finite-dimensionalas a vector space over the field κ “ π0pKpnqq. In this case, we refer to the difference
 χKpnqpXq “ dimκpKpnq0pXqq ´ dimκpKpnq
 1pXqq
 as the Kpnq-Euler characteristic of X.
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Corollary 4.8.6. Fix a prime number p and an integer n ą 0, and let X be a π-finite space. Then X is Kpnq-finite, and the Kpnq-Euler characteristic χKpnqpXq isequal to the number of homotopy classes of maps B Zn
 p Ñ X. In particular, we haveχKpnqpXq ě 0, with equality if and only if X is empty.
 Proof. Let E be the Lubin-Tate spectrum associated to a formal group of height n overa perfect field κ, Without loss of generality, we may assume that Kpnq is the MoravaK-theory associated to E. Let L denote the fraction field of the Lubin-Tate ring π0pEq,and let G be the Quillen p-divisible group of E. Then the Atiyah-Segal comparisonmap ζ : EX
 G Ñ EX is an equivalence (Theorem 4.2.5), so that EX is perfect as anE-module spectrum (Proposition 4.7.9). Let r be the number of homotopy classes ofmaps B Zn
 p Ñ X. According to Corollary 4.8.5, the tensor product Qbπ˚pEXq is afree module over Qbπ˚pEq, of rank equal to r. In particular, we have
 dimLpLbπ0pEq π0pEXqq “ r dimLpLbπ0pEq π´1pE
 Xqq “ 0.
 It will therefore suffice to prove the following general assertion:
 p˚q Let M be a perfect module over the Lubin-Tate spectrum E. Then the integers
 χLpMq “ dimLpLbπ0pEq π0pMqq ´ dimLpLbπ0pEq π´1pMqq
 χκpMq “ dimκpπ0pKpnq bE Mqq ´ dimκpπ´1pKpnq bE Mqq
 are the same.
 To prove p˚q, let d denote the projective dimension of π0pMq ‘ π´1pMq as a moduleover π0pEq (which is necessarily finite, since π0pEq is a regular local ring). We proceedby induction on d. If d “ 0, then M can be written as a finite sum of copies of E andits suspension ΣpEq; in this case, the equality asserted by p˚q is clear. To treat thecase d ą 0, we observe that our assumption that M is perfect guarantees that thehomotopy groups of M are finitely generated as modules over π0pEq. Choose a fibersequence M 1 Ñ P
 uÝÑM where P is a sum of copies of E and its suspension ΣpEq, and
 u induces a surjection π˚pP q Ñ π˚pMq. In this case, we have a short exact sequence ofhomotopy groups 0 Ñ π˚pM
 1q Ñ π˚pP q Ñ π˚pMq Ñ 0. It follows that the homotopygroups of M 1 and P have projective dimension ă d over the Lubin-Tate ring π0pEq, sothat our inductive hypothesis (and the additivity of the Euler characteristics definedin p˚q) supplies an identity
 χLpMq “ χLpP q ´ χLpM1q “ χκpP q ´ χκpM
 1q “ χκpMq.
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4.9 Application: The Completion TheoremLet G be an oriented P-divisible group over an E8-ring A. For every finite abelian
 group H, Proposition 4.2.8 implies that the Atiyah-Segal comparison map
 ζ : ABHG Ñ ABH
 exhibits ABH as the completion of ABHG with respect to the augmentation ideal IH .Our goal in this section is to prove a more general version of this result (Theorem4.9.2), where we replace the classifying space BH by an orbispace quotient XHand we drop the assumption that H is abelian. Here we potentially encounter atechnical problem: when H is not abelian, it is not clear that the augmentation idealIH Ď A0
 GpBHq is finitely generated. To address this point, we will assume that theE8-ring A is Noetherian. This guarantees that A0
 GpBHq is finitely generated as amodule over π0pAq (Corollary 4.7.13), and therefore a Noetherian ring.
 Remark 4.9.1. Let A be an E8-ring, let G be a preoriented P-divisible group overA, and let H be a finite group. For every H-space X, the canonical map of orbispaces
 XH Ñ ˚H “ BHp´q
 induces a homomorphism of tempered cohomology rings A˚GpBHq Ñ A˚GpXHq. Inparticular, we can view each tempered cohomology group AnGpXHq as a moduleover the commutative ring A0
 GpBHq. If A is Noetherian, G is oriented, and X is afinite H-space, then AnGpXHq is finitely generated as a module over A0
 GpBHq (sinceit is already finitely generated as a module over π0pAq, by virtue of Corollary 4.7.13).
 We can now state our main result.
 Theorem 4.9.2 (Tempered Atiyah-Segal Completion Theorem). Let A be a Noethe-rian E8-ring, let G be an oriented P-divisible group over A, let H be a finite group,and let IH Ď A0
 GpBHq be the augmentation ideal of Notation 4.2.7. Then, for everyfinite H-space X, the Atiyah-Segal comparison map
 ζ : A˚GpXHq Ñ A˚pXhHq
 exhibits each AnpXhHq as the IH-adic completion of AnGpXHq. That is, it inducesan isomorphism
 AnpXhHq » limÐÝm
 AnGpXHqImHA
 nGpXHq
 .
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Corollary 4.9.3 (Atiyah). Let H be a finite group and let X be a finite H-space. Thenthe comparison map ζ : KU˚HpXq Ñ KU˚pXhHq exhibits KU˚pXhHq as the completionof KU˚HpXq with respect to the augmentation ideal of ReppHq.
 Proof. Combine Theorem 4.9.2 with Theorem 4.1.2.
 Remark 4.9.4. For a general version of Atiyah’s completion theorem in equivariantstable homotopy theory (closely related to our Theorem 4.9.2), we refer the reader tothe work of Greenlees-May ([4]).
 Theorem 4.9.2 is a consequence of a more basic spectrum-level completion theorem,which does not require the finiteness of X.
 Theorem 4.9.5. Let A be a Noetherian E8-ring, let G be an oriented P-divisiblegroup over A, and let H be a finite group. Let X be an H-space, and regard A
 XHG
 as a module spectrum over the E8-ring ABHG . Then the Atiyah-Segal comparison mapζ : AXHG Ñ AXhH exhibits AXhH as the IH-completion of AXHG , where IH is theaugmentation ideal of Notation 4.2.7.
 Proof of Theorem 4.9.2 from Theorem 4.9.5. Let M be a module spectrum over theE8-ring ABHG , and let xM denote the IH-completion of M . If each homotopy group ofM is finitely generated as a module over A0
 GpBHq, then the canonical map π˚pMq Ñπ˚pxMq exhibits each πnpxMq as the classical IH-adic completion of πnpMq (CorollarySAG.II.4.3.6.6 ). When X is a finite H-space, this finiteness hypothesis is satisfiedin the case M “ A
 XHG (Remark 4.9.1). In this case, Theorem 4.9.5 allows us
 to identify xM with the function spectrum AXhH , so that the cohomology groupsAnpXhHq » π´npxMq are the classical IH-adic completions of the tempered cohomologygroups AnGpXHq » π´npMq.
 We will reduce the general case of Theorem 4.9.5 to the abelian case using thefollowing:
 Lemma 4.9.6. Let A be a Noetherian E8-ring and let G be an oriented P-divisiblegroup over A. Let H be a finite group and let H0 Ď H be an abelian subgroup. LetIH Ď A0
 GpBHq be the augmentation ideal of Notation 4.2.7, and define IH0 Ď A0GpBH0q
 similarly. Then there exists an integer m " 0 such that ImH0 Ď IHA0GpBH0q Ď IH0.
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Remark 4.9.7. Lemma 4.9.6 admits an algebro-geometric interpretation. The com-mutative diagram of spaces
 EH0„ //
 EH
 BH0 // BH
 determines a commutative diagram of affine schemes
 Specpπ0pAqqid //
 i0
 Specpπ0pAqq
 i
 SpecpA0GpBH0qq
 f // SpecpA0GpBHqq,
 where i and i0 are closed immersions. Lemma 4.9.6 is equivalent to the assertion thatthis diagram is a pullback square at the level of the underlying topological spaces:that is, a point x of the space | SpecpA0
 GpBH0qq| belongs to the image of i0 if and onlyif fpxq belongs to the image of i.
 Proof of Lemma 4.9.6. We use the formulation of Remark 4.9.7. Let x be a pointof the Zariski spectrum | SpecpA0
 GpBH0qq| which does not belong to the image of i0;we will show that fpxq P | SpecpA0
 GpBHqq| does not belong to the image of i. Letp Ď π0pAq be the prime ideal corresponding to the image of x in | Specpπ0pAqq|, let Ap
 be the localization of A with respect to p, and let pA be the completion of Ap. Since Ais Noetherian, pA is flat over A. It follows that the natural maps
 π0p pAq bπ0pAq A0GpBH0q Ñ pA0
 GpBH0q π0p pAq bπ0pAq A0GpBHq Ñ
 pA0GpBHq
 are isomorphisms (Corollary 4.7.3). We may therefore replace A by pA and therebyreduce to the case where π0pAq is complete local Noetherian ring and x lies over theclosed point of | Specpπ0pAqq|.
 Let κ be the residue field of the local ring π0pAq. If κ has characteristic p, thenthe p-divisible group Gppq admits a connected-etale sequence
 0 Ñ G0 Ñ Gppq Ñ G2Ñ 0
 where G2 is etale and the closed fiber of G0 is connected (Corollary Or.2.5.22 ). Ifκ has characteristic zero, set G0 “ 0. In either case, we have a monomorphism ofP-divisible groups f : G0 Ñ G for which the quotient GG0 is etale. Let pH0 denote
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the Pontryagin dual of the finite abelian group H0. We then have a short exactsequence
 0 Ñ G0r pH0s Ñ Gr pH0sqÝÑ pGG0qr pH0s Ñ 0
 of finite flat group schemes over A, where first term has connected fiber over the closedpoint of | Specpπ0pAqq| and the third term is etale over A, and the middle term hasunderlying topological space | SpecpA0
 GpBH0qq|. Consequently, our assumption that xdoes not belong to the image of i0 guarantees that that its image under q does notbelong to the zero section of pGG0qr pH0s.
 Since | Specpπ0pAqq| is connected, the `-divisible groups pGG0qp`q each have someconstant height h`. Let Λ be the colattice given by the sum
 À
 `PPpQ` Z`qh` . Applying
 Proposition 2.7.15, we deduce that f admits a splitting algebra B “ SplitΛpfq whichis faithfully flat over A. Using Corollary 4.7.3 and Theorem 4.3.2, we obtain canonicalisomorphisms
 π0pBq bπ0pAq A0GpBH0q » B0
 GpBH0q »ź
 α:pΛÑH0
 B0G0pBH0q
 π0pBq bπ0pAq A0GpBHq » B0
 GpBHq »ź
 α:pΛÑH
 B0G0pBZpαqq
 where pΛ denotes the Pontryagin dual of Λ, the second product is indexed by thecollection of all conjugacy classes of homomorphisms α : pΛ Ñ H, and Zpαq Ď H
 denotes the centralizer of the image of α. Since π0pBq is faithfully flat over π0pAq, wecan lift x to a point rx of the affine scheme
 Specpπ0pBq bπ0pAq A0GpBH0qq »
 ž
 α:pΛÑH0
 SpecpB0G0pBH0qq.
 Our assumption that qpxq is not contained in the zero section of pGG0qr pH0s guaranteesthat rx belongs to a component of the right hand side which corresponds to a nontrivialhomomorphism α : pΛ Ñ H0. Then the image of rx in the fiber product
 Specpπ0pBq bπ0pAq A0GpBHqq »
 ž
 α:pΛÑH
 SpecpB0G0pBZpαqqq.
 is contained in a summand which corresponds to a conjugacy class of nonzero mapspΛ Ñ H. In particular, it is contained in the inverse image of impiq, so that fpxqcannot be contained in the image of i.
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Proof of Theorem 4.9.5. Let A be a Noetherian E8-ring, let G be an oriented P-divisible group over A, and let H be a finite group. We wish to show that, for everyH-space X, the Atiyah-Segal comparison map ζ : AXHG Ñ AXhH exhibits AXhH asthe IH-completion of AXHG . Let us regard the H-space X as a functor of 8-categoriesOrbitpHqop Ñ S. Let OrbitpHqab Ď OrbitpHq be the full subcategory defined inConstruction 3.2.16. Note that replacing X by the left Kan extension of X|OrbitpHqop
 ab
 does not change the orbispace quotient XH or the homotopy orbit space XhH ; wemay therefore assume without loss of generality that X is a left Kan extension of itsrestriction to OrbitpHqop
 ab. In this case, we can write X as a colimit of H-spaces whichare represented by orbits of the form HH0, where H0 is an abelian subgroup of H.Since the constructions X ÞÑ A
 XHG and X ÞÑ AXhH carry colimits of H-spaces to
 limits in CAlgA (and the IH-completion functor commutes with limits), it will sufficeto prove Theorem 4.9.5 in the special case where X has the form HH0. In this case,we are reduced to proving that the Atiyah-Segal comparison map ζ : ABH0
 G Ñ ABH0
 exhibits ABH0 as the completion of ABH0G with respect to the augmentation ideal
 IH Ď A0GpBHq. Equivalently, we wish to show that ζ exhibits ABH0 as the completion
 of ABH0G with respect to the ideal IHA0
 GpBH0q Ď A0GpBH0q. By virtue of Lemma 4.9.6,
 we can replace H by H0 and thereby reduce to the situation treated in Proposition4.2.8.
 5 Tempered Local SystemsLet A be an E8-ring. For any space X, we let LocSysApXq denote the 8-category
 FunpX,ModAq of local systems of A-modules on X, and we let AX P LocSysApXqdenote the constant local system taking the value A P ModA. The constructionX ÞÑ LocSysApXq can be regarded as a categorification of the functor X ÞÑ A˚pXq inthe following sense: for any space X, we have a canonical isomorphism of graded rings
 A˚pXq » Ext˚LocSysApXqpAX , AXq.
 Our goal in this section is to show that if G is an oriented P-divisible group over A, thenour theory of tempered cohomology X ÞÑ A˚GpXq admits an analogous categorification.More precisely, we will associate to each space X an 8-category LocSysGpXq, whoseobjects we refer to as G-tempered local systems on X. This stable 8-category containsa distinguished object which we will denote by AX , and the tempered cohomology ringA˚GpXq can be recovered as the endomorphism ring Ext˚LocSysGpXq
 pAX , AXq (Remark5.1.20).
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Before giving a formal definition, let us begin by describing some of the essentialfeatures of our construction:
 paq For any space X, there is a forgetful functor U : LocSysGpXq Ñ LocSysApXq,which can be regarded as a categorification of the Atiyah-Segal comparison mapon tempered cohomology (Construction 4.2.2).
 pbq To every G-tempered local system F P LocSysGpXq, we can associate a spec-trum ΓGpX; F q of tempered global sections of F , which is a module over thetempered function spectrum AXG of Construction 4.0.3.
 pcq Let F is a G-tempered local system on X, let UpF q denotes the underlyinglocal system of F , and let ΓpX;UpF qq denote the spectrum of global sections ofUpF q (in other words, the homotopy limit of the functor UpF q : X Ñ ModA).Then there is a comparison map
 ζF : ΓGpX; F q Ñ ΓpX;UpF qq,
 which we will refer to as the Atiyah-Segal comparison map with coefficients inF (in the special case F “ AX , it specializes to the Atiyah-Segal comparisonmap of Construction 4.0.3).
 pdq Suppose that X “ BH is the classifying space of a finite abelian group H, andlet F be a G-tempered local system on X. Then the comparison map
 ζF : ΓGpX; F q Ñ ΓpX;UpF qq
 of pcq exhibits ΓpX;UpF qq as the completion of ΓGpX; F q with respect to theaugmentation ideal IH Ď A0
 GpBHq of Notation 4.2.7.
 The simplest nontrivial case to consider is where X “ BCp is the classifying spaceof the the cyclic group Cp “ Z pZ of order p, for some prime number p. In thiscase, properties paq through pdq provide a complete description of the 8-categoryLocSysGpXq. More precisely, suppose we are given a local system F 0 P LocSysApXq,which we can view an object of LocSysApXq as an A-module spectrum M equippedwith an action of Cp (in the “naive” sense of Definition 3.2.1). Then the global sectionsspectrum ΓpX; F 0q can be identified with the homotopy fixed point spectrum MhCp .This homotopy fixed point has the structure of a module over the E8-ring ABCp , andcan therefore also be viewed as a module over the tempered function spectrum A
 BCpG
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by means of the Atiyah-Segal comparison map ζ : ABCpG Ñ ABCp . Promoting F 0 to atempered local system F P LocSysGpXq then equivalent to choosing an A
 BCpG -module
 N “ ΓGpX; F q equipped with an ABCpG -linear map ζ : N Ñ MhCp which exhibits
 MhCp as the completion of N with respect to the augmentation ideal ICp Ď A0GpBCpq
 (see Example 5.4.5).Let us now consider the more general situation where X “ BH is the classifying
 space of a finite abelian group H. In this case, a tempered local system F on X
 generally cannot be recovered from the data paq, pbq, and pcq alone. For every subgroupH0 Ď H, we can restrict F to a tempered local system on the classifying space BH0,which has a tempered global section spectrum ΓGpBH0; F |BH0q (which is a moduleover the tempered function spectrum ABH0
 G ). This tempered function spectrum thencarries an action of the quotient group HH0 (which acts by deck transformations onthe finite covering map BH0 Ñ BH). This construction recovers the datum of theunderlying local system UpF q in the special case where H0 “ t0u, and the datum ofthe module ΓGpX; F q in the special case H0 “ H. To reconstruct a general temperedlocal system on X “ BH, one must specify all of the spectra ΓGpBH0; F |BH0q, alongwith relative versions of the comparison maps pcq (which we require to satisfy a suitablegeneralization of pdq: see Definition 5.2.4).
 As with the theory of G-tempered cohomology, we will define the notion of G-tempered local system on a general spaces X by a Kan extension procedure. Roughlyspeaking, to give a G-tempered local system F on X, one must give a compatiblefamily of G-tempered local systems tF |T P LocSysGpT quTÑTX , indexed by thecollection of all maps T Ñ X where T is the classifying space of a finite abelian group.Note that the role of X here is a bit indirect: the input to the construction is reallythe orbispace
 Xp´q : T opÑ S T ÞÑ MapSpT,Xq
 represented by X (Example 3.1.6). For various applications, it will be consider amore general construction X ÞÑ LocSysGpXq whose input is an arbitrary orbispace X(through we will ultimately be most interested in the special case where X “ Xp´q isthe orbispace represented by a π-finite space X).
 Let us now outline the contents of this section. We begin in §5.1 by associatingto each orbispace X an 8-category LocSyspre
 G pXq of G-pretempered local systems(Construction 5.1.3), where we do not require the analogue of the Atiyah-Segalcompletion theorem: in the special case where X “ BCp is the classifying space of acyclic group Cp “ Z pZ of prime order, an object of LocSyspre
 G pXq can be identifiedwith a triple pM,N, ζq, where M is an A-module spectrum equipped with an action of
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Cp and ζ : N ÑMhCp is a morphism of modules over the tempered function spectrumABCpG which is not required to satisfy any additional conditions (see Proposition 5.1.12
 for a more general description, which applies to the classifying space of any finiteabelian group). In §5.2, we define the 8-category LocSysGpXq to be a certain fullsubcategory of LocSyspre
 G pXq (Definition 5.2.4). The definition makes sense in generalfor any preoriented P-divisible group G. However, to show that it has good properties(and to guarantee a good supply of examples of tempered local systems), we will needto assume that G is oriented. In §5.3, we illustrate this point by showing that ifG is oriented, then the full subcategory LocSysGpXq Ď LocSyspre
 G pXq is closed undercolimits: that is, colimits of G-tempered local systems can be computed levelwise.In §5.4, we use similar techniques to analyze the 8-category LocSysGpT q in the casewhere T is the classifying space of a finite abelian group: under the assumption thatG is oriented, we show that the 8-category LocSysGpT q admits a concrete descriptionwhich generalizes the discussion above in the case T “ BCp (Proposition 5.4.2). Thetheory of tempered local systems in general is controlled by its behavior on the objectsof T : for every orbispace X we have a canonical equivalence of 8-categories
 LocSysGpXq » limÐÝTÑX
 LocSysGpT q,
 where T ranges over classifying spaces of finite abelian groups (Remark 5.2.11). Infact, we do not even need to allow all finite abelian groups: in §5.6, we show thatit suffices to allow finite abelian groups H »
 À
 pPP Hppq with the property that eachHppq can be generated by at most hp elements, where hp is (any upper bound for) theheight of the p-divisible group Gppq (Theorem 5.6.2). In particular, if G is a p-divisiblegroup, then we can take T to range over classifying spaces of finite abelian p-groups(Example 5.6.5).
 For any orbispace X, the inclusion of stable 8-categories
 LocSysGpXq ãÑ LocSyspreG pXq
 admits a left adjoint L (Proposition 5.2.12). Consequently, we can identify LocSysGpXqas the quotient of LocSyspre
 G pXq by a stable subcategory LocSysnulG pXq Ď LocSyspre
 G pXq(namely, the stable subcategory annihilated by the functor L). In §5.7, we give anexplicit description of the subcategory LocSysnul
 G pXq (assuming that G is oriented) interms of the geometry of the P-divisible group G (Theorem 5.7.3). We apply thisresult in §5.8 to define construct a tensor product of G-tempered local systems, bylocalizing the “levelwise” tensor product on G-pretempered local systems.
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Remark 5.0.1 (Relationship with Equivariant Stable Homotopy Theory). Let X “
 BCp be the classifying space of a cyclic group of prime order. As indicated above, wecan identify objects F P LocSyspre
 G pXq with triples pM,N, ζq, where M is an A-modulespectrum equipped with an action of Cp and ζ : N ÑMhCp is a morphism of ABCpG -modules. From this data, we can assemble a “naive” Cp-spectrum (that is, spectrumobject of the 8-category SCp of Definition 3.2.10), having underlying spectrum M
 and Cp-fixed point spectrum N (so that ζ plays the role of the comparison map ofgenuine and homotopy fixed points). If F belongs to the subcategory LocSysGpXq,then this “naive” Cp-spectrum can be promoted to a “genuine” Cp-spectrum: that is,we can complete the following diagram:
 MhCpNorm //
 ""
 MhCp
 N.
 ζ
 <<
 To see this, note that if ζ exhibits MhCp as the completion of N with respect tothe augmentation ideal ICp Ď A0
 GpBCpq, then it induces an equivalence ΓICp pNq »ΓICp pM
 hCpq, whose codomain can be identified with the homotopy orbit spectrumMhCp . In the case of the constant local system, this recovers the construction describedin Remark 4.6.7.
 More generally, if H is any finite group, then our theory of G-tempered localsystems on the classifying space BH can be formulated in terms of H-equivariantstable homotopy theory. We will return to this point in [10].
 5.1 Pretempered Local SystemsWe begin by introducing some notation.
 Notation 5.1.1. Let T be the 8-category introduced in Notation 3.1.1 and letOS “ FunpT op,Sq denote the 8-category of orbispaces. For each orbispace X P OS,we let TX denote the fiber product T ˆOS OSX. More informally, TX is the 8-category whose objects are pairs pT, ηq, where T is an object of T and η : T p´q Ñ Xis a map of orbispaces, or equivalently a point of the space XT . We will write T op
 X forthe opposite of the 8-category TX. We will generally abuse notation by identifyingan object pT, ηq of 8-category TX with the underlying object T P T .
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Notation 5.1.2. Let A be an E8-ring and let G be a preoriented P-divisible groupover A, so that G determines a functor
 AG : T opÑ CAlgA T ÞÑ ATG
 (see Notation 4.0.1). If X is an orbispace, we let AX denote the composite functor
 T opX Ñ T op AG
 ÝÝÑ CAlg,
 which we view as a commutative algebra in the symmetric monoidal 8-categoryFunpT op
 X , Spq. We let ModAX“ ModAX
 pFunpT opX , Spqq denote the 8-category of
 AX-module objects of FunpT opX , Spq.
 More informally, an object F P ModAXis a rule which associates to each object
 T of TX a module F pT q for the G-tempered function spectrum ATG, and associatesto each morphism α : T 1 Ñ T in TX an ATG-linear map F pT q Ñ F pT 1q (compatiblewith composition up to coherent homotopy).
 Construction 5.1.3 (Pretempered Local Systems). Let A be an E8-ring and let Gbe a preoriented P-divisible group over A. Let X be an orbispace, and let AX be as inNotation 5.1.2. A G-pretempered local system is an AX-module object of the functor8-category FunpT op
 X , Spq which satisfies the following condition:
 pAq Let α : T 1 Ñ T be a morphism in TX with connected homotopy fibers (thatis, α induces a surjection of fundamental groups π1pT
 1q π1pT q). Then F pαq
 induces an equivalence AT 1G bATGF pT q Ñ F pT 1q of AT 1G -modules.
 We will write LocSyspreG pXq to denote the full subcategory of ModAX
 spanned by theG-pretempered local systems.
 Variant 5.1.4. Let A be an E8-ring, let G be a preoriented P-divisible group overA, and let X be a space. We define a G-pretempered local system on X to be aG-pretempered local system on the orbispace Xp´q represented by X (Example 3.1.6).We let LocSyspre
 G pXq “ LocSyspreG pXp´qq denote the 8-category of G-pretempered
 local systems on X.
 Example 5.1.5. Let G be a preoriented P-divisible group over an E8-ring A and letX be an orbispace. Then AX is a G-pretempered local system on X (when viewed as amodule over itself). We will refer to AX as the trivial G-pretempered local system. Inthe special case where X “ Xp´q is the orbispace represented by a space X, we willdenote AX by AX .
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Remark 5.1.6 (Pullback of G-Pretempered Local Systems). Let f : X Ñ Y be amorphism of orbispaces. Then composition with f induces a functor of 8-categoriesF : TX Ñ TY which is compatible with the projection to T . Precomposition withF then induces a functor f˚ : ModAY
 Ñ ModAXwhich restricts to a functor of full
 subcategoriesf˚ : LocSyspre
 G pYq Ñ LocSyspreG pXq.
 If F is a G-pretemprered local system on Y, then f˚F is a G-pretempered localsystem on X which we will refer to as the pullback of F along f . Concretely, it isgiven by the formula
 pf˚F qpT p´qηÝÑ Xq “ F pT p´q
 f˝ηÝÝÑ Yq.
 Remark 5.1.7. Let X be an orbispace, and suppose we are given a family of mapstfα : Xα Ñ Xu with the property that, for every object T P T , the induced map
 ž
 α
 π0pXTαq Ñ π0pXT
 q
 is surjective. Let F be an AX-module object of the functor 8-category FunpT opX , Spq.
 If each pullback f˚α F is a G-pretempered local system on Xα, then F is a G-pretempered local system on X.
 In the sequel, we will need a more refined version of Remark 5.1.6, which allows usto view the construction X ÞÑ LocSyspre
 G pXq as a functor of 8-categories.
 Construction 5.1.8. Let ModpSpq denote the 8-category whose objects are pairspB,Mq, where B is an E8-ring and M is a B-module spectrum. The constructionpB,Mq ÞÑ B then determines a forgetful functor q : ModpSpq Ñ CAlgpSpq “ CAlg.
 Let G be a preoriented P-divisible group over an E8-ring A, and let T be an8-category equipped with a functor T Ñ T . We let FunCAlgpT
 op,ModpSpqq denote
 the 8-category given by the fiber product
 FunpT op,ModpSpqq ˆFunpT op
 ,CAlgq tAGu,
 so that the objects of FunCAlgpTop,ModpSpqq can be identified with functors F which
 fit into a commutative diagram
 Top F //
 ModpSpq
 T op AG // CAlg .
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Note that, if T Ñ T is a right fibration classified by a functor X : T op Ñ S, thenT is equivalent to the 8-category TX of Notation 5.1.1. In this case, we obtain anequivalence of 8-categories ModAX
 » FunCAlgpTop,ModpSpqq. We let LocSyspre
 G pT q
 denote the essential image of LocSyspreG pXq under this equivalence.
 Let Q denote the ordinary category whose objects are simplicial sets T equippedwith a right fibration T Ñ T . We view Q as a simplicially enriched category, with
 HomQpT ,T1q‚ “ HompSet∆qT pT ˆ p∆‚
 qop,T
 1q.
 Then the homotopy coherent nerve NhcpQq is an 8-category. Moreover, the construc-
 tion T ÞÑ LocSyspreG pT q determines a simplicially enriched functor from Qop to the
 category of (large) simplicial sets. Passing to homotopy coherent nerves, we obtain afunctor of 8-categories
 θ : NhcpQqop
 ÑyCat8 T ÞÑ FunCAlgpTop,ModpSpqq.
 Note that there is a canonical equivalence of 8-categories
 ψ : OS “ FunpT op,Sq » NhcpQq,
 which carries each orbispace X to a right fibration T Ñ T which is classified bythe functor X : T op Ñ S and can therefore be identified with the 8-categoryTX of Notation 5.1.1 (see §HTT.5.1.1 ). Composing this equivalence with θ, weobtain a functor OSop
 Ñ yCat8. We will abuse notation by denoting this functorby LocSyspre
 G p‚q : OSopÑ yCat8. By construction, its value on an orbispace X is
 equivalent to the 8-category LocSyspreG pXq of Construction 5.1.3, and its value on a
 morphism of orbispaces is given by the construction of Remark 5.1.6.
 Proposition 5.1.9. Let A be an E8-ring and let G be a preoriented P-divisible groupover A. Then the functor
 LocSyspreG p‚q : OSop
 ÑyCat8
 of Construction 5.1.8 preserves small limits.
 Proof. Let us abuse notation by identifying OS “ FunpT op,Setq with the 8-categoryNhcpQq appearing in Construction 5.1.8. It follows from Theorem HTT.2.2.1.2 that
 the functorNhcpQqop
 ÑyCat8 T ÞÑ FunCAlgpTop,ModpSpqq
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preserves small limits. We wish to show that the subfunctor T ÞÑ LocSyspreG pT q has
 the same property. To prove this, suppose we are given a diagram tT αu in NhcpQqop
 having a colimit T . We then obtain a commutative diagram of 8-categories
 LocSyspreG pT q
 θ //
 limÐÝα
 LocSyspreG pT αq
 FunCAlgpTop,ModpSpqq θ1 // lim
 ÐÝαFunCAlgpT
 opα ,ModpSpqq,
 where θ1 is an equivalence of 8-categories and the vertical maps are inclusions offull subcategories. To show that the upper horizontal map is an equivalence, it willsuffice to show that the diagram is a pullback square, which follows immediately fromRemark 5.1.7.
 Warning 5.1.10. The functor
 SopÑyCat8 X ÞÑ LocSyspre
 G pXq
 generally does not carry colimits of spaces to limits of 8-categories. However, it doescarry coproducts in S to products of 8-categories (see Remark 3.1.7).
 It follows from Proposition 5.1.9 that the functor X ÞÑ LocSyspreG pXq is determined
 by its restriction along the Yoneda embedding
 T Ñ OS T ÞÑ T p´q.
 We now describe this restriction more explicitly.
 Notation 5.1.11. Let T be an object of T . We let CovpT q denote the category ofconnected covering spaces T0 Ñ T . Note that if we fix a base point t P T , then theconstruction
 T0 ÞÑ T0 ˆT ttu
 induces an equivalence of categories CovpT q Ñ Orbitpπ1pT qq, where Orbitpπ1pT qq
 denotes the orbit category of the finite abelian group π1pT q (Notation 3.2.7). We willidentify CovpT q with a full subcategory of the 8-category TT » TT p´q of Notation5.1.1, spanned by those maps T0 Ñ T for which the induced map π1pT0q Ñ π1pT q is amonomorphism of finite abelian groups.
 If G is a preoriented P-divisible group over an E8-ring A, we let AG,T denote thecomposite functor
 CovpT qop ãÑ T opT Ñ T op AG
 ÝÝÑ CAlg,which we regard as a commutative algebra object of 8-category FunpCovpT qop, Spq.
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Proposition 5.1.12. Let G be a preoriented p-divisible group over an E8-ring A,and let T be an object of T . Then composition with the inclusion CovpT q ãÑ TTinduces an equivalence of 8-categories
 φ : LocSyspreG pT q Ñ ModAG,T pFunpCovpT qop, Spqq.
 Proof. Let q : ModpSpq Ñ CAlg be as in Construction 5.1.8, so that we can identifyφ with the restriction map
 LocSyspreG pT q ãÑ FunCAlgpT
 opT ,ModpSpqq Ñ FunCAlgpCovpT qop,ModpSpqq.
 By virtue of Proposition HTT.4.3.2.15 , it will suffice to prove the following:
 p˚q Let F P FunCAlgpTopT ,ModpSpqq. Then F is a G-pretempered local system on
 T if and only if it is a q-left Kan extension of the restriction F |CovpT qop .
 To prove this, we first note that the inclusion CovpT q ãÑ TT admits a left adjointU . Concretely, U carries an object T 1 P TT to another object UpT 1q P TT , which ischaracterized up to equivalence by the existence of a diagram
 T 1µT 1ÝÑ UpT 1q
 νT 1ÝÑ T,
 where µ is surjective on fundamental groups and ν is injective on fundamental groups.It follows that F P FunCAlgpTT
 op,ModpSpqq is a q-left Kan extension of F |CovpT qop ifand only if, for every object T 1 P TT , it carries µT 1 to a q-coCartesian morphism of the8-category ModpSpq. More concretely, this amounts to the condition that F inducesan equivalence of AT 1G -modules AT 1GbAUpT
 1q
 GF pUpT 1qq Ñ F pT 1q. The “only if” direction
 of p˚q follows immediately from the definitions. For the converse, suppose that F pµT 1q
 is an equivalence for each object T 1 P TT ; we wish to show that F satisfies conditionpAq of Construction 5.1.3. Let α : T 2 Ñ T 1 be a morphism in TT with connectedhomotopy fibers. Then α induces an homotopy equivalence Upαq : UpT 2q Ñ UpT 1q. Itfollows that we can identify µT 2 with the composition µT 1 ˝α. Since F carries µT 1 andµT 2 to q-coCartesian morphisms of ModpSpq, it must also carry α to a q-coCartesianmorphism of ModpSpq (Proposition HTT.2.4.1.7 ).
 Example 5.1.13. If T P T is contractible, then CovpT q is equivalent to the cate-gory with a single object and a single morphism. Applying Proposition 5.1.12, wededuce that the evaluation functor F ÞÑ F pT q is an equivalence of 8-categoriesLocSyspre
 G pT q » ModA (for any preoriented P-divisible group G over A).
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Example 5.1.14. Let p be a prime number and let T “ BCp be the classifying spaceof the cyclic group Cp of order p. Then, up to isomorphism, the category CovpT q hasexactly two objects:
 • The covering map ECp Ñ BCp, whose automorphism group is the cyclic groupCp.
 • The space T “ BCp itself, which is a final object of CovpT q.
 The object ECp spans a full subcategory of CovpT q which we can identify with theclassifying space BCp itself, so that the entire category CovpT q can be identified withthe cone pBCpqŹ.
 Let G be a preoriented P-divisible group over an E8-ring A. Then the 8-categoryModAG,T pFunpCovpT qop, Spqq is easy to describe: its objects can be identified withpairs pM, ζ : N ÑMhCpq where M is a Cp-equivariant object of the 8-category ModA,N is a module over the tempered function spectrum A
 BCpG , and ζ : N Ñ MhCp is a
 morphism of ABCpG -modules (where we regard MhCp as a module over ABCpG via theAtiyah-Segal comparison map A
 BCpG Ñ ABCp).
 Variant 5.1.15. Let X be any orbispace. Then the underlying space |X| of Notation3.1.5 can be identified with a full subcategory of the 8-category TX, spanned bythose objects T P TX whose underlying space is contractible. If G is a preorientedP-divisible group over an E8-ring A, then precomposition with the inclusion functor|X| ãÑ TX supplies a forgetful functor
 LocSyspreG pXq Ñ Funp|X|,ModAq “ LocSysAp|X|q.
 In the special case where X “ X is the constant orbispace associated to a space X(Example 3.1.8), this forgetful functor supplies an equivalence of categories
 LocSyspreG pXq » LocSysAp|X|q.
 To prove this, we can use Proposition 5.1.9 to reduce to the case where X is contractible,in which case it follows from Example 5.1.13.
 Remark 5.1.16. Let X be a space. Applying Variant 5.1.15 to the representableorbispace X “ Xp´q of Example 3.1.6, we obtain a forgetful functor LocSyspre
 G pXq Ñ
 LocSysApXq from G-pretempered local systems on X to the 8-category of localsystems of A-modules on X. Under the identification of Variant 5.1.15, this forgetfulfunctor is given by pullback along the map of orbispaces X Ñ Xp´q. In particular,it is an equivalence if X is a finite space (Remark 3.1.14). However, it is not anequivalence in general.
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Example 5.1.17. Let p be a prime number, let T “ BCp be the classifying space ofthe cyclic group Cp of order p, and let T0 “ ECp be its universal cover. Let F andG be G-pretempered local systems on T , and let F 0,G 0 P LocSysApT q denote theirimages under the forgetful functor of Remark 5.1.16. Using the analysis of Example5.1.14, we obtain a pullback diagram of spaces
 MapLocSysGpT qpF ,G q //
 MapModATGpF pT q,G pT qq
 MapLocSysApT qpF 0,G 0q //MapMod
 ATGpF pT q,G pT0q
 hCpq.
 In particular, we have a fiber sequence of mapping spaces
 MapLocSysGpT qpF ,G q Ñ MapLocSysApT qpF 0,G 0q Ñ MapMod
 ATGpF pT q, cofibpζqq
 where ζ denotes the canonical map G pT q Ñ G pT0qhCp .
 Corollary 5.1.18. Let G be a preoriented p-divisible group over an E8-ring A, andlet T be an object of T . Then:
 p1q The 8-category LocSyspreG pT q is stable and presentable.
 p2q For each object T 1 P TT , the evaluation functor
 LocSyspreG pT q Ñ ModAT 1G
 F ÞÑ F pT 1q
 preserves small limits and colimits.
 Proof. Since the 8-category ModA is stable and presentable, the functor 8-categoryFunpCovpT qop,ModAq has the same properties. Proposition 5.1.12 allows us to identifyLocSyspre
 G pT q with the 8-category of AG,T -module objects of FunpCovpT qop,ModAq.It is therefore also stable (by virtue of Proposition HA.7.1.1.4 ) and presentable (byvirtue of Corollary HA.4.2.3.7 ). This proves p1q. To prove p2q, let T 1 be an object of T
 and let UpT 1q be as in the proof of Proposition 5.1.12. Then the functor F ÞÑ F pT 1q
 is given by the composition
 LocSyspreG pT q
 F ÞÑF pUpT 1qqÝÝÝÝÝÝÝÝÑ Mod
 AUpT 1qG
 AT1
 GbAUpT1q
 G‚
 ÝÝÝÝÝÝÝÝÑ ModAT 1G.
 Since AT1
 G is finite flat over AUpT1q
 G , the second functor preserves small limits andcolimits. We can therefore replace T 1 by UpT 1q and thereby reduce to the case where
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T 1 belongs to CovpT q, in which case the desired result follows from the fact that theforgetful functor ModAG,T pFunpCovpT qop, Spqq Ñ ModA preserves small limits andcolimits (Corollaries HA.4.2.3.3 and HA.4.2.3.5 ).
 Corollary 5.1.19. Let G be a preoriented p-divisible group over an E8-ring A. Then:
 p1q For every orbispace X, the 8-category LocSyspreG pXq is stable and presentable.
 p2q For every orbispace X and every object T P TX, the evaluation functor
 LocSyspreG pXq Ñ ModATG F ÞÑ F pT q
 preserves small limits and colimits.
 p3q For every morphism of orbispaces f : X Ñ Y, the pullback functor f˚ :LocSyspre
 G pYq Ñ LocSyspreG pXq preserves small limits and colimits.
 Proof. To prove p1q, we observe that every orbispace X can be written as a smallcolimit lim
 ÝÑαXα, where each Xα is representable by an object T p´qα P T (in fact, it
 has a canonical representation in this form, where the diagram is indexed by the8-category TX). Then Proposition 5.1.9 supplies an equivalence of 8-categoriesLocSyspre
 G pXq » limÐÝα
 LocSyspreG pXαq. Corollary 5.1.19 implies that each of the 8-
 categories LocSyspreG pXαq is stable and presentable and that each of the transition
 functors LocSyspreG pXαq Ñ LocSyspre
 G pXβq preserves small limits and colimits. It followsthat LocSyspre
 G pXq is also stable (Theorem HA.1.1.4.4 ) and presentable (PropositionHTT.5.5.3.13 ), and that the pullback functors LocSyspre
 G pXq Ñ LocSyspreG pXαq preserve
 small limits and colimits. This immediately implies p1q and p2q, and the implicationp2q ñ p3q follows from the definition of pullback for G-pretempered local systems.
 Remark 5.1.20 (Relationship with G-Tempered Cohomology). Let A be an E8-ring and let G be a preoriented P-divisible group over A. For every orbispace X,the 8-category LocSyspre
 G pXq is a presentable A-linear 8-category. In particular, toevery pair of objects F ,G P LocSyspre
 G pXq, we can associate an A-module spectrumMappF ,G q which classifies maps from F into G in the following sense: for everyA-module spectrum M , we have a canonical homotopy equivalence
 MapModApM,MappF ,G qq » MapLocSyspreG pXqpM bA F ,G q.
 In the special case F “ G “ AX, we obtain an associative algebra MappAX, AXq. It isnot difficult see that the construction X ÞÑ MappAX, AXq determines a functor OSop
 Ñ
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AlgA. This functor carries colimits of orbispaces to limits in AlgA (Proposition 5.1.9)and carries each representable orbispace T p´q to the tempered function spectrum ATG(by Proposition 5.1.12). It follows that we can functorially identify MappAX, AXq withthe G-tempered function spectrum AX
 G of Construction 4.0.3. Passing to homotopygroups, we obtain a canonical isomorphism
 A˚GpXq » Ext˚LocSyspreG pXqpAX, AXq,
 depending functorially on X.
 5.2 The 8-Category LocSysGpXqLet A be an E8-ring and let G be a preoriented P-divisible group over A. In
 this section, we associate to each orbispace X a full subcategory LocSysGpXq ĎLocSyspre
 G pXq, whose objects we will refer to as G-tempered local systems on X. First,we need to establish some notation.
 Notation 5.2.1. Let T be an object of the 8-category T : that is, a space whichis homotopy equivalent to BH, for some finite abelian group H. Let f : T0 Ñ T bea map which exhibits T0 as a connected covering space of T . Then T0 is homotopyequivalent to the classifying space BH0, where H0 Ď H is the subgroup given by theimage of the map π1pT0q Ñ π1pT q. In particular, T0 is also an object of T . We letAutpT0T q denote the group of deck transformations of the covering T0 Ñ T . ThenAutpT0T q can be identified with the quotient group HH0: in particular, it is also afinite abelian group.
 Let X be an orbispace, and suppose we are given an object T P TX corresponding toa pair pT, η : T p´q Ñ Xq. Then we can lift f to a morphism T 0 Ñ T in the 8-categoryTX, where T 1 is the pair pT0, f ˝ η : T 1p´q Ñ Xq. Moreover, the automorphism groupAutpT0T q acts on the object T 0.
 Let G be a preoriented P-divisible group over an E8-ring A. Then f inducesa surjective homomorphism of tempered cohomology rings A0
 GpT q Ñ A0GpT0q. We
 will denote the kernel of this homomorphism by IpT0T q Ď A0GpT q and refer to it
 as the relative augmentation ideal of the map T0 Ñ T . Note that IpT0T q is aprojective module of finite rank over the commutative ring π0pAq, and is thereforefinitely generated as an ideal of the ring A0
 GpT0q.
 Remark 5.2.2. Let H be a finite abelian group. Then the canonical map EH Ñ BH
 is a covering, and the relative augmentation ideal IpEHBHq Notation 5.2.1 coincideswith the augmentation ideal IH of Notation 4.2.7.
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Remark 5.2.3. Let T0 Ñ T be a covering map in the 8-category T , and let T 1 Ñ T
 be a morphism in T with connected homotopy fibers (so that the map π1pT1q Ñ π1pT q
 is surjective). Then the fiber product T 10 “ T0 ˆT T1 is a connected covering space of
 T 1, and therefore also belongs to T . If G is a preoriented P-divisible group over anE8-ring A, then the pullback diagram
 T 10 //
 T 1
 T0 // T
 induces a pullback diagram of affine schemes
 SpecpA0GpT
 10qq
 //
 SpecpA0GpT
 1qq
 SpecpA0
 GpT0qq // SpecpA0GpT qq,
 where the horizontal maps are closed immersions and the vertical maps are finiteflat. It follows that the relative augmentation ideal IpT 10T 1q Ď A0
 GpT1q is equal to
 IpT0T qA0GpT
 1q: that is, it is generated by the image of the relative augmentationideal IpT0T q Ď A0
 GpT q.
 Definition 5.2.4 (Tempered Local Systems). Let A be an E8-ring, let G be apreoriented P-divisible group over A, let X be an orbispace, and let F P LocSyspre
 G pXqbe a G-pretempered local system on X. We say that F is a G-tempered local systemif it satisfies the following additional condition:
 pBq Let T be an object of TX and let T0 be a connected covering space of T .Then the canonical map F pT q Ñ F pT0q
 hAutpT0T q exhibits F pT0qhAutpT0T q as an
 IpT0T q-completion of F pT q, where IpT0T q is the relative augmentation idealof Notation 5.2.1.
 We let LocSysGpXq denote the full subcategory of LocSyspreG pXq spanned by the G-
 tempered local systems on X.
 Remark 5.2.5. In the case where G is oriented, we will give alternate characterizationof the class of tempered local systems in §5.5; see Theorem 5.5.1.
 Variant 5.2.6. Let A be an E8-ring, let G be a preoriented P-divisible group overA, and let X be a space. We define a G-tempered local system on X is a G-tempered
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local system on the orbispace Xp´q represented by X (Example 3.1.6). We letLocSysGpXq “ LocSysGpX
 p´qq denote the 8-category of G-tempered local systemson X.
 Remark 5.2.7. In the situation of axiom pBq of Definition 5.2.4, note that anyAT0
 G -module M is automatically IpT0T q-complete when viewed as a ATG-module(since the homotopy groups of M are annihilated by the relative augmentation idealIpT0T q). Since the collection of IpT0T q-complete ATG-modules is closed under limits,it follows that the homotopy fixed point spectrum F pT0q
 hAutpT0T q is automaticallyIpT0T q-complete. We may therefore replace pBq by the following a priori weakercondition:
 pB1q The fiber of the canonical map F pT q Ñ F pT0qhAutpT0T q is IpT0T q-local.
 Remark 5.2.8. Let G be a preoriented P-divisible group over an E8-ring A, let Xbe an orbispace, and let F P LocSyspre
 G pXq be a G-pretempered local system on X.Then condition pBq of Definition 5.2.4 is equivalent to the following a priori weakercondition:
 pB2q Let T be an object of TX and let T0 be a connected covering space of T forwhich the automorphism group AutpT0T q is isomorphic to Cp for some primenumber p. Then the fiber of the canonical map F pT q Ñ F pT0q
 hAutpT0T q isIpT0T q-local.
 The implication pBq ñ pB2q is immediate. To prove the reverse implication, we notethat every covering map T0 Ñ T in T factors as a composition
 T0 Ñ T1 Ñ ¨ ¨ ¨ Ñ Tn “ T,
 where each Tk´1 is a connected p-fold covering space of Tk for some prime number p(which might depend on k). It follows that the fiber of the canonical map F pT q Ñ
 F pT0qhAutpT0T q can be written as a composition of maps
 ξk : F pTkqhAutpTkT q Ñ F pTk´1q
 hAutpTk´1T q.
 By virtue of Remark 5.2.7, it will suffice to show that each of the fibers fibpξkqis IpT0T q-local. Note that the fibpξkq can be identified with the homotopy fixedpoints for the action of AutpTkT q on fibpθkq, where θk denotes the canonical mapF pTkq Ñ F pTk´1q
 hAutpTk´1Tkq. Assumption pB2q guarantees that fibpθkq is IpTk´1Tkq-local when regarded as an ATkG -module spectrum, and therefore IpTk´1T q-local when
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regarded as an ATG-module spectrum. It now suffices to observe that every ATG-module which is IpTk´1T q-local is also IpT0T q-local (since IpTk´1T q is containedin IpT0T q).
 Remark 5.2.9. Let G be a preoriented P-divisible group over an E8-ring A and let f :X Ñ Y be a morphism of orbispaces. Then the pullback functor f˚ : LocSyspre
 G pYq ÑLocSyspre
 G pXq of Remark 5.1.6 carries G-tempered local systems on Y to G-temperedlocal systems on X and therefore restricts to a functor LocSysGpYq Ñ LocSysGpXq,which we will also denote by f˚.
 Remark 5.2.10. Let G be a preoriented P-divisible group over an E8-ring A andlet F P LocSyspre
 G pXq be a G-pretempered local system on an orbispace X. Supposethat there exists a collection of orbispace morphisms fα : Xα Ñ X with the followingproperties:
 • For every object T P T , the induced mapš
 α π0pXTαq Ñ π0pXq is surjective.
 • Each pullback f˚α F is a G-tempered local system on Xα.
 Then F is a G-tempered local system on X.
 Remark 5.2.11. Let G be a preoriented P-divisible group over an E8-ring A. Thenthe construction X ÞÑ LocSysGpXq determines a functor
 LocSysGp‚q : OSopÑyCat8
 which carries (small) colimits of orbispaces to (small) limits of 8-categories: thisfollows from Proposition 5.1.9 and Remark 5.2.10.
 We now summarize some formal properties of Definition 5.2.4:
 Proposition 5.2.12. Let G be a preoriented P-divisible group over an E8-ringand let X be an orbispace. Then LocSysGpXq is a presentable stable 8-category.Moreover, the inclusion functor LocSysGpXq ãÑ LocSyspre
 G pXq admits a left adjointL : LocSyspre
 G pXq Ñ LocSysGpXq.
 Proof. Choose a set of representatives for all equivalence classes of pairs u “ pT, f :T0 Ñ T q, where T is an object of TX and f : T0 Ñ T exhibits T0 as a connectedcovering space of T . For every such pair u, let φu : LocSysGpXq Ñ ModATG be thefunctor given by
 φupF q “ fibpF pT q Ñ F pT0qhAutpT0T qq.
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The functor φu is accessible and preserves small limits. Let Cu denote the fullsubcategory of LocSyspre
 G pXq spanned by those objects F such that φupF q is IpT0T q-local. Applying Lemma HTT.5.5.4.17 , we deduce that Cu is a strongly reflectivesubcategory of LocSyspre
 G pXq. Note that LocSysGpXq is given by the intersectionŞ
 u Cu.Applying Lemma HTT.5.5.4.18 , we deduce that LocSysGpXq is a strongly reflectivesubcategory of LocSyspre
 G pXq: that is, the 8-category LocSysGpXq is presentable andthe inclusion LocSysGpXq ãÑ LocSyspre
 G pXq admits a left adjoint. The stability ofLocSysGpXq follows from the observation that it closed under suspensions and limitsin the stable 8-category LocSyspre
 G pXq.
 Corollary 5.2.13. Let G be a preoriented p-divisible group over an E8-ring A andlet X be an orbispace. Then:
 • For each object T P TX, the evaluation functor
 pF P LocSysGpXqq ÞÑ pF pT q P ModATGq
 preserves small limits.
 • For every map of orbispaces f : Y Ñ X, the pullback functor f˚ : LocSysGpXq ÑLocSysGpYq preserves small limits.
 Proof. Combine Proposition 5.2.12 with Corollary 5.1.19.
 5.3 Colimits of Tempered Local SystemsThe 8-category LocSysGpXq can be defined for any preoriented P-divisible group
 G and any orbispace X. However, it is particularly well-behaved when the P-divisiblegroup G is oriented.
 Theorem 5.3.1. Let G be an oriented P-divisible group over an E8-ring A and letX be an orbispace. Then the full subcategory LocSysGpXq Ď LocSyspre
 G pXq is closedunder small colimits.
 Corollary 5.3.2. Let G be an oriented P-divisible group over an E8-ring A. Then:Then:
 p1q For every orbispace X and every object T P TX, the evaluation functor
 LocSysGpXq Ñ ModATG F ÞÑ F pT q
 preserves small colimits.
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p2q For every map of orbispaces f : X Ñ Y, the pullback functor f˚ : LocSysGpYq ÑLocSysGpXq preserves small colimits.
 Proof. Combine Theorem 5.3.1 with Corollary 5.1.19.
 Corollary 5.3.3. Let A be an E8-ring, let G be an oriented P-divisible group over A,and let X be an orbispace. Then the 8-category LocSysGpXq is compactly generated.
 Proof. For each object T P TX, let eT : LocSysGpXq Ñ ModATG denote the evaluationfunctor given by eT pF q “ F pT q. It follows from Corollaries 5.2.13 and 5.3.2 that eTpreserves small limits and colimits. Applying Corollary HTT.5.5.2.9 , we deduce thateT admits a left adjoint FT . Using Proposition HTT.5.5.7.2 , we conclude that FTcarries compact objects of ModATG to compact objects of LocSysGpXq. Let C denote thefull subcategory of LocSysGpXq spanned by objects of the form FT pΣnATGq, where T isan object of TX and n is an integer. Let C denote the full subcategory of LocSysGpXqgenerated by C under small colimits. Then C is compactly generated, so CorollaryHTT.5.5.2.9 implies that the inclusion C ãÑ LocSysGpXq admits a right adjoint U . Toprove that C “ LocSysGpXq, it will suffice to show that U is conservative. Let α be amorphism in LocSysGpXq such that Upαq is an equivalence. Then Upfibpαqq » 0, sothat
 MapLocSysGpXqpFT pΣnATGq, fibpαqq » Ω8´n fibpαqpT q
 is contractible for every object T P TX and every integer n. It follows that fibpαq » 0,so that α is an equivalence.
 Proof. Let G be an oriented P-divisible group over an E8-ring A, let X be anorbispace, and let tFαu be a diagram taking values in the 8-category LocSysGpXq.Let F “ lim
 ÝÑαFα, where the colimit is formed in the larger 8-category LocSyspre
 G pXqof G-pretempered local systems. We wish to show that F is G-tempered. We willprove this by verifying condition pB2q of Remark 5.2.8. Let T be an object of TXand let T0 be a connected covering space of T for which the automorphism groupAutpT0T q is isomorphic to the cyclic group Cp, for some prime number p. We wish toshow that the fiber of the canonical map ξ : F pT q Ñ F pT0q
 hAutpT0T q is IpT0T q-local.For each index α, our assumption that Fα is G-tempered guarantees that the
 natural map ξα : FαpT q Ñ FαpT0qhAutpT0q has IpT0T q-local fiber. Note that the map
 ξ factors as a composition
 limÝÑα
 FαpT qlimÝÑ
 ξαÝÝÝÑ lim
 ÝÑα
 FαpT0qhAutpT0T q θ
 ÝÑ plimÝÑ
 FαpT0qqhAutpT0T q.
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Since the collection of IpT0T q-local ATG-modules is closed under colimits, the fiber ofthe map lim
 ÝÑαξαq is IpT0T q-local (since the collection of J-local OGpT q-modules is
 closed under small colimits). It will therefore suffice to show that fibpθq is IpT0T q-local.
 By assumption, we have, we have a pullback diagram of spaces
 T0 //
 ECp
 T // BCp
 which induces a pushout diagram of tempered function spectra
 AT0G
 //
 AECpG
 ATG // ABCpG ,
 where the horizontal maps are finite flat. It follows that the relative augmentationideal IpT0T q is generated by the image of the augmentation ideal ICp Ď A0
 GpBCpq. Itwill therefore suffice to show that the fiber of θ is ICp-local when viewed as a moduleover ABCpG .
 Note that θ fits into a commutative diagram of fiber sequences
 limÝÑα
 pFαpT0qhCpq
 θ1
 // limÝÑα
 pFαpT0qhCpq
 θ
 // limÝÑα
 pFαpT0qtCpq
 θ2
 plimÝÑα
 FαpT0qqhCp// plimÝÑα
 FαpT0qqhCp // plim
 ÝÑαFαpT0qq
 tCp .
 Here the map θ1 is an equivalence, so we have an equivalence of fibers fibpθq » fibpθ2q.It will therefore suffice to show that fibpθ2q is ICp-local. In fact, both the domain andcodomain of θ2 are ICp-local, by virtue Proposition 4.6.8.
 5.4 Tempered Local Systems on Classifying SpacesLet G be a preoriented P-divisible group over an E8-ring A, and let T be an
 object of T . According to Proposition 5.2.12, a G-pretempered local system F on Tcan be recovered (functorially) from its restriction F 0 “ F |CovpT qop to the categoryCovpT q of connected covering spaces of T . Our goal in this section is to show that,
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if G is oriented, then the condition that F is tempered has a simple formulation interms of F 0.
 Notation 5.4.1. Let G be a preoriented P-divisible group over an E8-ring A, letT be an object of T , and let AG,T : CovpT qop Ñ CAlg be the functor given bypT0 P CovpT qq ÞÑ AT0
 G . Let F 0 be an AG,T -module object of FunpCovpT qop, Spq. Wewill say that F 0 is tempered if it satisfies the following condition:
 pB10q Let T1 be a connected covering space of T , and let T0 be a connected coveringspace of T0. Then the fiber of the canonical map F pT1q Ñ F pT0q
 hAutpT0T1q isIpT0T1q-local.
 We letModtem
 AG,TpFunpCovpT qop, Spqq Ď ModAG,T pFunpCovpT qop, Spqq
 denote the full subcategory spanned by the tempered AG,T -modules.
 Proposition 5.4.2. Let G be an oriented P-divisible group over an E8-ring A andlet T be an object of T . Then the equivalence
 LocSyspreG pT q » ModAG,T pFunpCovpT qop, Spqq
 of Proposition 5.1.12 restricts to an equivalence of 8-categories
 LocSysGpT q Ñ ModtemAG,T
 pFunpCovpT qop, Spqq.
 In other words, a G-pretempered local system F P LocSyspreG pT q is G-tempered (in the
 sense of Definition 5.2.4) if and only if the restriction F 0 “ F |CovpT qop is tempered(in the sense of Notation 5.4.1).
 Before giving the proof of Proposition 5.4.2, let us note some of its consequences.
 Corollary 5.4.3. Let G be an oriented P-divisible group over an E8-ring A and letX “ X be a constant orbispace (Example 3.1.8). Then every G-pretempered localsystem on X is G-tempered. Consequently, the restriction procedure of Variant 5.1.15determines an equivalence of 8-categories LocSysGpXq » LocSysApXq.
 Proof. Using Remark 5.2.10, we can reduce to the case where X is contractible, inwhich case the desired result follows from Proposition 5.4.2 (note that condition pB10qof Notation 5.4.1) is vacuous when the space T is contractible).
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Corollary 5.4.4. Let G be an oriented P-divisible group over an E8-ring A, let Xbe an orbispace, and let AX be the trivial G-pretempered local system on X. Then AXis G-tempered.
 Proof. Since the collection of G-tempered local systems is stable under pullback(Remark 5.2.9), we can assume without loss of generality that X is the final object ofOS. In this case, the desired result follows from Corollary 5.4.3.
 Example 5.4.5. Let G be an oriented P-divisible group over an E8-ring A and let p bea prime number. Using Example 5.1.14, we can identify the objects of LocSyspre
 G pBCpq
 with pairs pM, ζ : N ÑMhCpq, where M is a Cp-equivariant object of the 8-categoryModA and ζ is a morphism of ABCpG -modules. Under this identification, LocSysGpBCpq
 corresponds to the full subcategory spanned by those pairs pM, ζ : N ÑMhCpq whereζ exhibits MhCp as the completion of N with respect to the augmentation idealICp Ď A0
 GpBCpq.
 Proof of Proposition 5.4.2. Let G be an oriented P-divisible group over an E8-ringA, let T be an object of T , and let F be a G-pretempered local system on T . Itfollows immediately from the definitions that if F is G-tempered (in the sense ofDefinition 5.2.4), then the restriction F 0 “ F |CovpT qop is tempered (in the senseof Notation 5.4.1). Conversely, assume that F 0 is tempered; we will show that F
 satisfies condition pB2q of Remark 5.2.8. Choose any morphism T 2 Ñ T in T , andlet β : T 20 Ñ T 2 exhibit T 20 as a connected covering space of T 2 whose automorphismgroup AutpT 20 T 2q is cyclic of order p, for some prime number p. We wish to showthat the fiber of the canonical map
 θ : F pT 2q Ñ F pT 20 qhAutpT 20 T 2q
 is local with respect to the ideal the ideal IpT 20 T 2q Ď A0GpT
 2q.Form a commutative diagram in T
 T 20 //
 β
 T 10
 γ
 T 2 //
 α
 T 1
 T
 where the vertical maps are finite coverings the horizontal maps have connectedhomotopy fibers. Since β has degree p, the map γ has degree either 1 or p. Weconsider these cases separately:
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p1q Suppose that γ has degree p: that is, the upper square in the preceding diagramabove is a pullback. Then we can identify AutpT 20 T 2q with AutpT 10T 1q, andAT 20G with the tensor product AT 2G bAT 1G
 AT 10G . Invoking our assumption that F is
 G-pretempered, we can identify θ with the natural map
 AT2
 G bAT 1GF pT 1q Ñ pA
 T 20G b
 AT 10G
 F pT 10qqhAutpT 20 T 2q
 » pAT2
 G bAT 1GF pT 10qq
 hAutpT 10T 1q
 » AT2
 G bAT 1GF pT 10q
 hAutpT 10T 1q;
 here the second equivalence follows from the observation that AT 2G is finite flat as amodule over AT 1G . It follows that the fiber of θ is given by AT 2G bAT 1G
 fibpµq, where µdenotes the canonical map F pT 1q Ñ F pT 10q
 hAutpT 10T 1q. Our assumption that F 0
 is tempered guarantees that fibpµq is local with respect to the ideal IpT 10T 1q, sothat AT 2G bAT 1G
 fibpµq is local with respect to the ideal IpT 10T 1qA0GpT
 2q “ IpT 20 T2q
 (see Remark 5.2.3).
 p2q Suppose that γ has degree 1: that is, T 10 is isomorphic to T 1. In this case, ourassumption that F is G-pretempered allows us to identify θ with the canonicalmap
 AT2
 G bAT 1GF pT 1q Ñ pA
 T 20G bAT 1G
 F pT 1qqhAutpT 20 T 2q.
 Since T 20 is a connected cyclic p-fold covering map of T 2, there is a pullbackdiagram of spaces
 T 20 //
 ECp
 T 2 // BCp,
 where the horizontal maps have connected homotopy fibers. It follows that we canidentify AT
 20
 G with the tensor product AT 2G bABCpG
 AECpG . Set M “ AT
 2
 G bAT 1GF pT 1q
 and regard M as module over the tempered function spectrum ABCpG . Then θ
 can be identified with the natural map M Ñ pAECpG b
 ABCpG
 MqhCp . ApplyingLemma 4.6.12 (and Theorem 4.6.2), we deduce that fibpθq is ICp-local whenviewed as an A
 BCpG -module spectrum. It is therefore IpT 20 T 2q “ ICpA
 0GpT
 2q
 when viewed as an AT2
 G -module spectrum.
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5.5 Recognition Principle for Tempered Local SystemsWe now provide an alternate characterization of tempered local systems for oriented
 P-divisible groups.
 Theorem 5.5.1. Let G be an oriented P-divisible group over an E8-ring A and letF be a G-pretempered local system on an orbispace X. Then F is G-tempered if andonly if it satisfies the following condition:
 p˚q Let T P TX, let T0 P CovpT q be a connected covering space for which theautomorphism group AutpT0T q is a cyclic group of order p, and let M denote thecofiber of the multiplication map AT0
 G bATGF pT q Ñ F pT0q. Then multiplication
 by p is an equivalence from M to itself, and the action of AutpT0T q on π˚pMq
 has no nonzero fixed points.
 Before giving the proof of Theorem 5.5.1, let us note some of its consequences.
 Corollary 5.5.2. Let G be an oriented P-divisible group over an E8-ring A, let Xbe an orbispace, and let F be an object of ModAX
 . Suppose that, for every morphismT 1 Ñ T in TX, the induced map AT
 1
 G bATGF pT q Ñ F pT 1q is an equivalence. Then
 F is a G-tempered local system on X.
 Corollary 5.5.2 admits a weak converse:
 Corollary 5.5.3. Let G be an oriented P-divisible group over an E8-ring A, let p bea prime number, and let X be an orbispace which satisfies the following condition:
 p˚q For every finite abelian group H, the canonical map XBHppq Ñ XBH is surjectiveon connected components.
 Let F be an object of the 8-category ModAXwhich is p-nilpotent (that is, the localiza-
 tion F r1ps vanishes). Then F is a G-tempered local system if and only if, for everymorphism T 1 Ñ T in TX, the induced map AT 1G bATG
 F pT q Ñ F pT 1q is an equivalence.
 Remark 5.5.4. Condition p˚q of Corollary 5.5.3 is automatic in the following cases:
 • The orbispace X has the form Xp´q, where X is a p-finite space.
 • The orbispace X has the form XH, where H is a finite p-group and X is anH-space.
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Proof of Corollary 5.5.3. The “if” direction of Corollary 5.5.3 follows from Corollary5.5.2. Conversely, suppose that F is G-tempered. Let us say that a morphismf : T 1 Ñ T in TX is good if the induced map θ : AT 1G bATG
 F pT q Ñ F pT 1q is anequivalence. Note that the collection of good morphisms in TX is closed undercomposition. We wish to show that every morphism f : T 1 Ñ T in TX is good. SinceF is G-pretempered, this condition is automatic when f has connected homotopyfibers. In general, the morphism f factors as a composition T 1
 f 1ÝÑ T0
 f2ÝÑ T , where
 f2 is a covering map and f 1 has connected homotopy fibers. It will therefore sufficeto show that every covering map T0 Ñ T is good. Proceeding by induction on theorder of the finite group AutpT0T q, we can reduce to the case where AutpT0T q is acyclic group of prime order. If AutpT0T q has order p, then Theorem 5.5.1 guaranteesthat multiplication by p induces an equivalence from the cofiber cofibpθq to itself.Since F is p-nilpotent, it follows that θ is an equivalence. To handle the case whereAutpT0T q has order prime to p, we apply hypothesis p˚q to factor the map T Ñ Xas a composition T
 gÝÑ Tppq Ñ X, where π1pTppqq is the p-local factor of π1pT q. Then
 both g and g|T0 have connected homotopy fibers, and are therefore good (since F isG-pretempered). It follows that the covering map T0 Ñ T is also good.
 Corollary 5.5.5. Let G be an oriented P-divisible group over an E8-ring A, let p bea prime number, and let T be the classifying space of a finite abelian p-group. Thenevaluation on T induces an equivalence of 8-categories
 LocSysNilppqG pT q » ModNilppq
 ATG.
 Here LocSysNilppqG pT q denotes the full subcategory of LocSysGpT q spanned by the p-
 nilpotent objects, and ModNilppqATG
 Ď ModATG is defined similarly.
 The proof of Theorem 5.5.1 will require the following:
 Lemma 5.5.6. Let p be a prime number and let M be a Cp-equivariant object of the8-category of spectra. Suppose that the p-completion of M is Epnq-local for somen " 0. Then MhCp vanishes if and only if the map p : M ÑM is invertible and theaction of Cp on π˚pMq has no nonzero fixed points.
 Proof. Note that if the map p : M ÑM is an equivalence, then the cohomology of Cpwith coefficients in π˚pMq vanishes in degrees ą 0. It follows that the canonical mapMhCp ÑM induces an isomorphism from π˚pM
 hCpq to the fixed points for the actionof Cp on π˚pMq. This proves the “if” direction of Lemma 5.5.6. Conversely, suppose
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that the homotopy fixed point spectrum MhCp vanishes; we will complete the proof byshowing that the map p : M ÑM is an equivalence. Let N denote the p-completionM^ppq; we wish to show that N » 0. By assumption, there exists some integer n for
 which the spectrum N is Epnq-local. Choose n to be as small as possible; we willcomplete the proof by showing that n “ 0. Assume otherwise, so that n ą 0 and thelocalization LKpnqpNq does not vanish. It follows from Theorem Ambi.5.4.3 that thehomotopy fixed point spectrum LKpnqpNq
 hCp also does not vanish. This contradictsthe vanishing of MhCp , since the p-completion functor M ÞÑ M^
 ppq commutes withlimits and the Kpnq-localization functor LKpnq commutes with limits when restrictedto Epnq-local spectra.
 Proof of Theorem 5.5.1. Let F be a G-pretempered local system on an orbispace X.Suppose we are given an object T P TX, a connected covering space T0 P CovpT q, andan isomorphism of finite groups AutpT0T q » Cp for some prime number p. We willprove that the following assertions are equivalent:
 paq The fiber of the comparison map θ : F pT q Ñ F pT0qhAutpT0T q is IpT0T q-local.
 pbq Let ρ : AT0G bATG
 F pT q Ñ F pT0q be the canonical map. Then multiplication byp induces an equivalence from fibpρq to itself, and the abelian group π˚pfibpρqqcontains no nonzero elements which are fixed by the action of the cyclic groupAutpT0T q.
 Allowing T and T0 to vary, this will show that F is a G-tempered local system if andonly if it satisfies condition p˚q of Theorem 5.5.1 (see Remark 5.2.8).
 Note that the map θ factors as a composition
 F pT q θ1ÝÑ pAT0
 G qhAutpT0T q bATG
 F pT q
 θ2ÝÑ pAT0
 G bATGF pT qqhAutpT0T q
 θ3ÝÑ F pT0q
 hAutpT0T q,
 where θ3 is obtained from ρ by passing to homotopy fixed points for the action ofAutpT0T q. Note that the fiber fibpθ1q is given by the tensor product
 fibpATG Ñ pAT0G q
 hAutpT0T qq bATGF pT q,
 which is IpT0T q-local because the first factor is IpT0T q-local (note that AX is aG-tempered local system; see Corollary 5.4.4). The map θ2 fits into a commutative
 169

Page 170
                        
                        

diagram of fiber sequences
 pAT0G qhAutpT0T q bATG
 F pT q //
 pAT0G bATG
 F pT qqhAutpT0T q
 pAT0G q
 hAutpT0T q bATGF pT q θ2 //
 pAT0G bATG
 F pT qqhAutpT0T q
 pAT0G q
 tAutpT0T q bATGF pT q // pAT0
 G bATGF pT qqtAutpT0T q
 where the upper horizontal map is an equivalence and the lower horizontal maphas IpT0T q-local domain and codomain (Proposition 4.6.8). It follows that fibpθ2qis also IpT0T q-local. Note that spectra AT0
 G bATGF pT q and F pT0q are both AT0
 G -modules, and therefore IpT0T q-complete when viewed as modules over ATG. Passingto homotopy fixed points, we deduce that the domain and codomain of θ3 are bothIpT0T q-complete. Consequently, the fiber fibpθ3q is IpT0T q-local if and only if itvanishes. It follows that paq can be restated as follows:
 pa1q The map θ3 : pAT0G bATG
 F pT qqhAutpT0T q Ñ F pT0qhAutpT0T q is an equivalence.
 The equivalence of pa1q and pbq now follows from Lemma 5.5.6.
 5.6 Extrapolation from Small GroupsLet A be an E8-ring and let G be an oriented P-divisible group over A. It follows
 from Remark 5.2.11 that for any orbispace X, the 8-category LocSysGpXq can beidentified with the inverse limit
 limÐÝTÑX
 LocSysGpT q,
 indexed by the collection of all objects T P T equipped with a map of orbispacesT p´q Ñ X. We now formulate a refinement of this result.
 Notation 5.6.1. Let ~h “ thpupPP be a collection of nonnegative integers, indexed bythe set P of all prime numbers. We let T pď ~hq denote the full subcategory of T
 spanned by those spaces of the form BH, where H is a finite abelian group with thefollowing additional property:
 p˚q For each prime number p P P, the quotient HpH has dimension ď hp whenregarded as a vector space over the finite field Fp.
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If G is a P-divisible group over an E8-ring A, we will say that G has height ď ~hif, for each prime number p, the p-local summand Gppq has height ď hp.
 Theorem 5.6.2. Let G be an oriented P-divisible group over an E8-ring A. Let~h “ thpupPP be a collection of nonnegative integers such that G has height ď ~h. Thenthe functor
 OSopÑyCat8 X ÞÑ LocSysGpXq
 is a right Kan extension of its restriction to T pď ~hqop Ď OSop. In other words, forevery orbispace X, the canonical map
 LocSysGpXq Ñ limÐÝTÑX
 LocSysGpT q
 is an equivalence of 8-categories, where T ranges over objects of T pď ~hq equippedwith a map of orbispace T p´q Ñ X.
 Let us first note some consequences of Theorem 5.6.2.
 Corollary 5.6.3. Let G be an oriented P-divisible group over an E8-ring A. Let~h “ thpupPP be a collection of nonnegative integers such that G has height ď ~h. Thenthe functor
 OSopÑ CAlgA X ÞÑ AX
 G
 is a right Kan extension of its restriction to T pď ~hqop Ď OSop. In other words, forevery orbispace X, the canonical map
 AXG Ñ lim
 ÐÝTÑX
 ATG
 is an equivalence of E8-algebras, where T ranges over objects of T pď ~hq equipped witha map of orbispace T p´q Ñ X.
 Proof. Let X be an orbispace and let AX P LocSyspreG pXq be as in Example 5.1.5. Since
 G is oriented, AX is G-tempered (Corollary 5.4.4). Combining Theorem 5.6.2 withRemark 5.1.20, we obtain equivalences
 AXG » MappAX, AXq
 » limÐÝ
 f :TÑXMappf˚AX, f
 ˚AXq
 » limÐÝ
 f :TÑXATG;
 here the limit is taken over objects T P T p~hq equipped with a map of orbispacesf : T p´q Ñ X.
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Remark 5.6.4. In §7.6, we will discuss some more concrete variants of Corollary5.6.3 which can be used to obtain information about the G-tempered cohomology ringA˚GpXq: see Theorems 7.6.3 and 7.6.5.
 Example 5.6.5. Let p be a prime number and let G be an oriented p-divisible groupover an E8-ring A. It follows from Theorem 5.6.2 and Corollary 5.6.3 that, for anyorbispace X, the canonical maps
 LocSysGpXq Ñ limÐÝTÑX
 LocSysGpT q AXG Ñ lim
 ÐÝTÑX
 ATG
 are equivalences, where both limits are taken over the collection of maps T p´q Ñ Xwhere T is the classifying space of a finite abelian p-group.
 Example 5.6.6. Let µP8 be the multiplicative P-divisible group, viewed as anoriented P-divisible group over the complex K-theory spectrum KU (Construction2.8.6). It follows from Theorem 5.6.2 and Corollary 5.6.3 that, for any orbispace X,the canonical maps
 LocSysGpXq Ñ limÐÝTÑX
 LocSysGpT q KUXG Ñ lim
 ÐÝTÑX
 KUTG
 are equivalences, where both limits are taken over the collection of maps T p´q Ñ Xwhere T is the classifying space of a finite cyclic group.
 Example 5.6.7. Let A be an E8-ring, let E be an oriented elliptic curve over A, andlet ErP8
 s denote the torsion subgroup of E, regarded as an oriented P-divisible groupas in Construction 2.9.6. It follows from Theorem 5.6.2 and Corollary 5.6.3 that, forany orbispace X, the canonical maps
 LocSysErP8spXq Ñ limÐÝTÑX
 LocSysErP8spT q AXErP8s Ñ lim
 ÐÝTÑX
 ATErP8s
 are equivalences, where both limits are taken over the collection of maps T p´q Ñ Xwhere T is the classifying space of a finite abelian group that can be generated by twoelements.
 The proof of Theorem 5.6.2 is based on a reformulation of condition pBq appearingin the definition of G-tempered local system (Definition 5.2.4). First, we need abit of terminology. Let R be an E8-ring and let K Ď | SpecpRq| be a cocompactclosed subset (that is, a closed subset with quasi-compact complement). Then K
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can be realized as the vanishing locus of a finitely generated ideal I Ď π0pRq. Wewill say that an R-module spectrum M is K-complete (K-local, K-nilpotent) if it isI-complete (I-local, I-nilpotent), in the sense of Definition SAG.II.4.3.1.1 (DefinitionSAG.II.4.2.4.1 , Definition SAG.II.4.1.1.6 ). We say that a morphism of R-modulesM Ñ xM exhibits xM as the completion of M along K if it exhibits xM as the completionof M with respect to I. We will be particularly interested in the case where R isa tempered function spectrum ATG; in this case, there are several closed subsets of| SpecpRq| of geometric interest.
 Notation 5.6.8. Let G be a P-divisible group over an E8-ring A. For each finiteabelian group M , we let |GrM s| denote the underlying topological space of the finiteflat A-scheme representing the functor
 CAlgA Ñ S B ÞÑ MapModZpM,GpBqq.
 Note that for every subgroup M0 ĎM , the canonical map ιM0 : |GrMM0s| Ñ |GrM s|is a closed embedding. We let |GrM s|deg Ď |GrM s| denote the union of the images ofthe maps ιM0 , where M0 ranges over all nontrivial subgroups of M . More informally,|GrHs|deg is the closed subset of |GrM s| which parametrizes maps M Ñ G which aredegenerate in the sense that they annihilate some nonzero subgroup of M (at the levelof geometric points).
 Now suppose that G is equipped with a preorientation. Let T be an object of T ,and let M “ π1pT q be the Pontryagin dual of the finite abelian group π1pT q, so thatwe can identify |GrM s| with the Zariski spectrum | SpecpATGq|. We let | SpecpATGq|deg
 denote the image of |GrM s|deg under this identification.
 Theorem 5.6.9. Let G be a preoriented P-divisible group over an E8-ring A and letT be an object of T . Then an object F P ModAG,T pFunpCovpT qop, Spqq is tempered(in the sense of Notation 5.4.1) if and only if it satisfies the following condition, forevery object T 1 P CovpT q:
 p˚q Let Cov˝pT 1q Ĺ CovpT 1q denote the full subcategory of CovpT 1q spanned by thoseconnected covering maps T 2 Ñ T 1 which are not homotopy equivalences. Thenthe canonical map
 F pT 1q Ñ limÐÝ
 T 2PCov˝pT 1qopF pT 2q
 exhibits limÐÝT 2PCov˝pT 1qop F pT 2q as the completion of F pT 1q along the closed subset
 | SpecpAT 1G q|deg Ď | SpecpAT 1G q|.
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Remark 5.6.10. In the situation of Theorem 5.6.9, the limit limÐÝT 2PCov˝pT 1qop F pT 2q
 is automatically complete for the closed subset | SpecpAT 1G q|deg Ď | SpecpAT 1G q|. Con-
 sequently, condition p˚q is satisfied if and only if the fiber of the map F pT 1q Ñ
 limÐÝT 2PCov˝pT 1qop F pT 2q is local with respect to | SpecpAT 1G q|
 deg (that is, it arises from aquasi-coherent sheaf on the complement of | SpecpAT 1G q|
 deg).
 Corollary 5.6.11. Let G be an oriented P-divisible group over an E8-ring A, letX be an orbispace, and let F P LocSyspre
 G pXq be a G-pretempered local system on X.Then F is G-tempered if and only if, for each T P TX, the following condition issatisfied:
 p˚1q Let Cov˝pT q Ĺ CovpT q denote the full subcategory of CovpT q spanned by thoseconnected covering maps T 1 Ñ T which are not homotopy equivalences. Thenthe canonical map
 F pT q Ñ limÐÝ
 T 1PCov˝pT qopF pT 1q
 exhibits limÐÝT 1PCov˝pT 1qop F pT 1q as the completion of F pT q along the closed subset
 | SpecpATGq|deg Ď | SpecpATGq|.
 Proof of Theorem 5.6.2 from Theorem 5.6.9. Let LocSys1G : OSopÑyCat8 be a right
 Kan extension of the functor
 T pď ~hqop T ÞÑT p´qÝÝÝÝÝÑ OSop LocSysG
 ÝÝÝÝÝÑyCat8,
 given informally by LocSys1GpXq “ limÐÝTÑX LocSysGpT q where the limit is taken over
 objects T P T pď ~hq. We wish to show that for every orbispace X, the canonical mapLocSysGpXq Ñ LocSys1GpXq is an equivalence of 8-categories. By the transitivity ofKan extensions (Proposition HTT.4.3.2.8 ), it will suffice to prove this in the specialcase where X “ T p´q is representable by an object T P T . We proceed by inductionon the order of the finite group π1pT q. If T belongs to T pď ~hq, there is nothingto prove. Otherwise, let T ˝
 T Ď TT be the full subcategory spanned by those mapsT 1 Ñ T which are not surjective on fundamental groups. Then T ˝
 T contains everymap T 1 Ñ T where T 1 belongs to T pď ~hq. It follows that we can identify LocSys1GpT qwith the limit lim
 ÐÝT 1PpT ˝Tqop LocSys1GpT 1q. Let Cov˝pT q be as in Theorem 5.6.9, so that
 we can regard Cov˝pT q as a full subcategory of T ˝T . Moreover, the inclusion functor
 Cov˝pT q ãÑ T ˝T has a left adjoint, and is therefore left cofinal. We have a commutative
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diagram of 8-categories
 LocSysGpT q //
 limÐÝT 1PCov˝pT qop LocSysGpT
 1q
 LocSys1GpT q // lim
 ÐÝT 1PCov˝pT qop LocSys1GpT 1q,
 where the bottom horizontal map is an equivalence (by the preceding argument) andthe right vertical map is an equivalence (by our inductive hypothesis). It thereforesuffice to show that the upper horizontal map is an equivalence of 8-categories.
 Let q : ModpSpq Ñ CAlg be as in Construction 5.1.8. We then have a commutativediagram of 8-categories
 LocSysGpT q //
 ι
 limÐÝT 1PCov˝pT qop LocSysGpT
 1q
 ι˝
 FunCAlgpCovpT qop,ModpSpqq // FunCAlgpCov˝pT qop, Spq
 where the horizontal maps are given by restriction and the vertical maps are fullyfaithful embeddings. Moreover, Theorem 5.6.9 implies that an object F of the 8-category FunCAlgpCovpT qop,ModpSpqq belongs to the essential image of ι if and onlyif F |Cov˝pT qop belongs to the essential image of ι˝ and the canonical map
 θ : F pT q Ñ limÐÝ
 T 1PCov˝pT qopF pT 1q
 exhibits limÐÝT 1PCov˝pT qop F pT 1q as the completion of F pT q along the closed subset
 | SpecpATGq|deg Ď | SpecpATGq|. Our assumption that T does not belong to T pď ~hq
 guarantees that there exists some prime number p for which the quotient π1pT qpπ1pT q
 has dimension strictly larger than the height of the p-divisible group Gppq. It fol-lows that | SpecpATGq|deg is equal to | SpecpATGq|. Consequently, a functor a func-tor F P FunCAlgpCovpT qop,ModpSpqq belongs to the essential image of ι if andonly if F |Cov˝pT qop belongs to the essential image of ι˝ and the map θ is an equiv-alence: that is, F is a q-right Kan extension of its restriction to the subcat-egory Cov˝pT qop Ď CovpT qop. The desired result now follows from PropositionHTT.4.3.2.15 .
 The proof of Theorem 5.6.9 will require the following general fact about completions:
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Proposition 5.6.12. Let R be an E8-ring. Let S be a finite partially ordered set, lettKsusPS be a collection of cocompact closed subsets of | SpecpRq| parametrized by s,and let M : Sop Ñ ModR be a diagram of R-modules parametrized by Sop. Assumethat the following conditions are satisfied:
 paq The partially ordered set S is a lower semilattice. That is, S contains a greatestelement 1, and every pair of elements s, s1 P S have a greatest lower bounds^ s1 P S.
 pbq The construction s ÞÑ Ks is a homomorphism of lower semilattices. That is, wehave K1 “ | SpecpRq|, and Ks^s1 “ Ks XKs1 for all s, s1 P S.
 pcq For s ď s1 ă 1, the map Mps1q Ñ Mpsq exhibits Mpsq as the completion ofMps1q along the closed subset Ks. In particular, each Mpsq is Ks-compete.
 Let K “Ť
 să1 Ks. Then the following conditions are equivalent:
 p1q For each s P S, the map Mp1q Ñ Mpsq exhibits Mpsq as the completion ofMp1q along Ks.
 p2q Let M 1 “ limÐÝsă1 Mpsq. Then the canonical map Mp1q ÑM 1 exhibits M 1 as the
 completion of Mp1q along K.
 Proof. Assume first that p2q is satisfied, and choose s P S. We wish to prove thatthe map Mp1q ÑMpsq exhibits Mpsq as the completion of Mp1q along Ks. We mayassume that s “ 1 (otherwise there is nothing to prove). For t ‰ 1, condition pcqimplies that Mptq is Kt-complete. Let Mptq^Ks denote the completion of Mptq alongKs. Then Mptq^Ks is also the completion of Mptq along the intersection Ks X Kt,which is equal to Ks^t by virtue of pbq. Applying pcq, we conclude that the canonicalmap Mptq Ñ Mps ^ tq exhibits Mps ^ tq as the completion of Mt along Ks. Sincecompletion along Ks commutes with with limits, we obtain an equivalence
 M 1^Ks » lim
 ÐÝt‰1
 Mptq^Ks » limÐÝt‰1
 Mps^ tq »Ms.
 In other words, the canonical map M 1 Ñ Ms exhibits Ms as the completion of M 1
 along Ks. It will therefore suffice to show that the natural map M ÑM 1 induces anequivalence after completion along Ks. This follows immediately from assumption p2q,since Ks is contained in K.
 The implication p1q ñ p2q can be rephrased as follows:
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p˚q Let N be an R-module. Then the canonical map N Ñ limÐÝt‰1 N
 ^Kt exhibits
 limÐÝt‰1 N
 ^Kt as the completion of N along K.
 To prove p˚q, we note that for each s P S there is a fiber sequence
 N 1Ñ N Ñ N^
 Ks ,
 where N 1 is Ks-local. It therefore suffices to prove that condition p˚q holds for N” andN^Ks individually. Moreover, if N is Ks-complete (Kt-local) for some other index t P S,
 then N 1 and N^Ks are Kt-complete (Kt-local). Applying this observation repeatedly,
 we may reduce to the case where N is either Ks-local or Ks-complete for every values P S.
 Let S 1 Ď S be the collection of those elements s P S for which N is Ks-complete.Then the completions N^
 Ks vanish for s R S 1. It follows that the functor pSzt1uqop Ñ
 ModR given by s ÞÑ N^Ks is a right Kan extension of its restriction to pS 1zt1uqop, so
 thatlimÐÝ
 tPSzt1uN^Kt » lim
 ÐÝtPS1zt1u
 N^Kt .
 Using conditions paq and pbq, we see that S 1 is closed under finite meets in S. SinceS 1 is finite, it has a smallest element s. There are two cases to consider:
 • Suppose that s ‰ 1. Then Ks Ď K. Since s P S 1, the R-module N is Ks-complete and therefore also K-complete. We are therefore reduced to provingthat the canonical map
 N Ñ limÐÝ
 tPSzt1uN^Kt » lim
 ÐÝtPS1zt1u
 N^Kt » N^
 Ks
 is an equivalence, which is clear.
 • Suppose that s “ 1, so that the completion N^Kt vanishes for t ‰ 1. Then N
 is local with respect to the closed subset K Ď | SpecpRq|, so that the canonicalmap N Ñ lim
 ÐÝt‰1 N^Kt » 0 exhibits lim
 ÐÝt‰1 N^Kt » 0 as the completion of N along
 K.
 Proof of Theorem 5.6.9. Let G be an oriented P-divisible group over an E8-ring A,let T be an object of T , and let F be an object of ModAG,T pFunpCovpT qop, Spqq.Assume first that F is tempered; we wish to show that F satisfies condition p˚q of
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Theorem 5.6.9. Let T 1 be a connected covering space of T , so that the restrictionof F to CovpT 1q determines a functor M0 : CovpT 1qop Ñ ModAT 1G
 . Let S denote thecollection of subgroups of π1pT
 1q, ordered by inclusion. We have an evident functorCovpT 1q Ñ S, which carries a covering space T 2 Ñ T 1 to the image of the inducedhomomorphism π1pT
 2q ãÑ π1pT1q. Let M : Sop Ñ ModAT 1G
 be the right Kan extensionof M0 along the map CovpT 1qop Ñ Sop. Unwinding the definitions, we see that ifH Ď π1pT
 1q is the image of the fundamental group of some covering space T 2 of T 1,then MpHq can be identified with the homotopy fixed point spectrum F pT 2qhAutpT 2T 1q.
 For every subgroup H Ď π1pT1q, let KH Ď | SpecpAT 1G q| denote the image of the
 closed embedding | SpecpAT 2G q| ãÑ | SpecpAT 1G q|, where T 2 is the connected coveringspace of T with fundamental group H. We claim that the constructions
 H ÞÑ KH H ÞÑMpHq
 satisfy hypotheses paq through pcq of Proposition 5.6.12:
 paq As a partially ordered set, S is a lower semi-lattice. This is clear, since theintersection of a finite collection of subgroups of π1pT
 1q is again a subgroup ofπ1pT
 1q.
 pbq The construction H ÞÑ KH is a homomorphism of lower semilattices. Atthe level of geometric points, this follows from the observation that a grouphomomorphism π1pT 1q Ñ Gpκq factors through the Pontryagin dual of anintersection of subgroups H XH 1 if and only if it factors through both pH andpH 1.
 pcq For H Ď H 1 Ĺ π1pT q, the map MpH 1q ÑMpHq exhibits MpHq as the comple-tion of MpH 1q along the closed subset KH Ď | SpecpAT 1G q|. Write H “ π1pT
 2q
 and H 1 “ π1pT3q for covering maps T3 Ñ T 2 Ñ T 1. Unwinding the definitions,
 we wish to show that the map
 F pT 2qhAutpT 2T 1qÑ F pT3qhAutpT3T 1q
 exhibits F pT3qhAutpT3T 1q as a completion of F pT 2qhAutpT 2T 1q with respect tothe relative augmentation ideal IpT3T 2q. Since the formation of comple-tions completions commutes with limits, it will suffice to show that the mapβ : F pT 2q Ñ F pT3qhAutpT3T 2q exhibits F pT3qhAutpT3T 2q as the IpT3T 2q-completion of F pT 2q, which follows from our assumption that F is tempered.
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Note that the verification of condition pcq does not require the assumption that His a proper subgroup of π1pT
 1q. It follows that the functor M : Sop Ñ ModAT 1Gsatisfies
 condition p1q of Proposition 5.6.12. It therefore also satisfies condition p2q: that is,the canonical map
 F pT 1q “Mpπ1pT1qq Ñ lim
 ÐÝHĹπ1T 1q
 MpHq » limÐÝ
 T 2PCov˝pT 1qopF pT 2q
 exhibits limÐÝT 2PCov˝pT 1qop F pT 2q as the completion of F pT 1q along the closed set
 ď
 HĹπ1pT 1q
 KH “ | SpecpAT 1G q|deg
 of Notation 5.6.8.Suppose now that F satisfies condition p˚q of Theorem 5.6.9; we wish to show
 that it also satisfies condition pB10q of Notation 5.4.1. Let T 1 be a connected coveringspace of T and let T 2 be a connected covering space of T 1. We will show that themap F pT 1q Ñ F pT 2qhAutpT 2T 1q exhibits F pT 2qhAutpT 2T 1q as an IpT 2T 1q-completionof F pT 1q. We proceed by induction on the order of the finite group π1pT q. Let S,tMHuMPS, and tKHuHPS be defined as in the first part of the proof. Then the data
 H ÞÑ KH H ÞÑMH
 satisfies conditions paq through pcq of Proposition 5.6.12 (the proof is exactly as above,except that pcq follows from the inductive hypothesis rather than our assumption thatF arises from a G-tempered local system). Hypothesis p˚q of Theorem 5.6.9 thenguarantees that the map
 Mpπ1pT1qq » F pT 1q Ñ lim
 ÐÝT 2PCov˝pT 1qop
 F pT 2q » limÐÝ
 HĹπ1pT 1q
 MpHq
 exhibits limÐÝHĹπ1pT 1q
 MpHq as the completion of Mpπ1pT1qq along | SpecpAT 1G q|
 deg. Ap-plying Proposition 5.6.12, we deduce that if H Ď π1pT
 1q is the fundamental group ofa connected covering space T 2 of T 1, then the canonical map
 F pT 1q »Mpπ1pT1qq ÑMpHq » F pT 2qhAutpT 2T 1q
 exhibits F pT 2qhAutpT 2T 1q as an IpT 2T 1q-completion of F pT 1q, as desired.
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5.7 Digression: The 8-Category LocSysnulG pXq
 Let G be a preoriented P-divisible group over an E8-ring A and let X be anorbispace. Then the 8-category LocSysGpXq is a localization of the stable 8-category LocSyspre
 G pXq: that is, the inclusion functor LocSysGpXq ãÑ LocSyspreG pXq
 admits a left adjoint L : LocSyspreG pXq Ñ LocSysGpXq (Proposition 5.2.12). It
 follows that the 8-category LocSyspreG pXq admits a semi-orthogonal decomposition
 pK LocSysGpXq,LocSysGpXqq (see Proposition SAG.II.4.2.1.4 ); here K LocSysGpXq de-notes the full subcategory of LocSyspre
 G pXq spanned by those G-pretempered localsystems F satisfying LF » 0 (or, equivalently, the full subcategory spanned by thoseobjects F satisfying Ext˚LocSyspre
 G pXqpF ,G q » 0 whenever G is G-tempered). Our goalin this section is to give an explicit description of the subcategory K LocSysGpXq inthe special case where G is oriented (Theorem 5.7.3).
 Definition 5.7.1. Let G be a preoriented P-divisible group over an E8-ring A, andlet F P LocSyspre
 G pXq be a G-pretempered local system on an orbispace X. We will saythat F is null if, for every object T P TX, the ATG-module F pT q is | SpecpATGq|deg-nilpotent. We let LocSysnul
 G pXq denote the full subcategory of LocSyspreG pXq spanned
 by the null G-pretempered local systems on X.
 Remark 5.7.2. Let G be a preoriented P-divisible group over an E8-ring A and letF P LocSyspre
 G pXq be a G-pretempered local system on an orbispace X. Then:
 • If F is null and f : Y Ñ X is any map of orbispaces, then the pullback f˚F isnull.
 • Suppose that there exists a collection of maps tfα : Xα Ñ Xu which induces asurjection
 š
 α π0pXTαq Ñ π0pXT q, for each T P T . If each pullback f˚α F is null,
 then F is null.
 Our main result can be stated as follows:
 Theorem 5.7.3. Let G be an oriented P-divisible group over an E8-ring A. Then,for any orbispace X, the subcategories pLocSysnul
 G pXq,LocSysGpXqq determine a semi-orthogonal decomposition of LocSyspre
 G pXq. In other words, a G-pretempered localsystem F on X is null if and only if it is annihilated by the localization functorL : LocSyspre
 G pXq Ñ LocSysGpXq of Proposition 5.2.12.
 Remark 5.7.4. Let G be an oriented P-divisible group over an E8-ring A. For anyorbispace X, the inclusion functor LocSysGpXq ãÑ LocSyspre
 G pXq preserves small colimits
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(Theorem 5.3.1), and therefore admits a right adjoint L1 : LocSyspreG pXq Ñ LocSysGpXq
 (Corollary HTT.5.5.2.9 ). It follows that LocSyspreG pXq admits a semi-orthogonal
 decomposition pLocSysGpXq,LocSysGpXqKq, where LocSysGpXqK Ď LocSysGpXq is theright orthogonal to the subcategory LocSysGpXq: that is, the full subcategory spannedby those objects which are annihilated by the functor L1. We do not know an analogueof Theorem 5.7.3 for the subcategory LocSysGpXqK.
 Before giving the proof of Theorem 5.7.3, let us note some consequences.
 Corollary 5.7.5. Let G be an oriented P-divisible group over an E8-ring A and letf : X Ñ Y be a morphism of orbispaces. Then the diagram of 8-categories
 LocSysGpYqf˚
 // LocSyspreG pYqf˚
 LocSysGpXq // LocSyspre
 G pYq
 is left adjointable. That is, if
 LX : LocSyspreG pXq Ñ LocSysGpXq LY : LocSyspre
 G pYq Ñ LocSysGpYq
 denote left adjoints to the inclusion maps, then the evident natural transformationLX ˝ f
 ˚ Ñ f˚ ˝ LY is an equivalence of functors from LocSyspreG pYq to LocSysGpXq.
 Proof. Let F be a G-pretempered local system Y, so that we have a fiber sequenceF 1
 Ñ F αÝÑ LY F in the 8-category LocSyspre
 G pYq. Pulling back along f , we obtain afiber sequence
 f˚F 1Ñ f˚F
 f˚pαqÝÝÝÑ f˚LY F .
 We wish to show that f˚pαq exhibits f˚LY F as a LocSysGpXq-localization of f˚F .Since f˚LY F is G-tempered, it will suffice (by virtue of Theorem 5.7.3) to show thatthe pullback f˚F 1 is null. This follows from Remark 5.7.2, since F 1 is null (Theorem5.7.3).
 Remark 5.7.6. Let G be an oriented P-divisible group over an E8-ring A, letF P LocSyspre
 G pXq be a G-pretempered local system on an orbispace X, and letα : F Ñ LF be a morphism which exhibits LF as a LocSysGpXq-localization ofF . Then the forgetful functor LocSyspre
 G pXq Ñ LocSysAp|X|q of Variant 5.1.15 carriesα to an equivalence in LocSysAp|X|q. In other words, replacing a G-pretemperedlocal system F with the associated G-tempered local system does not change the
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underlying local system of F . To prove this, it suffices to observe that G “ fibpαqis null (Theorem 5.7.3), so that G pT q vanishes whenever T is contractible (since thetopological space | SpecpATGq|deg is empty when T is contractible).
 The proof of Theorem 5.7.3 will require some preliminaries. We begin by observingthat for each orbispace X, Proposition 5.1.9 supplies an equivalence of 8-categories
 LocSyspreG pXq » lim
 ÐÝTPT op
 X
 LocSyspreG pT q.
 By virtue of Remarks 5.2.11 and 5.7.2, this restricts to equivalences of full subcategories
 LocSysnulG pXq » lim
 ÐÝTPT op
 X
 LocSysnulG pT q LocSysGpXq » lim
 ÐÝTPT op
 X
 LocSysGpT q.
 Consequently, to show that the pair pLocSysnulG pXq,LocSysGpXqq is a semi-orthogonal
 decomposition of the stable 8-category LocSyspreG pXq, it will suffice to establish the
 following special case of Theorem 5.7.3:
 Proposition 5.7.7. Let G be an oriented P-divisible group over an E8-ring A. Then,for every object T P T , the subcategories pLocSysnul
 G pT q,LocSysGpT qq determine asemi-orthogonal decomposition of the stable 8-category LocSyspre
 G pT q.
 Our next step is to describe the 8-category LocSysnulG pT q more concretely.
 Notation 5.7.8. Let G be a preoriented P-divisible group over an E8-ring A, let Tbe an object of T , and let F be an AG,T -module object of FunpCovpT qop, Spq. We willsay that F is null if, for every connected covering space T0 of T , the spectrum F pT0q
 is | SpecpAT0G q|
 deg-nilpotent, when viewed as a module over the tempered functionspectrum AT0
 G . We let ModnulAG,T
 pFunpCovpT qop, Spqq denote the full subcategory ofModAG,T pFunpCovpT qop, Spqq spanned by the null AG,T -modules.
 Lemma 5.7.9. Let G be a preoriented P-divisible group over an E8-ring A and let Tbe an object of T . Then the equivalence LocSyspre
 G pT q » ModAG,T pFunpCovpT qop, Spqqof Proposition 5.1.12 restricts to an equivalence of 8-categories LocSysnul
 G pT q »
 ModnulAG,T
 pFunpCovpT qop, Spqq. In other words, a G-pretempered local system F on T
 is null (in the sense of Definition 5.7.1) if and only if the restriction F 0 “ F |CovpT qop
 is null (in the sense of Notation 5.7.8).
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Proof. It follows immediately from the definition that if F P LocSyspreG pT q is null,
 then F 0 “ F |CovpT qop is null. Conversely, suppose that F 0 is null; we wish to showthat F is null. In other words, we wish to show that for each morphism α : T 2 Ñ T inT , the AT 2G -module F pT 2q is | SpecpAT 2G q|
 deg-nilpotent. Note that the map α factorsas a composition T 2
 βÝÑ T 1
 γÝÑ T , where γ exhibits T 1 as a connected covering space
 of T and β has connected homotopy fibers. Since F 0 is null, the spectrum F pT 1q is| SpecpAT 1G q|
 deg-nilpotent, and our assumption that F is G-pretempered supplies anequivalence F pT 2q » AT
 2
 G bAT 1GF pT 1q. It follows that F pT 2q is also | SpecpAT 1G q|
 deg-nilpotent when viewed as a module over AT 1G . It now suffices to observe that the mapof Zariski spectra | SpecpAT 2G q| Ñ | SpecpAT 1G q| carries the closed subset | SpecpAT 2G q|
 deg
 into | SpecpAT 1G q|deg (see Remark 5.2.3).
 Using Proposition 5.1.12, Proposition 5.4.2, and Lemmas 5.7.9, we see that Propo-sition 5.7.7 reduces to the following result (which no longer requires the assumptionthat G is oriented):
 Proposition 5.7.10. Let G be a preoriented P-divisible group over an E8-ring Aand let T be an object of T . Then the pair of subcategories
 pModnulAG,T
 pFunpCovpT qop, Spqq,ModtemAG,T
 pFunpCovpT qop, Spqqq
 is is a semi-orthogonal decomposition of the stable 8-category
 ModAG,T pFunpCovpT qop, Spqq.
 The proof of Proposition 5.7.10 will require some preliminaries.
 Notation 5.7.11. Let G be a preoriented P-divisible group over an E8-ring A,let T be an object of T , and let M be an ATG-module spectrum. We let M !
 T P
 ModAG,T pFunpCovpT qop, Spqq denote the functor given informally by the formula
 M !T pT0q “
 #
 M if T0 » T
 0 otherwise.
 More precisely, if q : ModpSpq Ñ CAlg is the forgetful functor, then we view M !T as a
 functor from CovpT qop to ModpSpq fitting in to a commutative diagram
 CovpT qop M !T //
 ModpSpqq
 T op AG // CAlg,
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such that M !T pT q “ M and M !
 T is a q-right Kan extension of its restriction totT u Ď CovpT qop.
 More generally, if T P CovpT q is a connected covering space of T and M is amodule over the tempered function spectrum ATG, we let M !
 T Tdenote the object
 of ModAG,T 1pFunpCovpT 1qop, Spqq given by the q-left Kan extension of M !
 Talong the
 forgetful functor CovpT qop Ñ CovpT qop. More explicitly, if T0 is a connected coveringspace of T , then the spectrum M !
 T TpT0q vanishes unless T0 is isomorphic to T , in
 which case it is equivalent to a direct sum of copies of M (indexed by the set of allisomorphisms of T0 with T in the category CovpT q).
 Remark 5.7.12. Let G be a preoriented P-divisible group over an E8-ring A, letT be an object of T , and let M be an ATG-module spectrum. Then, for any objectF P ModAG,T pFunpCovpT qop, Spqq, we have a canonical homotopy equivalence
 MapModAG,TpM !
 T ,F q » MapModATGpM, fibpF pT q Ñ lim
 ÐÝT0PCov˝pT qop
 F pT0qqq.
 More generally, if T is a connected covering space of T and M is an ATG-modulespectrum, then we have a canonical homotopy equivalence
 MapModAG,TpM !
 T T,F q » MapMod
 ATGpM, fibpF pT q Ñ lim
 ÐÝT 0PCov˝pT qop
 F pT 0qqq.
 Remark 5.7.13. Let G be a preoriented P-divisible group over an E8-ring A, let Tbe an object of T , and let F be an AG,T -module object of FunpCovpT qop, Spq. ThenF is tempered (in the sense of Notation 5.4.1) if and only if it satisfies the followingcondition:
 p˚q For every connected covering space T of T and every ATG-module M whichis | SpecpATGq|deg-nilpotent, the mapping space MapModAG,T
 pM !T T
 ,F q is con-tractible.
 This follows by combining the calculation of Remark 5.7.12 with the criterion ofTheorem 5.6.9.
 Proof of Proposition 5.7.10. Let G be a preoriented P-divisible group over an E8-ringA and let T be an object of T . Let C Ď ModAG,T pFunpCovpT qop, Spqq be the smalleststable subcategory which is closed under small colimits and contains every object ofthe form M !
 T T, where T is a connected covering space of T and M is a ATG-module
 spectrum which is | SpecpATGq|deg-nilpotent. It follows from Proposition HA.1.4.4.11
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that the stable 8-category ModAG,T pFunpCovpT qop, Spqq admits a semi-orthogonaldecomposition pC, CKq, where CK denotes the full subcategory spanned by those objectsF for which the mapping space MapModAG,T
 pG ,F q is contractible for each G P C.Remark 5.7.13 shows that CK “ Modtem
 AG,TpFunpCovpT qop, Spqq. We will complete the
 proof by showing that C “ ModnulAG,T
 pFunpCovpT qop, Spqq. The inclusion
 C Ď ModnulAG,T
 pFunpCovpT qop, Spqq
 is clear, since ModnulAG,T
 pFunpCovpT qop, Spqq is a stable subcategory of the 8-categoryModAG,T pFunpCovpT qop, Spqq which is closed under small colimits and contains M !
 T T
 whenever M P ModATG
 is | SpecpATGq|deg-nilpotent. Conversely, suppose that F isan AG,T -module object of FunpCovpT qop, Spq which is null; we wish to show that F
 belongs to C. Note that F fits into a fiber sequence F 1Ñ F Ñ F 2, where F 1
 belongs to C and F 2 is tempered. We will complete the proof by showing that F 2» 0.
 Suppose otherwise: then there exists some connected covering space T of T such thatF 2pT q is not zero. Choose T so that the fundamental group π1pT q is as small as
 possible. It then follows that F 2pT 0q » 0 for every connected covering space T 0 of T
 which is not isomorphic to T . Consequently, the limit limÐÝT 0PCov˝pT qop F 2
 pT 0q vanishes.Since F 2 is tempered, Theorem 5.6.9 implies that F 2
 pT q is | SpecpATGq|deg-local. Onthe other hand, F 2 is null (since both F 1 and F are null), so that F 2
 pT q is also| SpecpATGq|deg-nilpotent. It follows that F 2
 pT q vanishes, contradicting our choice ofT .
 5.8 Tensor Products of Tempered Local SystemsWe now exploit Theorem 5.7.3 to construct a tensor product operation in the
 setting of tempered local systems.
 Notation 5.8.1. Let G be a preoriented P-divisible group over an E8-ring A. Foreach orbispace X, we let AX denote the composite functor
 T opX Ñ T op AG
 ÝÝÑ CAlg,
 which we view as a commutative algebra object of FunpT opX , Spq. Then the 8-category
 ModAX“ ModAX
 pFunpT opX , Spqq inherits a symmetric monoidal structure, given by
 the formation of relative tensor product over AX (see §HA.4.5.2 ). We will denote thisrelative tensor product operation by
 b : ModAXˆModAX
 Ñ ModAX.
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Concretely, it is given by the formula pF bG qpT q “ F pT q bATG G pT q.
 From the levelwise description of the tensor product b, we immediately deducethe following:
 Proposition 5.8.2. Let A be an E8-ring, and let G be a preoriented P-divisible groupover A. For every orbispace X, the full subcategory LocSyspre
 G pXq Ď ModAXcontains
 the unit object AX and is closed under the tensor product functor b of Notation 5.8.1.In particular, LocSyspre
 G pXq inherits the structure of a symmetric monoidal 8-category.
 Remark 5.8.3 (Functoriality). In the situation of Proposition 5.8.2, let f : X Ñ Y be amorphism of orbispaces. Then the pullback functor f˚ : LocSyspre
 G pYq Ñ LocSyspreG pXq
 of Remark 5.1.6 is given by precomposition with the forgetful functor TX Ñ TY, andcan therefore be promoted to a symmetric monoidal functor: that is, it commuteswith the tensor product operation b of Notation 5.8.1.
 Proposition 5.8.4. Let A be an E8-ring, let G be a preoriented P-divisible group overA, and let X be an orbispace. Then the full subcategory LocSysnul
 G pXq Ď LocSyspreG pXq
 is a tensor ideal. That is, if F belongs to LocSysnulG pXq and G belongs to LocSyspre
 G pXq,then F bG belongs to LocSysnul
 G pXq.
 Proof. For each object T P TX, we have pF bG qpT q “ F pT q bATG G pT q. Since F isnull, F pT q is | SpecpATGq|deg-nilpotent when viewed as an ATG-module. It follows thatthe tensor product F pT q bATG G pT q is also | SpecpATGq|deg-nilpotent.
 Corollary 5.8.5. Let A be an E8-ring, let G be an oriented P-divisible group overA, let X be an orbispace, and let L : LocSyspre
 G pXq Ñ LocSysGpXq be a left adjoint tothe inclusion (Proposition 5.2.12). Then the localization functor L is compatible withthe symmetric monoidal structure of Proposition 5.8.2. That is, if α : F Ñ F 1 is amorphism in LocSyspre
 G pXq for which Lpαq : LpF q Ñ LpF 1q is an equivalence, and G
 is any object of LocSyspreG pXq, then the induced map LpF bG q Ñ LpF 1
 bG q is anequivalence.
 Proof. Combine Proposition 5.8.4 with Theorem 5.7.3.
 Corollary 5.8.6. Let A be an E8-ring, let G be an oriented P-divisible groupover A, and let X be an orbispace. Then there is an essentially unique symmetricmonoidal structure on the 8-category LocSysGpXq for which the localization functorL : LocSyspre
 G pXq Ñ LocSysGpXq is symmetric monoidal.
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Proof. Combine Corollary 5.8.5 with Proposition HA.2.2.1.9 .
 Construction 5.8.7 (The Tempered Tensor Product). Let G be an oriented P-divisible group over an E8-ring A. For any orbispace X, we will regard LocSysGpXq asequipped with the symmetric monoidal structure of Corollary 5.8.6. We will denotethe underlying tensor product of this symmetric monoidal structure by
 b : LocSysGpXq ˆ LocSysGpXq Ñ LocSysG pF ,G q ÞÑ F bG .
 Concretely, it is given by the formula F bG “ LpF bG q, where L : LocSyspreG pXq Ñ
 LocSysGpXq is left adjoint to the inclusion functor.
 Remark 5.8.8. In the situation of Construction 5.8.7, the unit object of the sym-metric monoidal 8-category LocSysGpXq is the trivial G-tempered local system AXof Example 5.1.5 (which is G-tempered by virtue of Corollary 5.4.4).
 Remark 5.8.9. Let G be an oriented P-divisible group over an E8-ring A, and letF and G be G-tempered local systems on an orbispace X. It follows from Theorem5.7.3 that the tensor product F bG of Construction 5.8.7 can be characterized asfollows:
 • There exist ATG-linear maps µT : F pT q bATG G pT q Ñ pF bG qpT q, dependingfunctorially on T P T op
 X .
 • For each T P T opX , the fiber fibpµT q is | SpecpATGq|deg-nilpotent (when regarded
 as an ATG-module).
 Remark 5.8.10. In the situation of Remark 5.8.9, the map µT Is an equivalencewhenever T is contractible (Remark 5.7.6). It follows that the forgetful functorLocSysGpXq Ñ LocSysAp|X|q (see Variant 5.1.15) is symmetric monoidal: that is, itcarries the tensor products of tempered local systems (given by Construction 5.8.7) tothe pointwise tensor product of ModA-valued local systems on |X|.
 Warning 5.8.11. In the situation of Remark 5.8.9, the map µT : F pT q bATG G pT q Ñ
 pF bG qpT q is generally not an equivalence when T is not contractible. That is, thetensor product of tempered local systems cannot be computed levelwise.
 Example 5.8.12. Let G be an oriented P-divisible group over an E8-ring A and letX be a space. Applying Remark 5.7.6 and Corollary 5.4.3 to the constant orbispaceX, we obtain an equivalence of symmetric monoidal 8-categories LocSysGpXq »
 LocSysApXq. In particular, when X » ˚ is contractible, we obtain an equivalence ofsymmetric monoidal 8-categories LocSysGp˚q » ModA.
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Note that if we are given a map of orbispaces f : X Ñ Y, then the symmetricmonoidal pullback functor f˚ : LocSyspre
 G pYq Ñ LocSyspreG pXq automatically restricts
 to a lax symmetric monoidal functor LocSysGpYq Ñ LocSysGpXq, which we will alsodenote by f˚.
 Proposition 5.8.13. Let G be an oriented P-divisible group over an E8-ring A.For every map of orbispaces f : X Ñ Y, the pullback functor f˚ : LocSysGpYq ÑLocSysGpXq is symmetric monoidal.
 Proof. It follows from Remark 5.8.8 that the pullback functor f˚ preserves unitobjects. We will complete the proof by showing that for every pair of objects F ,F 1
 P
 LocSysGpYq, the canonical map α : f˚F bf˚F 1Ñ f˚pF bF 1
 q is an equivalence.We have a commutative diagram
 f˚F bf˚F 1 //
 f˚pF bF 1q
 f˚F bf˚F 1 α // f˚pF bF 1
 q
 in the 8-category LocSyspreG pXq. Note that the upper horizontal map is an equivalence,
 and that the fibers of the vertical maps belong to LocSysnulG pXq. It follows that
 fibpαq P LocSysnulG pXq X LocSysGpXq, so that fibpαq » 0 and α is an equivalence.
 Proposition 5.8.14. Let G be an oriented P-divisible group over an E8-ring A, letf : X Ñ Y be a map of orbispaces, and let F P LocSysGpXq and G P LocSysGpYq beG-tempered local systems on X and Y, respectively. If Y » ˚ is a final object of OS,then the canonical map
 θ : f˚ G bF Ñ f˚ G bF
 is an equivalence in LocSyspreG pXq. In other words, the map µT : G pT q bATG F pT q Ñ
 pf˚ G bF qpT q of Remark 5.8.9 is an equivalence for each object T P T opX .
 Proof. Let us regard F as fixed, and let C denote the full subcategory of LocSysGpYqspanned by those objects G for which the morphism θ is an equivalence. Then Cis a stable subcategory of LocSysGpYq, and it follows from Theorem 5.3.1 that C isclosed under small colimits. Since LocSysGpYq is equivalent to ModA as a symmetricmonoidal 8-category (Example 5.8.12), to prove that C “ LocSysGpYq it will sufficeto show that C contains the unit object of LocSysGpYq, which is immediate.
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Remark 5.8.15. Let G be an oriented P-divisible group over an E8-ring A andlet f : X Ñ Y be a map of orbispaces. It follows from Proposition 5.8.13 that the8-category LocSysGpXq is tensored over LocSysGpYq, with action given concretely bythe construction
 LocSysGpYq ˆ LocSysGpXq Ñ LocSysGpXq pG ,F q ÞÑ pf˚ G q bF .
 Proposition 5.8.14 makes this action explicit in the special case where Y “ ˚ is a finalobject of OS. In this case, we can identify LocSysGpYq with the 8-category ModA(Example 5.8.12). Then LocSysGpXq inherits an action of ModA, which we will denoteby
 ModAˆLocSysGpXq Ñ LocSysGpXq pM,F q ÞÑM bA F .
 Proposition 5.8.14 asserts that this action is computed levelwise: that is, it is givenon objects by the formula pM bA F qpT q “M bA F pT q.
 6 Analysis of LocSysGpXqLet G be an oriented P-divisible group over an E8-ring A. In §5, we introduced
 the 8-category LocSysGpXq of G-tempered local systems on an orbispace X (Definition5.2.4). Our goal in this section is to develop an arsenal of tools for working withG-tempered local systems, which can often be used to translate questions aboutG-tempered local systems on orbispaces to questions about ordinary local systems onspaces.
 To simplify the discussion, let us assume for the moment that the E8-ring A isp-local for some prime number p and that G is a p-divisible group of some fixed heighth ě 0. We will say that a G-tempered local system F P LocSysGpXq is Kpnq-localif, for each object T P TX, the spectrum F pT q is Kpnq-local; here Kpnq denotes thenth Morava K-theory (at the prime p). The collection of Kpnq-local G-temperedlocal systems span a full subcategory LocSysKpnqG pXq Ď LocSysGpXq. In §6.1, we showthat the 8-category LocSysGpXq admits a semi-orthogonal decomposition by thesubcategories tLocSysKpnqG pXqu0ďnďh (Corollary 6.1.17). Consequently, the problem ofunderstanding the 8-category LocSysGpXq can be partially reduced to the problem ofunderstanding the subcategories LocSysKpnqG pXq.
 In §6.3, we study the 8-category LocSysKpnqG pXq in the special case where n “ h isthe height of the p-divisible group G. In this case, we show that the forgetful functorLocSysGpXq Ñ LocSysAp|X|q of Variant 5.1.15 restricts to an equivalence of full subcat-egories LocSysKpnqG pXq » LocSysKpnqA p|X|q, where LocSysKpnqA p|X|q » Funp|X|,ModKpnqA q
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denotes the 8-category of local systems on |X| with values in the 8-category ModKpnqA
 of Kpnq-local A-modules (Theorem 6.3.1). This can be regarded as a categori-fication of Theorem 4.2.5, which asserts that the Atiyah-Segal comparison mapζ : A˚GpXq Ñ A˚p|X|q is an isomorphism in the case where A is Kpnq-local andG “ GQ
 A is the Quillen p-divisible group of A.To understand the 8-categories LocSysKpnqG pXq for n ă h, it will be convenient to
 enlarge the E8-ring A. To every E8-algebra B over A, we can associate a p-divisiblegroup GB over B, obtained from G by extensions of scalars. In §6.2, we study therelationship between the 8-categories LocSysGpXq and LocSysGB
 pXq. In the specialcase where B “ LKpnqpAq is the Kpnq-localization of A, we show that the subcategoriesLocSysKpnqG pXq and LocSysKpnqGB
 pXq are equivalent (Corollary 6.2.8). We may thereforeassume without loss of generality that the E8-ring A is Kpnq-local. In this case, theorientation of G determines a short exact sequence
 0 Ñ G0ιÝÑ G Ñ Get Ñ 0,
 where G0 “ GQA is the Quillen p-divisible group of A (see Corollary 2.5.7) and Get is
 an etale p-divisible group of height h´ n. Set Λ “ pQp Zpqh´n and let B “ SplitΛpιq
 be a splitting algebra of ι (Definition 2.7.12). Then B is a faithfully flat A-algebra(Proposition 2.7.15), so that A can be identified with the totalization fo the cosimplicialA-algebra
 B‚ “ pB Ñ B bA BÑÑÑ ¨ ¨ ¨ q.
 According to Proposition 6.2.6, the theory of G-tempered local systems satisfiesfaithfully flat descent: that is, we can identify LocSysGpXq with the totalization ofthe cosimplicial 8-category LocSysGB‚
 pXq. Consequently, various questions about thestructure of the 8-category LocSysKpnqG pXq can be addressed after extending scalarsalong the maps A Ñ Bm, so that the p-divisible group G splits as a direct sumG0 ‘ Λ. Beware that the A-algebras Bm are essentially never Kpnq-local (so that,after extending scalars, we cannot identify G0 with the Quillen p-divisible group ofBm), but (if desired) this can rectified by replacing each Bm by its Kpnq-localization.
 Let LΛpXq denote the formal loop space of X given by Construction 3.4.3. In §6.4,
 we construct a fully faithful embedding of 8-categories
 Φ : LocSysGpXq ãÑ LocSysG0pLΛpXqq,
 which can be regarded as a categorification of the character isomorphism A˚GpXq »A˚G0pL
 ΛpXqq of Theorem 4.3.2 (see Theorem 6.4.1). In §6.5 we identify the essential
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image of Φ with the full subcategory LocSysisoG0pL
 ΛpXqq of isotropic local systems on
 LΛpXq (Definition 6.5.8). For m ą 0, every Kpmq-local object of LocSysG0pL
 ΛpXqq is
 automatically isotropic (Corollary 6.5.16), and the embedding above restricts to anequivalence of 8-categories
 LocSysKpmqG pXq » LocSysKpmqG0 pLΛpXqq
 (beware that the situation is a bit more complicated if m “ 0, or if G is a P-divisiblegroup with nonvanishing components Gp`q for ` ‰ p). Consequently, for the purposeof understanding the 8-category LocSysKpnqG pXq when n ą 0, we can replace G by thep-divisible group G0 (at the cost of replacing X by the more complicated orbispaceLΛpXq), thereby reducing to the situation studied in §6.3.
 6.1 Localization and Completions of Tempered Local Sys-tems
 Let A be an E8-ring and let I Ď π0pAq be a finitely generated ideal. We letModNilpIq
 A , ModLocpIqA , and ModCplpIq
 A denote the full subcategories of ModA spannedby those A-modules which are I-nilpotent, I-local, and I-complete, respectively (seeChapter SAG.II.4 ). The 8-category ModA then admits a pair of semi-orthogonaldecompositions pModNilpIq
 A ,ModLocpIqA q and pModLocpIq
 A ,ModCplpIqA q. In particular, for
 every A-module M , there are essentially unique fiber sequences
 M 1ÑM ÑM^
 I ΓIpMq ÑM ÑM2
 where M^I is I-complete, ΓIpMq is I-nilpotent, and M 1 and M2 are I-local. Our goal
 in this section is to establish a generalization of this picture, where we replace ModAwith the 8-category LocSysGpXq of G-tempered local systems on an orbispace X.In this situation, we can make sense of the sequence on the left for any preorientedP-divisible group G over A (Corollary 6.1.6), and the sequence on the right under theassumption that G is oriented (Corollary 6.1.10).
 Definition 6.1.1. Let A be an E8-ring, let G be a preoriented P-divisible groupover A, let X be an orbispace, and let I Ď π0pAq be a finitely generated ideal. Wewill say that a G-tempered local system F P LocSysGpXq is I-nilpotent (I-local,I-complete) if, for every object T P TX, the spectrum F pT q is I-nilpotent (I-local,I-complete) when viewed as an A-module. We let LocSysNilpIq
 G pXq (LocSysLocpIqG pXq,
 LocSysCplpIqG pXq) denote the full subcategory of LocSysGpXq spanned by those objects
 are which are I-nilpotent (I-local, I-complete).
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Warning 6.1.2. Let A be an E8-ring, let I Ď π0pAq be a finitely generated ideal,and let C be a presentable A-linear stable 8-category. We say that an object C P C isI-nilpotent if, for each element x P I, the colimit of the diagram
 CxÝÑ C
 xÝÑ C
 xÝÑ C
 xÝÑ ¨ ¨ ¨
 vanishes (Definition SAG.II.4.1.1.6 ), and that C is I-complete if, for each elementx P I, the limit of the diagram
 ¨ ¨ ¨xÝÑ C
 xÝÑ C
 xÝÑ C
 xÝÑ C
 vanishes (see Corollary SAG.II.4.3.3.3 ). In the situation of Definition 6.1.1, a G-tempered local system F is I-complete in the sense of Definition 6.1.1 if and only if it isI-complete when viewed as an object of the A-linear 8-category C “ LocSysGpXq: thisfollows from the fact that the evaluation functors F ÞÑ F pT q are jointly conservativeand preserve small limits (Corollary 5.2.13). If G is oriented, then F is I-nilpotent inthe sense of Definition 6.1.1 if and only if it is I-nilpotent when viewed as an objectof C “ LocSysGpXq (since the evaluation functors F ÞÑ F pT q also preserve smallcolimits when G is oriented; see Corollary 5.3.2). Beware that this is generally nottrue if G is only assumed to be preoriented.
 Remark 6.1.3 (Functoriality). Let G be a preoriented P-divisible group over anE8-ring A, let I Ď π0pAq be a finitely generated ideal, and let f : X Ñ Y be a map oforbispaces. If F P LocSysGpYq is I-nilpotent (I-local, I-complete), then the pullbackf˚pF q P LocSysGpXq is also I-nilpotent (I-local, I-complete).
 Proposition 6.1.4. Let A be an E8-ring, let G be a preoriented P-divisible groupover A, and let X be an orbispace. Then the inclusion functor
 LocSysCplpIqG pXq ãÑ LocSysGpXq
 admits a left adjoint. Moreover, if α : F Ñ F 1 is a morphism in LocSysGpXq, thenthe following conditions are equivalent:
 p1q The morphism α exhibits F 1 as a LocSysCplpIqG pXq-localization of F .
 p2q For every object T P TX, the induced map αpT q : F pT q Ñ F 1pT q exhibits
 F 1pT q as an I-completion of F pT q in the 8-category ModA.
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Proof. Fix an element x P I. For each object F P LocSysGpXq, let ΘxpF q denotethe limit of the tower ¨ ¨ ¨ x
 Ñ F xÑ F x
 Ñ F , and let F^pxq denote the cofiber of
 the canonical map ΘxpF q Ñ F . By construction, x acts by an equivalence onΘxpF q. It follows that multiplication by x acts by a homotopy equivalence fromMapLocSysGpXqpΘxpF q,G q to itself, for every object G P LocSysGpXq. In particular,the canonical map
 MapLocSysGpXqpΘxpF q,ΘxpG qq Ñ MapLocSysGpXqpΘxpF q,G q
 is a homotopy equivalence. If G is I-complete, then it is annihilated by the functorΘx, so that the mapping space MapLocSysGpXqpΘxpF q,G q is contractible. It followsthat the canonical map
 MapLocSysGpXqpF^pxq,G q Ñ MapLocSysGpXqpF ,G q
 is a homotopy equivalence.Choose a finite collection of generators x1, . . . , xn P π0pAq for the ideal I, and let
 F P LocSysGpXq. Let α denote the composite map
 F Ñ F^px1q Ñ pF^
 px1qq^px2q Ñ ¨ ¨ ¨ ppF^
 px1qq ¨ ¨ ¨ q^pxnqF “ F 1
 Corollary 5.2.13 implies that for every object T P TX, the canonical map F pT q Ñ
 F 1pT q exhibits F 1
 pT q as an I-completion of F pT q, so that F 1 is I-complete. Itfollows from the above analysis that α exhibits F 1 as a LocSysCplpIq
 G pXq-localizationof F . This completes the proof that LocSysCplpIq
 G pXq is a localization of LocSysGpXq,and proves that p1q ñ p2q.
 We now complete the proof by showing that p2q ñ p1q. Let β : F Ñ G be amorphism in LocSysGpXq satisfying condition p2q. Then G is I-complete, so that βfactors as a composition F α
 Ñ F 1 γÑ G , where α is defined as above. Then α and
 β both satisfy condition p2q. It follows that for every object T P TX, the inducedmap F 1
 pT q Ñ G pT q is an equivalence. We conclude that γ is an equivalence, so thatβ “ γ ˝ α exhibits G as a LocSysCplpIq
 G pXq-localization of F .
 Notation 6.1.5 (Completion with Respect to an Ideal). Let G be a preorientedP-divisible group over an E8-ring A, let X be an orbispace, and let I Ď π0pAq be afinitely generated ideal. For each G-pretempered local system F on X, we let F^
 I
 denote the image of F under the functor LocSysGpXq Ñ LocSysCplpIqG pXq which is left
 adjoint to the inclusion. More informally, F^I is the G-tempered local system on X
 given by the formula F^I pT q “ F pT q^I . We will refer to F^
 I as the I-completion ofF .
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In the situation of Notation 6.1.5, the completion F^I » 0 vanishes if and only
 if the G-tempered local system F is I-local, in the sense of Definition 6.1.1. Wetherefore obtain the following:
 Corollary 6.1.6. Let A be an E8-ring, let G be a preoriented P-divisible groupover A, and let X be an orbispace. For every finitely generated ideal I Ď π0pAq,the pair of stable subcategories pLocSysLocpIq
 G pXq,LocSysCplpIqG pXqq determine a semi-
 orthogonal decomposition of LocSysGpXq. In particular, every G-tempered local systemF determines an (essentially unique) fiber sequence F 1
 Ñ F Ñ F^I , where F 1 is
 I-local and F^I is I-complete.
 Proposition 6.1.7. Let G be an oriented P-divisible group over an E8-ring A, letI Ď π0pAq be a finitely generated ideal, and let X be an orbispace. Then the inclusionLocSysNilpIq
 G pXq ãÑ LocSysGpXq admits a right adjoint. Moreover, if α : F 1Ñ F is a
 morphism in LocSysGpXq, then the following conditions are equivalent:
 p1q The morphism α exhibits F 1 as a LocSysNilpIqG pXq-colocalization of F .
 p2q For every object T P TX, the morphism αpT q induces an equivalence of A-modulespectra F 1
 pT q » ΓI F pT q.
 Proof. We proceed as in the proof of Proposition 6.1.4. Fix an element x P I. Foreach object F P LocSysGpXq, let F rx´1s denote the colimit of the sequence
 F xÑ F x
 Ñ F xÑ ¨ ¨ ¨ ,
 and let ΓpxqF denote the fiber of the canonical map F Ñ F rx´1s. By construction,x acts by an equivalence on F rx´1s. It follows that multiplication by x acts bya homotopy equivalence from MapLocSysGpXqpG ,F rx
 ´1sq to itself, for every objectG P LocSysGpXq. In particular, the canonical map
 MapLocSysGpXqpG rx´1s,F rx´1
 sq Ñ MapLocSysGpXqpG ,F rx´1sq
 is a homotopy equivalence. If G is I-nilpotent, then G rx´1s » 0, so that the mappingspace MapLocSysGpXqpG ,F rx
 ´1sq is contractible. It follows that the natural map
 MapLocSysGpXqpG ,ΓpxqF q Ñ MapLocSysGpXqpG ,F q
 is a homotopy equivalence.
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Choose a finite collection of generators x1, . . . , xn P π0pAq for the ideal I, and letF P LocSysGpXq. Let α denote the composite map
 F 1“ Γpxnqp¨ ¨ ¨ pΓpx1qF qq Ñ ¨ ¨ ¨ Ñ Γpx1qF Ñ F .
 Corollary 5.3.2 implies that for every object T P TX, α induces an equivalenceF 1pT q » ΓI F pT q, so that F 1 is I-nilpotent. It follows from the above analysis that
 α exhibits F 1 as a LocSysNilpIqG pXq-colocalization of F . This completes the proof that
 LocSysNilpIqG pXq is a colocalization of LocSysGpXq, and shows that p1q ñ p2q.
 We now complete the proof by showing that p2q ñ p1q. Let β : G Ñ F be amorphism in LocSysGpXq satisfying condition p2q. Then G is I-nilpotent, so that βfactors as a composition
 GγÑ F 1 α
 Ñ F ,
 where α is defined as above. Then α and β both satisfy condition p2q. It follows that forevery object T P TX, the induced map G pT q Ñ F 1
 pT q is an equivalence. We concludethat γ is an equivalence, so that β “ α˝γ exhibits G as a LocSysNilpIq
 G pXq-colocalizationof F .
 Notation 6.1.8. Let G be an oriented P-divisible group over an E8-ring A, let X bean orbispace, and let I Ď π0pAq be a finitely generated ideal. We let
 ΓI : LocSysGpXq Ñ LocSysNilpIqG pXq
 denote a right adjoint to the inclusion functor, whose existence is asserted by Propo-sition 6.1.7. More informally, the functor ΓI carries each G-tempered local systemF to an I-nilpotent G-tempered local system ΓI F , given informally by the formulapΓI F qpT q “ ΓIpF pT qq.
 Warning 6.1.9. In the situation of Notation 6.1.8, suppose that we assume onlythat G is a preoriented P-divisible group over A. Then, to every G-tempered localsystem F P LocSysGpXq, we can associate a G-pretempered local system ΓI F by theformula pΓI F qpT q “ ΓIpF pT qq. However, this formula need not define a G-temperedlocal system unless G is oriented.
 In the situation of Notation 6.1.8, the G-tempered local system ΓI F vanishes ifand only if F is I-local. This proves the following:
 Corollary 6.1.10. Let A be an E8-ring, let G be an oriented P-divisible groupover A, and let X be an orbispace. For every finitely generated ideal I Ď π0pAq,
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the pair of stable subcategories pLocSysNilpIqG pXq,LocSysLocpIq
 G pXqq determine a semi-orthogonal decomposition of LocSysGpXq. In particular, every G-tempered local systemF determines an (essentially unique) fiber sequence ΓI F Ñ F Ñ F 2, where ΓI F
 is I-nilpotent and F 2 is I-local.
 Combining Corollaries 6.1.6 and 6.1.10 with Proposition HA.A.8.20 , we obtainthe following:
 Corollary 6.1.11. Let A be an E8-ring, let G be an oriented P-divisible group overA, and let X be an orbispace. Then, for every finitely generated ideal I Ď π0pAq, the8-category LocSysGpXq is a recollement of the full subcategories
 LocSysLocpIqG pXq,LocSysCplpIq
 G pXq Ď LocSysGpXq,
 in the sense of Definition HA.A.8.1 .
 Corollary 6.1.12. Let A be an E8-ring, let G be an oriented P-divisible group overA, and let X be an orbispace. Then, for every finitely generated ideal I Ď π0pAq, thefunctor of I-completion determines an equivalence of 8-categories
 LocSysNilpIqG pXq Ñ LocSysCplpIq
 G pXq.
 We now specialize to a particularly important case.
 Definition 6.1.13. Let p be a prime number, let A be a p-local E8-ring, and let Gbe an oriented P-divisible group over A. Let F be a G-tempered local system onan orbispace X. We will say that F is Kpnq-local if, for each object T P TX, thespectrum F pT q is Kpnq-local (here Kpnq denotes the nth Morava K-theory spectrumat the prime p). We let LocSysKpnqG pXq denote the full subcategory of LocSysGpXqspanned by the Kpnq-local G-tempered local systems on X.
 We say that F is Epnq-local if, for each object T P TX, the spectrum F pT q
 is Epnq-local (where Epnq denotes the nth Johnson-Wilson spectrum at the primep). We let LocSysEpnqG pXq denote the full subcategory of LocSysGpXq spanned by theEpnq-local G-tempered local systems on X.
 Remark 6.1.14. Let p be a prime number, let A be a p-complete E8-ring, and let Gbe an oriented P-divisible group over A. Then A is complex periodic. For each m ě 0,we let IAm Ď π0pAq denote the mth Landweber ideal of A (Definition Or.4.5.1 ). Then:
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• A G-tempered local system F is Epnq-local if and only if it is IAn`1-local. Thatis, we have
 LocSysEpnqG pXq “ LocSysLocpIAn`1q
 G pXq.
 • A G-tempered local system is Kpnq-local if and only if it is both IAn`1-local andIAn -complete. That is, we have
 LocSysKpnqG pXq “ LocSysLocpIAn`1q
 G pXq X LocSysCplpIAn qG pXq.
 Notation 6.1.15. Let G be an oriented P-divisible group over a p-local E8-ringA and let X be an orbispace. It follows from Corollaries 6.1.6 and 6.1.10 that theinclusion functors
 LocSysEpnqG pXq Ď LocSysGpXq LocSysKpnqG pX Ď LocSysGpXq
 admits left adjoints, which we will denote by LEpnq : LocSysGpXq Ñ LocSysEpnqG pXqand LKpnq : LocSysGpXq Ñ LocSysKpnqG pXq, respectively. Concretely, these functorsare given by the formulae
 pLEpnqF qpT q “ LEpnqpF pT qq pLKpnqF qpT q “ LKpnqpF pT qq
 for T P TX.
 Proposition 6.1.16. Let G be an oriented P-divisible group over a p-local E8-ring A,and let X be an orbispace. Then, for each n ě 1, the stable 8-category LocSysEpnqG pXqis a recollement of the full subcategories
 LocSysEpn´1qG pXq,LocSysKpnqG pXq Ď LocSysEpnqG pXq.
 Proof. Let I “ IAn be the nth Landweber ideal of A. For F P LocSysGpXq, Corollaries6.1.6 and 6.1.10 supply fiber sequences
 F 1Ñ F Ñ F^
 I ΓI F Ñ F Ñ F 2
 where F 1 and F 2 are I-local (that is, Epn´ 1q-local). If F is Epnq-local, then F^I
 and ΓI F are also Epnq-local (so that F^I is Kpnq-local).
 Corollary 6.1.17. Let G be an oriented P-divisible group over a p-local E8-ringA, and suppose that the p-divisible group Gppq has height ď h for some nonnegative
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integer h. Then, for any orbispace X, the stable 8-category LocSysGpXq admits asemi-orthogonal decomposition by full subcategories
 pLocSysKp0qG pXq,LocSysKp1qG pXq, ¨ ¨ ¨ ,LocSysKphqG pXqq.
 In particular, every G-tempered local system F on X admits a canonical filtration
 0 “ F p´1q Ñ F p0q Ñ F p1q Ñ ¨ ¨ ¨ Ñ F phq “ F ,
 where each cofiber F pnqF pn´ 1q is Kpnq-local.
 6.2 Change of RingLet φ : AÑ B be a morphism of E8-rings. If G is a preoriented P-divisible group
 over A, we let GB denote the preoriented P-divisible group over B obtained from Gby extension of scalars along φ. For each orbispace X, we let AX, BX : T op
 X Ñ CAlgdenote the functors given by Notation 5.1.2, so that we have an equivalence of functorsBXp‚q » B bA AXp‚q. There is an evident restriction of scalars functor
 φ˚ : ModBXÑ ModAX
 .
 In what follows, we will generally abuse notation by identifying an object G P ModBX
 with its image under φ˚. The functor φ˚ admits a left adjoint φ˚. For each objectF P ModAX
 , we denote φ˚F by B bA F ; concretely, it is given by the formula
 pB bA F qpT q “ BTG bATG
 F pT q » B bA F pT q
 for T P T opX .
 Proposition 6.2.1. Let φ : AÑ B be a morphism of E8-rings, let G be a preorientedP-divisible group over A, and let X be an orbispace. Then:
 paq An object G P ModBXis a GB-pretempered local system on X if and only φ˚ G
 is a G-pretempered local system on X.
 pbq An object G P ModBXis a GB-tempered local system on X if and only φ˚ G is a
 G-tempered local system on X.
 pcq If F P ModAXis a G-pretempered local system on X, then φ˚F “ B bA F is a
 GB-pretempered local system on X.
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pdq If G is oriented and F is a G-tempered local system on X, then φ˚F “ BbAF
 is a GB-tempered local system on X.
 Proof. Assertions paq, pbq, and pcq follow immediately from the definitions. To provepdq, it will suffice (by virtue of pbq) to show that if G is oriented, F is a G-temperedlocal system on X, and M is an A-module spectrum, then the relative tensor productM bA F (given by pT P T op
 X q ÞÑM bA F pT q) is also a G-tempered local system onX, which follows from Remark 5.8.15.
 Remark 6.2.2. In the situation of Proposition 6.2.1, assume that G is oriented.Then:
 p1q If G Ñ G 1 is a morphism in LocSyspreGBpXq which exhibits G 1 as a LocSysGB
 pXq-localization of G , then the induced map φ˚ G Ñ φ˚ G 1 exhibits φ˚ G 1 as aLocSysGpXq-localization of φ˚ G .
 p2q If F Ñ F 1 is a morphism in LocSyspreG pXq which exhibits F 1 as a LocSysGpXq-
 localization of F , then the induced map
 B bA F “ φ˚F Ñ φ˚F 1“ B bA F 1
 exhibits B bA F 1 as a LocSysGBpXq-localization of B bA F .
 These assertions follow from Theorem 5.7.3, combined with the observation that theadjoint functors
 LocSyspreG pXq
 φ˚ //LocSyspreGBpXq
 φ˚oo
 carry LocSysnulG pXq into LocSysnul
 GBpXq and vice-versa.
 In the situation of Proposition 6.2.1, the extension of scalars functor
 LocSyspreG pXq Ñ LocSyspre
 GBpXq F ÞÑ B bA F
 is symmetric monoidal with respect to the levelwise symmetric monoidal structure onthe 8-categories LocSyspre
 G pXq and LocSyspreGBpXq (given by the tensor product b of
 Notation 5.8.1). If G is oriented, then it restricts to a lax symmetric monoidal functor
 φ˚ : LocSysGpXq Ñ LocSysGBpXq F ÞÑ B bA F .
 In fact, we can say more:
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Proposition 6.2.3. Let φ : AÑ B be a morphism of E8-rings, let G be a preorientedP-divisible group over A, and let X be an orbispace. Then the lax symmetric monoidalfunctor
 φ˚ : LocSysGpXq Ñ LocSysGBpXq F ÞÑ B bA F
 is symmetric monoidal.
 Proof. Let F and G be G-tempered local systems on X; we wish to show that thecanonical map θ : pφ˚F q b pφ˚ G q Ñ φ˚pF bG q is an equivalence in the 8-categoryLocSysGB
 pXq. Unwinding the definitions, we see that θ fits into a commutativediagram
 pφ˚F qbpφ˚ G q „ //
 φ˚pF bG q
 pφ˚F q b pφ˚ G q θ // φ˚pF bG q
 where the upper horizontal map is an equivalence, and the left vertical map ex-hibits pφ˚F q b pφ˚ G q as a LocSysGB
 pXq-localization of the levelwise tensor productpφ˚F qbpφ˚ G q. It will therefore suffice to show that the right vertical map exhibitsφ˚pF bG q as a LocSysGB
 pXq-localization of φ˚pF bG q, which follows from Remark6.2.2.
 Remark 6.2.4. Let G be a preoriented P-divisible group over an E8-ring A, and letX be an orbispace. Then we can regard C “ ModAX
 as an A-linear 8-category. If B isan E8-algebra over A, then CB “ ModBX
 can then be identified with the 8-categoryB bA C » ModBpCq of B-module objects of C. By virtue of Proposition 6.2.1, thisidentification restricts to equivalences
 LocSyspreGBpXq » B bA LocSyspre
 G pXq » ModBpLocSyspreG pXqq
 LocSysGBpXq » B bA LocSysGpXq » ModBpLocSysGpXqq.
 Example 6.2.5. Let G be an oriented P-divisible group over an E8-ring A and letI Ď π0pAq be a finitely generated ideal, and let B “ LIpAq denote the I-localizationof A (so that B is I-local as an A-module, and the fiber of the map A Ñ B isI-nilpotent). Then, for any A-linear 8-category C, we can identify ModBpCq with thefull subcategory of C spanned by the I-local objects. In particular, for any orbispaceX, the forgetful functor LocSysGB
 pXq Ñ LocSysGpXq is a fully faithful embedding,whose essential image is the subcategory LocSysLocpIq
 G pXq Ď LocSysGpXq appearing inDefinition 6.1.1.
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Let A be complex periodic and p-local (for some prime number p). Applying theabove analysis in the case where I “ IAn`1 is the pn` 1qst Landweber ideal of A, weobtain an equivalence LocSysEpnqG pXq “ LocSysGB
 pXq, where B “ LIpAq “ LEpnqpAq
 is the Epnq-localization of A.
 Proposition 6.2.6 (Faithfully Flat Descent). Let A be an E8-ring, let G be anoriented P-divisible group over A, and let A‚ be a flat hypercovering of A (see DefinitionSAG.D.6.1.4 ). Then, for any orbispace X, extension of scalars induces an equivalenceof 8-categories
 LocSysGpXq Ñ TotpLocSysGA‚pXqq.
 Proof. Since G is oriented, the 8-category C “ LocSysGpXq is compactly generated(Corollary 5.3.3). By virtue of Remark 6.2.4, we are reduced to proving that thecanonical map C Ñ TotpA‚bA Cq is an equivalence, which is a special case of CorollarySAG.D.7.7.7 .
 Let G be a preoriented P-divisible group over an E8-ring A and let I Ď π0pAq
 be a finitely generated ideal. Let B be an E8-algebra over A and let J “ Iπ0pBq
 be the ideal generated by the image of I. Then a B-module spectrum M is J-nilpotent (J-local, J-complete) if and only if it is I-nilpotent (I-local, I-complete)when viewed as an A-module. It follows that, for any orbispace X, the forgetful functorLocSysGB
 pXq Ñ LocSysGpXq restricts to functors
 LocSysNilpJqGB
 pXq Ñ LocSysNilpIqG pXq
 LocSysLocpJqGB
 pXq Ñ LocSysLocpIqG pXq
 LocSysCplpJqGB
 pXq Ñ LocSysCplpIqG pXq.
 Proposition 6.2.7. Let G be an oriented P-divisible group over an E8-ring A and letI Ď π0pAq be a finitely generated ideal. Let B be an E8-algebra over A, let J “ Iπ0pBq
 denote the ideal generated by I, and suppose that the map of completions A^I Ñ B^J isan equivalence. Then, for any orbispace X, the restriction functors
 LocSysNilpJqGB
 pXq Ñ LocSysNilpIqG pXq LocSysCplpJq
 GBpXq Ñ LocSysCplpIq
 G pXq
 are equivalences of 8-categories.
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Proof. Let φ : A Ñ B exhibit B as an E8-algebra over A. We will show thatthe forgetful functor φ˚ : LocSysNilpJq
 GBpXq Ñ LocSysNilpIq
 G pXq is an equivalence; theanalogous assertion for complete objects is then a formal consequence (see Corollary6.1.12). Note that φ˚ admits a left adjoint φ˚ : LocSysNilpIq
 G pXq Ñ LocSysNilpJqGB
 pXq.Since φ˚ is conservative, it will suffice to show that the unit map id Ñ φ˚φ
 ˚ is anequivalence of functors from LocSysNilpIq
 G pXq to itself. In other words, it will suffice toshow that if F is I-nilpotent, then the canonical map F Ñ BbA F is an equivalenceof G-tempered local systems on X. Fix an object T P T op
 X ; we wish to show that thecanonical map θ : F pT q Ñ BbA F pT q is an equivalence. This is clear: the homotopyfiber fibpθq can be identified with the tensor product fibpφq bA F pT q, which vanishesbecause fibpφq is I-local and F pT q is I-nilpotent.
 Corollary 6.2.8. Let p be a prime number, let φ : A Ñ B be a map of p-localE8-rings, and let G be an oriented P-divisible group over A. Let n be a nonnegativeinteger for which φ induces an equivalence LKpnqpAq Ñ LKpnqpBq. Then, for anyorbispace X, the forgetful functor
 LocSysKpnqGBpXq Ñ LocSysKpnqG pXq
 is an equivalence of 8-categories.
 Proof. When n “ 0, this follows from Example 6.2.5. Let us therefore assume thatn ą 0. In this case, we can apply Proposition 6.2.7 (with I “ ppq) to reduce tothe case where A and B are p-complete. Our assumption that G is oriented thenguarantees that A is complex periodic (so that B is also complex periodic). UsingExample 6.2.5 again, we can replace A by LEpnqpAq and thereby reduce to the casewhere A is Epnq-local. In this case, a G-tempered local system F on X is Kpnq-localif and only if it is IAn -complete, where IAn denotes the nth Landweber ideal of π0pAq
 (Remark 6.1.14). The desired result now follows from Proposition 6.2.7.
 6.3 The Infinitesimal CaseLet p be a prime number, which we regard as fixed throughout this section. Let
 A be a p-local E8-ring and let G be an oriented p-divisible group over A. For anyorbispace X, Corollary 6.1.17 asserts that the stable 8-category LocSysGpXq admits asemi-orthogonal decomposition by the full subcategories tLocSysKpmqG pXqumě0. Thelast of these subcategories admits a more concrete description:
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Theorem 6.3.1. Let G be an oriented p-divisible group of height n over a p-localE8-ring A, and let X be an orbispace with underlying space |X|. Then the forgetfulfunctor LocSysGpXq Ñ LocSysAp|X|q of Variant 5.1.15 restricts to an equivalence of8-categories
 LocSysKpnqG pXq » LocSysKpnqA p|X|q.
 Here LocSysKpnqA p|X|q “ Funp|X|,ModKpnqA q denotes the full subcategory of LocSysAp|X|qspanned by those local systems of A-modules on |X| which take Kpnq-local values.
 Remark 6.3.2. To prove Theorem 6.3.1, we are free to replace A by its Kpnq-localization LKpnqpAq (see Corollary 6.2.8). If n ą 0, the orientation of G thendetermines an equivalence GQ
 A » G, where GQA is the Quillen p-divisible group of A
 (Proposition 2.5.6).
 Remark 6.3.3. Let A be an E8-ring which is Kpnq-local and complex periodic, andlet G “ GQ
 A be the Quillen p-divisible group of A. For any orbispace X, the forgetfulfunctor LocSysGpXq Ñ LocSysAp|X|q of Variant 4.9.6 carries the trivial G-temperedlocal system AX to the trivial local system A|X|. Since AX is Kpnq-local, Theorem6.3.1 implies that the induced map
 ζ : Ext˚LocSysGpXqpAX, AXq » Ext˚LocSysAp|X|qpA|X|, A|X|q
 is an isomorphism. Combining this observation with Remark 5.1.20, we recoverthe statement that the Atiyah-Segal comparison map ζ : A˚GpXq Ñ A˚p|X|q is anisomorphism. In other words, we can regard Theorem 6.3.1 as a categorified versionof Theorem 4.2.5.
 Proof of Theorem 6.3.1. Without loss of generality, we may assume that the E8-ringA is Kpnq-local and that G “ GQ
 A is the Quillen p-divisible group of A (Remark6.3.2). Let us abuse notation by identifying |X| with the full subcategory of T op
 Xspanned by those objects T Ñ X where T is contractible. Let C Ď ModAX
 denote thefull subcategory spanned by those AX-modules F which are right Kan extensionsof their restriction to |X|, and let CKpnq denote the full subcategory of C spanned bythose objects F for which the spectrum F pT q is Kpnq-local for T P |X|. ApplyingProposition HTT.4.3.2.15 (to the fibration q : ModpSpq Ñ CAlg of Construction5.1.8), we deduce that the restriction functors
 C Ñ LocSysApXq F ÞÑ F ||X|
 CKpnq Ñ LocSysKpnqA pXq F ÞÑ F ||X|
 203

Page 204
                        
                        

are equivalences of 8-categories. It will therefore suffice to show that CKpnq “LocSysKpnqG pXq.
 Unwinding the definitions, we see that a module F P ModAXbelongs to CKpnq if
 and only if it satisfies the following conditions:
 paq For each T P |X|, the spectrum F pT q is Kpnq-local.
 pbq For each object T P TX having universal cover T0 P CovpT q, the canonical mapF pT q Ñ F pT0q
 hAutpT0T q is an equivalence.
 Suppose first that F P LocSysKpnqG pXq; we wish to show that F satisfies paq andpbq. Condition paq is obvious. To prove pbq, it suffices to show that F pT q is IpT0T q-complete when viewed as a module over ATG “ AT . We will assume that n ą 0(otherwise there is nothing to prove), so that A is complex periodic. Let IAn Ď π0pAq
 denote the nth Landweber ideal of A. Then the inverse image of the vanishing locusof IAn under the map | SpecpATGq| Ñ | SpecpAq| is contained in the zero section: thatis, some power of the ideal IpT0T q is contained in IAnA
 0GpT q. Consequently, to show
 that F pT q is IpT0T q-local, it suffices to show that it is IAn -local, or equivalently thatit is Kpnq-local (which follows by assumption).
 Now suppose that F satisfies paq and pbq. It follows immediately that for eachT P TX, the spectrum F pT q is Kpnq-local. We will show that F is a G-temperedlocal system. We first verify condition pBq of Definition 5.2.4. Let T be any object ofTX and let T0 P CovpT q be a connected covering space of T ; we wish to show thatthe map θ : F pT q Ñ F pT0q
 hAutpT0T q has IpT0T q-local fiber. To prove this, let T1 bea universal cover of T0. We then have a commutative diagram
 F pT q θ //
 ''
 F pT0qhAutpT0T q
 uuF pT1q
 hAutpT1T q
 where the vertical maps are equivalences by virtue of assumption pbq. It follows that θis an equivalence (so that fibpθq » 0 is automatically IpT0T q-local).
 It remains to prove that F is a G-pretempered local system on X. Fix a mapu : T 1 Ñ T in TX with connected homotopy fibers; we wish to show that the canonical
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map ρ : AT 1G bATGF pT q Ñ F pT 1q is an equivalence. Form a pullback square
 T 10 //
 T0
 T 1 // T,
 where T0 is a universal cover of T . Using condition pbq, we can identify ρ with the map
 ρ : AT 1G bATGF pT0q
 hAutpT0T q Ñ F pT 10qhAutpT 10T 1q.
 Since AT1
 G is finite and flat as a module over ATG, the functor M ÞÑ AT1
 G b ATGM
 commutes with limits. Consequently, it will suffice to show that the natural map
 ρ0 : AT 1G bATGF pT0q » A
 T 10G b
 AT0G
 F pT0q Ñ F pT 10q
 is an equivalence. In other words, we can replace T by T0 (and T 1 by T 10) and therebyreduce to the problem of showing that ρ is an equivalence in the special case T iscontractible. Setting M “ F pT q, we are reduced to the problem of showing thatthe canonical map AT
 1
 bAM ÑMT 1 is an equivalence. It follows from PropositionAmbi.5.4.6 that this map is an equivalence after Kpnq-localization, and is thereforean equivalence (since both AT
 1
 bAM and MT 1 are Kpnq-local).
 6.4 Categorified Character TheoryLet G be a preoriented P-divisible group over an E8-ring A which splits as a
 direct sum G0‘Λ, where Λ is the constant P-divisible group associated to a colatticeΛ (Construction 2.7.5). For any orbispace X, Theorem 4.3.2 supplies an equivalenceof χ : AX
 G » ALΛpXqG0 . When G is oriented, this result has a counterpart for tempered
 local systems:
 Theorem 6.4.1. Let G be an oriented P-divisible group over an E8-ring A whichdecomposes as a sum G0 ‘ Λ, for some colattice Λ. For any orbispace X, there existsa symmetric monoidal fully faithful embedding
 Φ : LocSysGpXq Ñ LocSysG0pLΛpXqq.
 The remainder of this section is devoted to the proof of Theorem 6.4.1. In whatfollows, we fix a preoriented P-divisible group G0 over an E8-ring A, a colattice Λ
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with Pontryagin dual pΛ, and an orbispace X. Let G denote the direct sum G0 ‘ Λ,which we also regard as a preoriented P-divisible group over A. Our first step is toconstruct a functor Ψ : LocSysG0pL
 ΛpXqq Ñ LocSysGpXq which will be right adjoint
 to the embedding Φ of Theorem 6.4.1 (at least in the case where G is oriented), butis much easier to describe.
 Notation 6.4.2. For each object T P T , we will identify the set of connected com-ponents π0pLΛ
 pT qq “ π0pTBpΛq with the set HomppΛ, π1pT qq of group homomorphisms
 from pΛ to the finite group π1pT q. If α : pΛ Ñ π1pT q is a group homomorphism, we willwrite LΛ
 pT qα for the corresponding connected component of LΛpT q (so that LΛ
 pT qαis homotopy equivalent to T , by evaluation at the base point of the classifying spaceBpΛ).
 Construction 6.4.3 (The Functor Ψ). For every functor G : T opLΛpXq Ñ Sp, we define
 a functor ΨpG q : T opX Ñ Sp by the formula
 ΨpG qpT q “ź
 α:pΛÑπ1pT q
 G pLΛpT qαq.
 The construction G ÞÑ ΨpG q then determines a lax symmetric monoidal functor
 Ψ : FunpT opLΛpXq, Spq Ñ FunpT op
 X , Spq;
 see Construction 6.4.10 below for a more precise description of this functor. Inparticular, the functor Ψ carries commutative algebra objects of FunpT op
 LΛpXq, Spqto commutative algebra objects of FunpT op
 X , Spq. By virtue of Proposition 2.7.15,it carries the trivial G0-pretempered local system ALΛpXq on LΛ
 pXq to the trivialG-pretempered local system AX on X. It follows that Ψ also determines a functor
 ModALΛpXqÑ ModALΛpXq
 ,
 which we will also denote by Ψ.
 Remark 6.4.4. Let AX be the trivial G-tempered local system on X, which we viewas a commutative algebra object of the functor 8-category FunpT op
 X , Spq. Let F bean AX-module. For each object T P TX, we can view F pT q as a module over the ringspectrum
 ATG “ ALΛpT qG0 “
 ź
 α:pΛÑπ1pT q
 ALΛpT qαG0 .
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For each homomorphism α : pΛ Ñ π1pT q, we define
 F pT qα “ ALΛpT qαG0 bATG
 F pT q.
 Then F pT q factors as a productś
 α:pΛÑπ1pT qF pT qα, where each factor F pT qα is a
 module over the tempered function spectrum ALΛpT qαG0 » ATG0 .
 Unwinding the definitions, we see that:
 paq The AX-module F is a G-pretempered local system on X if and only if, for eachobject T P TX, each morphism f : T 1 Ñ T with connected homotopy fibers,and each homomorphism α : pΛ Ñ π1pT
 1q, the canonical map
 AT1
 G0 bATG0F pT qα Ñ F pT 1qα1
 is an equivalence. Here we abuse notation by identifying α with its image inHomppΛ, π1pT qq.
 pbq An object F P LocSyspreG pXq is G-tempered if and only if, for each object
 T P TX, each connected covering space T0 P CovpT q, and each homomorphismα : pΛ Ñ π1pT0q, the canonical map
 F pT qα Ñ F pT0qhAutpT0T qα
 exhibits F pT0qhAutpT0T qα as the completion of F pT qα with respect to the aug-
 mentation ideal IpT0T q Ď A0G0pT q; here we abuse notation by identifying α
 with its image in HomppΛ, π1pT qq.
 Remark 6.4.5. Let G be an ALΛpXq-module object of FunpT opLΛpXq, Spq. Using the
 conventions of Remark 6.4.4, we see that the AX-module ΨpG q of Construction 6.4.3is given by the formula ΨpG qpT qα “ G pLΛ
 pT qαq; here T denotes an object of TX andα any homomorphism from pΛ to π1pT q.
 Combining Remarks 6.4.4 and 6.4.5, we obtain the following:
 Proposition 6.4.6. For every G0-pretempered local system G on the formal loopspace LΛ
 pXq, the AX-module ΨpG q of Construction 6.4.3 is a G-pretempered localsystem on X. If G is a G0-tempered local system on LΛ
 pXq, then ΨpG q is G-temperedlocal system on X.
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Notation 6.4.7 (The Functor Ψ). It follows from Proposition 6.4.6 that the construc-tion G ÞÑ ΨpG q restricts to functors
 Ψpre : LocSyspreG0pL
 ΛpXqq Ñ LocSyspre
 G pXq Ψ : LocSysG0pLΛpXqq Ñ LocSysGpXq.
 The lax symmetric monoidal structure on Ψ then determines a lax symmetric monoidalstructure on the functor Ψpre (with respect to the levelwise tensor productb of Notation5.8.1). If G is oriented, it determines a lax symmetric monoidal structure on Ψ (withrespect to the tempered tensor product of Construction 5.8.7).
 Remark 6.4.8. The lax symmetric monoidal functor Ψpre is actually symmetricmonoidal. However, the functor Ψ is not symmetric monoidal.
 We can now formulate Theorem 6.4.1 more precisely:
 Theorem 6.4.9. If G is an oriented P-divisible group, then the functor Ψ of Notation6.4.7 has a fully faithful left adjoint Φ : LocSysGpXq Ñ LocSysG0pL
 ΛpXqq. Moreover,
 the lax symmetric monoidal structure on Ψ induces a symmetric monoidal structureon Φ.
 We now construct the left adjoint Φ appearing in Theorem 6.4.9.
 Construction 6.4.10. Let M`Ñ ∆1 be a Cartesian fibration which classifies the
 formal loop functor LΛ : OSLΛpXq Ñ OSX, so that the fibers are given by
 M`0 “ OSLΛpXq M`
 1 “ OSX .
 We let M denote the full subcategory of M` spanned by the objects which belongeither to the full subcategory TLΛpXq Ă OSLΛpXq “M`
 0 or to TX Ă OSX »M`0 .
 More informally, M is an 8-category equipped with a functor MÑ ∆1 having fibersM0 “ TLΛpXq, M1 “ TX, with morphisms given by
 MapMpT0, T1q “ MapOSLΛpXq
 pT0,LΛpT1qq “
 ž
 α:pΛÑπ1pT1q
 MapTLΛpXq
 pT0,LΛpT1qαq
 for T0 PM0, T1 PM1.Note that we have an evident retraction r ofM` onto the subcategoryM`
 0 (whoserestriction toM`
 1 is the formal loop functor LΛ : OSLΛpXq Ñ OSX). Let AM denotethe opposite of the composite functor
 M ãÑM` rÝÑM`
 0 Ñ OSAG0ÝÝÝÑ CAlgop .
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We regard AM as a functor from Mop to CAlg, whose restriction to Mop0 » T op
 LΛpXqis the trivial G0-tempered local system ALΛpXq, and whose restriction to Mop
 1 » TXis the trivial G-tempered local system AX.
 Let ι0 : TLΛpXq “M0 ãÑM and ι1 : TX “M1 ãÑM be the inclusion maps,and let q : ModpSpq Ñ CAlg be the fibration of Construction 5.1.8. Unwinding thedefintions, we see that the functor Ψ of Construction 6.4.3 is given (on ALΛpXq-modules)by the composition
 ModALΛpXq» FunCAlgpT
 opLΛpXq,ModpSpqq
 ι0˚ÝÝÑ FunCAlgpMop,ModpSpqqι˚1ÝÑ FunCAlgpT
 opX ,ModpSpqq
 » ModAX,
 where ι˚1 is given by precomposition with ι1 and ι0˚ is given by q-right Kan extensionalong ι0. It follows that Ψ admits a left adjoint Φ, given by the composition
 ModAX» FunCAlgpT
 opX ,ModpSpqq
 ι1!ÝÑ FunCAlgpMop,ModpSpqqι˚0ÝÑ FunCAlgpT
 opLΛpXq,ModpSpqq
 » ModALΛpXq,
 where ι˚0 is given by precomposition with ι0 and ι1! is given by q-left Kan extensionalong ι1.
 More informally: if F is an AG-module object of FunpT opX , Spq, then ΦpF q is
 given by the formula ΦpF qpT q “ limÝÑT 1
 pATG0bAT 1GF pT 1qq, where the colimit is indexed
 by the opposite of the 8-category TX ˆTLΛpXq
 TT LΛpXq.
 Remark 6.4.11. Let T be an object of T . By definition, the space LΛpXqT “
 MapOSpT,LΛpXqq can be identified with the filtered colimit
 limÝÑΛ1ĎΛ
 MapOSpT ˆBpΛ1,Xq,
 indexed by the collection of all finite subgroups Λ1 Ď Λ (and pΛ1 denotes the Pontryagindual group HompΛ1,Q Zq). If Λ0 Ď Λ is a finite subgroup, we will say that a map oforbispaces f : T Ñ LΛ
 pXq is represented by a map f0 : T ˆBpΛ0 Ñ X if it is the imageof f0 under the composite map
 MapOSpT ˆBpΛ0,Xq Ñ lim
 ÝÑΛ1ĎΛ
 MapOSpT ˆBpΛ1,Xq » MapOSpT,LΛ
 pXqq.
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If this condition is satisfied, then the construction Λ1 ÞÑ T ˆB pΛ1 determines a rightcofinal functor
 tFinite subgroups Λ1 Ď Λ containing Λ0u Ñ TX ˆTLΛpXq
 TT LΛpXq
 If F is a AG-module object of FunpT opX , Spq, we therefore obtain an equivalence
 ΦpF qpT q “ limÝÑ
 Λ0ĎΛ1ĎΛpATG0 bATˆB
 xΛ1G
 F pT ˆB pΛ1qq.
 Example 6.4.12. Let F be a G-pretempered local system on X, let T be an objectof T , and let f : T Ñ LΛ
 pXq be a map of orbispaces which is represented byf0 : T ˆ BpΛ0 Ñ X, for some finite subgroup Λ0 Ď Λ. Let ρ : pΛ pΛ0 denotethe Pontryagin dual of the inclusion map, so that we can view the pair p0, ρq as ahomomorphism from pΛ to X. Our assumption that F is G-pretempered guaranteesthat all of the transition maps in the filtered diagram
 tATG0 bATˆBxΛ1
 GF pT ˆB pΛ1quΛ0ĎΛ1ĎΛ
 of Remark 6.4.11 are equivalences. We therefore obtain an equivalence
 ΦpF qpT q » ATG0 bATˆBpΛ0
 GF pT ˆBpΛ0q
 » ATG0 bś
 α ALΛpTˆByΛ0qαG0
 pź
 α
 F pT ˆBpΛ0qαq
 » ATG0 bATˆBpΛ0
 G0
 F pT ˆBpΛ0qp0,ρq
 » AbAB pΛ0G0
 F pT ˆBpΛ0qp0,ρq;
 here the tensor product is formed along the augmentation map ε : ABpΛ0G0 Ñ A
 Proposition 6.4.13. Let F be an AX-module object of FunpT opX , Spq. If F is a
 G-pretempered local system on X, then ΦpF q is a G0-pretempered local system onLΛpXq. If G is oriented and F is a G-tempered local system on X, then ΦpF q is a
 G0-tempered local system on LΛpXq.
 Proof. Assume first that F is a G-pretempered local system on X. Fix an objectT P T equipped with a map f : T Ñ LΛ
 pXq, and let T 1 be a connected covering spaceof T . We wish to show that the canonical map
 θ : AT 1G0 bATG0Φpre
 pF qpT q Ñ ΦpF qpT 1q
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is an equivalence. Choose a representative of f by a map of orbispaces f0 : TˆBxΛ0 Ñ X,where Λ0 is a finite subgroup of Λ, and let ρ : pΛ xΛ0 be the Pontryagin dual of theinclusion map. Using Example 6.4.12, we see that θ is obtained from the tautologicalmap
 θ : AT 1ˆBpΛ0G0 b
 ATˆB pΛ0G0
 F pT ˆBpΛ0qp0,ρq Ñ F pT 1 ˆBpΛ0qp0,ρq
 by extending scalars along the augmentation map ε : ABpΛ0G0 Ñ A. It will therefore
 suffice to show that θ is an equivalence, which follows from our assumption that F isG-pretempered (by virtue of assertion paq of Remark 6.4.4).
 Now suppose that F is a G-tempered local system on X and that G is oriented.We wish to show that ΦpF q is a G0-tempered local system on LΛ
 pXq. We willprove this by verifying condition pB2q of Remark 5.2.8. Let f : T Ñ LΛ
 pXq andf0 : T ˆ BxΛ0 Ñ X be as above, and let T0 be a connected covering space of T forwhich the automorphism group AutpT0T q is cyclic of order p, for some prime numberp. We then have a fiber sequence T0 Ñ T Ñ BCp, and the ideal IpT0T q Ď A0
 G0pT q ofNotation 5.2.1 is generated by the image of the augmentation ideal ICp Ď A0
 G0pBCpq.Using the description of ΦpF qpT q and ΦpF qpT0q supplied by Example 6.4.12, we canidentify ξ with the composition of the natural map
 ξ1 : AbAB pΛ0G0
 F pT ˆBpΛ0qp0,ρq Ñ AbAB pΛ0G0
 F pT ˆBpΛ0qhCpp0,ρq
 with the map ξ2 which appears in the diagram of fiber sequences maps ξ1 and ξ2
 appearing in the diagram
 AbAB pΛ0G0
 pF pT0 ˆBpΛ0qp0,ρqqhCp„ //
 Nm
 pAbAB pΛ0G0
 F pT0 ˆBpΛ0qp0,ρqqhCp
 Nm
 AbAB pΛ0G0
 F pT ˆBpΛ0qhCpp0,ρq
 ξ2 //
 pAbAB pΛ0G0
 F pT ˆBpΛ0qp0,ρqqhCp
 AbAB pΛ0G0
 F pT ˆBpΛ0qtCpp0,ρq
 γ // pAbAB pΛ0G0
 F pT ˆBpΛ0qp0,ρqqtCp .
 Our assumption that F is G-tempered guarantees that the fiber fibpξ1q is IpT0T q-local(see Remark 6.4.4). It will therefore suffice to show that fibpξ1q is also IpT0T q-local,or equivalently that it is ICp-local when viewed as a module over ABCpG0 . Since thesquare on the lower right is a pullback, it induces an equivalence fibpξ1q „ÝÑ fibpγq. It
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will therefore suffice to show that fibpγq is ICp-local. In fact, our assumption that Gis oriented guarantees that the domain and codomain of γ are individually ICp-local(Proposition 4.6.8).
 Notation 6.4.14 (The Functor Φ). It follows from Proposition 6.4.13 that thefunctor Φ : ModAX
 Ñ ModALΛpXqof Construction 6.4.10 restricts to a functor Φpre :
 LocSyspreG pXq Ñ LocSyspre
 G0pLΛpXqq, which is left adjoint to the functor Ψpre of Notation
 6.4.7. If the P-divisible group G is oriented, then Φpre restricts to a functor
 Φ : LocSysGpXq Ñ LocSysG0pLΛpXqq,
 which is left adjoint to the functor Ψ : LocSysG0pLΛpXqq Ñ LocSysGpXq of Notation
 6.4.7.
 Remark 6.4.15. Suppose that G is oriented. Then the functor Φpre : LocSyspreG pXq Ñ
 LocSyspreG0pL
 ΛpXqq carries the full subcategory LocSysnul
 G pXq Ď LocSyspreG pXq into the full
 subcategory LocSysnulG0pL
 ΛpXqq Ď LocSyspre
 G0pLΛpXqq. This follows from Theorem 5.7.3,
 together with the fact that the right adjoint Ψpre : LocSyspreG0pL
 ΛpXqq Ñ LocSyspre
 G pXqcarries G0-tempered local systems to G-tempered local systems (Proposition 6.4.6).
 Proposition 6.4.16. The functor Φpre : LocSyspreG pXq Ñ LocSyspre
 G0pLΛpXq is fully
 faithful. In particular, if G is oriented, then the functor
 Φ : LocSysGpXq Ñ LocSysG0pLΛpXq
 is fully faithful.
 Proof. Let F be a G0-pretempered local system on X; we wish to show that the unitmap u : F Ñ pΨpre ˝ ΦpreqpF q is an equivalence. Choose an object T P T equippedwith a map f : T Ñ X, and let α : pΛ Ñ π1pT q be a homomorphism; we wish to showthat u induces an equivalence of ATG0-modules
 uT,α : F pT qα Ñ ΨprepΦpre
 pF qqpT qα.
 Note that the image of α can be identified with the Pontryagin dual pΛ0 for somefinite subgroup Λ0 Ď Λ, and that the map LΛ
 pT qα ãÑ LΛpT q
 LΛpfqÝÝÝÑ LΛ
 pXq is thenrepresented by the composition
 LΛpT qα ˆBpΛ0
 aÝÑ T
 fÝÑ X,
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where a is obtained by amalgamating the homotopy equivalence LΛpT qα » T with
 the inclusion map pΛ0 ãÑ π1pT q. Let ρ : pΛ pΛ0 denote the Pontryagin dual of theinclusion Λ0 ãÑ Λ. Using the descriptions of Φpre and Ψpre supplied by Remark 6.4.5and Example 6.4.12, we can identify uT,α with the composite map
 F pT qα Ñ F pLΛpT qα ˆBpΛ0qp0,ρq Ñ Ab
 AB pΛ0G0
 F pLΛpT qα ˆBpΛ0qp0,ρq
 determined by a. Since a has connected homotopy fibers and F is G-pretempered,we can use Remark 6.4.4 to rewrite this map as
 F pT qα Ñ ALΛpT qαˆBpΛ0G0 bATG
 F pT qα
 Ñ AbAB pΛ0G0
 ALΛpT qαˆBpΛ0G0 bATG0
 F pT qα
 » AT1
 G0 bATG0F pT qα,
 where T 1 denotes the homotopy fiber of the map LΛpT qα ˆ BpΛ0 Ñ BxΛ0 given by
 projection onto the second factor. The desired result now follows from the observationthat the composite map T 1 Ñ LΛ
 pT qα ˆBpΛ0aÝÑ T is a homotopy equivalence.
 Proof of Theorem 6.4.9. Suppose that G is oriented. Then the functors Ψpre and Ψof Notation 6.4.7 admit left adjoints Φpre and Φ (Notation 6.4.14), which are fullyfaithful by virtue of Proposition 6.4.16. Moreover, since the functors Ψpre and Ψ are laxsymmetric monoidal with respect to the tensor products b and b, the left adjoints Φpre
 and Φ inherit the structure of colax symmetric monoidal functors with respect to band b. In particular, for every pair of G-tempered local systems F ,G P LocSysGpXq,we have canonical maps
 θ : ΦprepF bG q Ñ Φpre
 pF qbΦprepG q θ : ΦpF bG q Ñ ΦpF q b ΦpG q
 which fit into a commutative diagram
 ΦprepF bG q θ //
 u
 ΦprepF qbΦprepG q
 v
 ΦpF bG q θ // ΦpF q b ΦpG q.
 To complete the proof, it will suffice to show that θ is an equivalence (and to provean analogous assertion for unit objects, which we leave to the reader). From the
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description of Φpre supplied by Example 6.4.12, it is easy to see that the map θ isan equivalence. It follows from the construction of the tempered tensor producton LocSysG0pL
 ΛpXqq that the fiber fibpvq belongs to LocSysnul
 G0pLΛpXqq. Similarly,
 using the construction of the tempered tensor product on LocSysGpXq together withRemark 6.4.15, we conclude that fibpuq belongs to LocSysnul
 G0pLΛpXqq. It follows that
 the fiber fibpθq must belong to the intersection LocSysG0pLΛpXqq X LocSysnul
 G0pLΛpXqq,
 and therefore vanishes (Theorem 5.7.3).
 6.5 Isotropic Local SystemsLet G0 be an oriented P-divisible group over an E8-ring, and let G “ G0 ‘ Λ,
 where Λ is a colattice. For every orbispace X, Theorem 6.4.1 supplies a fully faithfulembedding
 Φ : LocSysGpXq Ñ LocSysG0pLΛpXqq.
 The goal of this section is to describe the essential image of the embedding Φ.We begin with a few heuristic remarks. Let Y be an orbispace and let T “ BH be
 the classifying space of a finite abelian group H. Evaluation at the base point of Tthen determines a map
 ev : MapOSpT,Yq Ñ MapOSp˚,Yq » |Y|.
 Roughly speaking, one can think of a point f of the space YT » MapOSpT,Yq asconsisting of a point y “ evpfq of the underlying space |Y|, together with an “action”of the group H on y.
 Suppose now that Y “ LΛpXq, for some colattice Λ. In this case, every point
 y P |Y| can be represented by a map of orbispaces f0 : BpΛ0 Ñ X, for some finitesubgroup Λ0 Ď Λ (see Remark 6.4.11). For any homomorphism of finite abelian groupsu : H Ñ pΛ0, we obtain the composite map
 BpH ˆ pΛ0qpu,idqÝÝÝÑ BpΛ0
 f0ÝÑ X
 then represents a map BH Ñ LΛpXq “ Y. This can be viewed as an action of H on
 the point y of a special type: roughly speaking, it is associated to the monodromy ofthe profinite torus BpΛ. We now axiomatize a relative version of this condition.
 Definition 6.5.1. Let X be an orbispace and let Λ be a colattice. We will saythat a morphism f : T 1 Ñ T be a morphism in the 8-category TLΛpXq is relatively
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monodromic if the structure map T Ñ LΛ can be represented (in the sense of Remark6.4.11) by a composite map
 T ˆBpΛ0gÝÑ BH Ñ X
 where Λ0 is a finite subgroup of Λ, H is a finite abelian group, and the composite map
 π1pT1ˆBpΛ0q Ñ π1pT ˆBpΛ0q
 gÝÑ π1pBHq “ H
 is surjective.
 Warning 6.5.2. In the situation of Definition 6.5.1, let Y denote the formal loopspace LΛ
 pXq. The notion of relatively monodromic morphism in TY is not intrinsicto the orbispace Y: it depends on the presentation of Y as a formal loop space.
 Example 6.5.3. Let X be an orbispace, let Λ be a colattice, and let f : T 1 Ñ T be amorphism in the 8-category TLΛpXq. If f induces a surjection π1pT
 1q Ñ π1pT q, thenit is relatively monodromic. The converse holds if Λ “ 0 is the trivial colattice (inwhich case LΛ
 pXq can be identified with X).
 Remark 6.5.4. Let X be an orbispace, let Λ be a colattice, and suppose we aregiven a composable pair of morphisms T 2 f
 ÝÑ T 1gÝÑ T in the 8-category TLΛpXq. If
 pg ˝ fq is relatively monodromic, then g and f are relatively monodromic. Conversely,if g is relatively monodromic and f induces a surjection of fundamental groupsπ1pT
 2q Ñ π1pT q, then g ˝ f is relatively monodromic.
 Warning 6.5.5. In the situation of Definition 6.5.1, the collection of relativelymonodromic morphisms is not necessarily closed under composition. However, one canshow that it is closed under composition if the orbispace X is corporeal (see Remark3.3.15).
 Example 6.5.6. Let X be an orbispace and let Λ be a colattice. Then any morphismf : T 1 Ñ T in the 8-category TLΛpXq admits an essentially unique factorizationas a composition T 1
 gÝÑ T0
 hÝÑ T , where g induces an epimorphism of fundamental
 groups π1pT1q π1pT0q and h induces a monomorphism of fundamental groups
 π1pT0q ãÑ π1pT q. It follows from Remark 6.5.4 that f is relatively monodromic if andonly if h is relatively monodromic.
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Remark 6.5.7. Let X be an orbispace and let Λ be a colattice. Using Remark 6.5.4and Example 6.5.6, we see that every relatively monodromic morphism T 1 Ñ T inTLΛpXq can be factored as a composition of relatively monodromic morphisms
 T 1fÝÑ T0 Ñ T1 Ñ ¨ ¨ ¨ Ñ Tn “ T
 where f induces a surjection π1pT1q π0pT0q, and each of the maps Ti Ñ Ti`1 exhibits
 Ti as a connected covering space of Ti`1, where the automorphism group AutpTiTi`1q
 is cyclic of order pi for some prime number pi.
 Definition 6.5.8. Let Λ be a colattice, let X be an orbispace, and let G0 be apreoriented P-divisible group over an E8-ring A. We will say that a G0-pretemperedlocal system G on LΛ
 pXq is isotropic if, for every relatively monodromic morphismf : T 1 Ñ T in TLΛpXq, the induced map
 AT1
 G0 bATG0G pT q Ñ G pT 1q
 is an equivalence.
 Remark 6.5.9. In the situation of Definition 6.5.8, it suffices to verify that the map
 AT1
 G0 bATG0G pT q Ñ G pT 1q
 is an equivalence in the special case where f : T 1 Ñ T is a relatively monodromicmap which exhibits T 1 as a connected covering space of T whose automorphism groupAutpT 1T q is cyclic of prime order (see Remark 6.5.7).
 Remark 6.5.10. Let Λ be a colattice, let f : X Ñ Y be a map of orbispaces, and letG0 be a preoriented P-divisible group over an E8-ring A. Let G be a G0-pretemperedlocal system on the formal loop space LΛ
 pYq. If G is isotropic, then the pullbackLΛpfq˚pG q P LocSyspre
 G0pLΛpXqq is isotropic.
 Proposition 6.5.11. Let Λ be a colattice, let X be an orbispace, and let G0 be anoriented P-divisible group over an E8-ring A. Let G be a G0-tempered local systemon the formal loop space LΛ
 pXq. Then G is isotropic if and only if it satisfies thefollowing condition:
 p˚q Let T be an object of TLΛpXq and let T0 P CovpT q be a connected covering spaceof T such for which the map T0 Ñ T is relatively monodromic and AutpT0T q
 is a cyclic group of order p, for some prime number p. Then AutpT0T q actstrivially on the homotopy groups π˚pG pT0qr1psq.
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Proof. Let T and T0 P CovpT q be as in p˚q, and let M denote the cofiber of the map
 θ : AT0G0 bATG0
 G pT q Ñ G pT0q.
 Since G is pretempered, the canonical map M ÑM r1ps is an equivalence (Theorem5.5.1). We therefore obtain another fiber sequence
 AT0G0r1psbATG0
 r1ps Ñ G pT qr1ps Ñ G pT0qr1ps ÑM.
 Note that the group AutpT0T q acts trivially on the first term (since AT0G r1ps is
 a direct factor of ATGr1ps), and that AutpT0T q has no nonzero fixed points onπ˚pMq (Theorem 5.5.1). It follows that the induced map π˚pG pT0qr1psq Ñ π˚pMq
 is an epimorphism, whose kernel is the subgroup of π˚pG pT0qr1psq which is fixedby the action of AutpT0T q. Consequently, the group AutpT0T q acts trivially onπ˚pG pT0qr1psq if and only if M » 0: that is, if and only if θ is an equivalence. Thedesired result now follows from Remark 6.5.9.
 Corollary 6.5.12. Let Λ be a colattice, let X be an orbispace, and let G0 be anoriented P-divisible group over an E8-ring A. Suppose that Λ “ Λppq is p-nilpotent,for some prime number p. Then every p-nilpotent G0-tempered local system G P
 LocSysG0pLΛpXqq is isotropic.
 Proof. We verify condition p˚q of Proposition 6.5.11. Let T be an object of TLΛpXqand let T0 P CovpT q be a connected covering space of T such for which the mapT0 Ñ T is relatively monodromic and AutpT0T q is a cyclic group of order `, for someprime number `. Using the assumption that Λ “ Λppq, we deduce that ` “ p. Ourassumption that G is p-nilpotent then guarantees that π˚pG pT0qr1psq vanishes, andtherefore carries a trivial action of AutpT0T q.
 We can now state the main result of this section:
 Theorem 6.5.13. Let Λ be a colattice, let X be an orbispace, let G0 be an orientedP-divisible group over an E8-ring A, and set G “ G0‘Λ. Let G be a G0-pretemperedlocal system on the formal loop space LΛ
 pXq. Then G is isotropic if and only if itbelongs to the essential image of the functor
 Φpre : LocSyspreG pXq Ñ LocSyspre
 G0pLΛpXqq
 of Notation 6.4.14.
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Variant 6.5.14. In the situation of Theorem 6.5.13, suppose that the P-divisiblegroup G is oriented. Then the functor
 Φ : LocSysGpXq Ñ LocSysG0pLΛpXqq
 is a fully faithful embedding, whose essential image consists of the isotropic G0-tempered local systems on LΛ
 pXq. This follows from Theorem 6.5.13: note that if aG0-tempered local system G on LpXq is isotropic, then it can be identified with ΦpF q(Theorem 6.5.13), where F “ ΦpG q is G-tempered by virtue of Proposition 6.4.6.
 Proof of Theorem 6.5.13. Assume first that we can write G “ ΦprepF q, for someG-pretempered local system F on X. We wish to show that G is isotropic. Fixa relatively monodromic morphism g : T 1 Ñ T in TLΛpXq. Then the structuralmap f : T Ñ X is represented by a map f0 : T ˆ BpΛ0 Ñ X which factors as acomposition T ˆ BpΛ0
 f 10ÝÑ T Ñ X for some object T P T for which the composition
 T 1ˆBpΛ0 Ñ T ˆBpΛ0f 10ÝÑ T has connected homotopy fibers. We wish to show that the
 canonical map θ : AT 1G0 bATG0G pT q Ñ G pT 1q is an equivalence. Let ρ : pΛ pΛ0 denote
 the Pontryagin dual of the inclusion map. Using the description of Φpre supplied byExample 6.4.12, we see that θ can be obtained from a map
 θ : AT 1ˆBpΛ0G0 b
 ATˆB pΛ0G0
 F pT ˆBpΛ0qp0,ρq Ñ F pT 1 ˆBpΛ0qp0,ρq
 by extending scalars along the augmentation map ε : ABpΛ0G0 Ñ A. It will therefore
 suffice to show that θ is an equivalence. This follows from our assumption that F isG-pretempered (and Remark 6.4.4), which allows us to identify both sides with thetensor product AT 1ˆBpΛ0
 G0 bATG0
 F pT qα; here α denotes the composite homomorphism
 pΛ ρÝÑ xΛ0 ãÑ π1pT ˆBpΛ0q
 π1pf 10qÝÝÝÑ π1pT q.
 We now prove the converse. Let G be a G0-pretempered local system on the formalloop space LΛ
 pXq which is isotropic, in the sense of Definition 6.5.8. We wish to showthat the counit map v : ΦprepΨprepG qq Ñ G is an equivalence. Fix an object T 1 in T
 and a map of orbispaces f 1 : T 1 Ñ LΛpXq, which we may assume is represented by
 f 10 : T 1 ˆBpΛ0 Ñ X for some finite subgroup Λ0 Ď Λ (Remark 6.4.11). Let ρ : pΛ pΛ0
 denote the Pontryagin dual of the inclusion, and set T “ LpT 1 ˆ BxΛ0qp0,ρq, so thatthe map f 1 factors as a composition T 1
 gÝÑ T
 fÝÑ LΛ
 pXq where f is given by therestriction of the map Lpf 10q : LΛ
 pT 1 ˆ BpΛ0q Ñ LΛpXq. Using the descriptions of
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Φpre and Ψpre supplied by Remark 6.4.5 and Example 6.4.12, we see that the mapΦprepΨprepG qqpT 1q Ñ G pT 1q determined by v can be identified with the composition
 AbAB pΛ0G0
 G pLΛpT 1 ˆBpΛ0qp0,ρqq » AT
 1
 G0 bATG0G pT q
 γÝÑ G pT 1q
 where γ is obtained by applying the functor G to the morphism g : T 1 Ñ T in the 8-category TLΛpXq. Note that the evaluation map ev : LΛ
 pT 1ˆBpΛ0qp0,ρqˆBpΛ Ñ T 1ˆBpΛ0
 factors as a composition
 LΛpT 1 ˆBpΛ0qp0,ρq ˆBpΛ idˆBρ
 ÝÝÝÝÑ LΛpT 1 ˆBpΛ0qp0,ρq ˆBpΛ0
 eÝÑ T 1 ˆBpΛ0,
 so the map f is represented by the composition
 T ˆBpΛ0 “ LΛpT 1 ˆBpΛ0qp0,ρq ˆBpΛ0
 eÝÑ T 1 ˆBpΛ0
 f 10ÝÑ X.
 The composition T 1 ˆ BpΛ0gˆidÝÝÝÑ T ˆ BpΛ0
 eÝÑ T 1 ˆ BpΛ0 is homotopic to the identity
 map, and therefore has connected homotopy fibers. It follows that g is relativelymonodromic, so that γ is an equivalence by virtue of our assumption that G isisotropic.
 Corollary 6.5.15. Let Λ be a colattice, let G0 be an oriented P-divisible group overan E8-ring A, and set G “ G0 ‘ Λ. Let f : X Ñ Y be a map of orbispaces, andlet G be a G0-tempered local system on the formal loop space LΛ
 pYq. If G belongsto the essential image of the functor Φ : LocSysGpYq ãÑ LocSysG0pL
 ΛpYqq, then the
 pullback LΛpfq˚pG q belongs to the essential image of the functor Φ : LocSysGpXq ãÑ
 LocSysG0pLΛpXqq.
 Proof. Combine Variant 6.5.14 with Remark 6.5.10.
 Corollary 6.5.16. Let p be a prime number, let Λ » pQp Zpqn be a p-nilpotent
 colattice, let X be an orbispace, let G0 be an oriented P-divisible group over an E8-ringA, and set G “ G0 ‘ Λ. Then every p-nilpotent object of LocSysG0pL
 ΛpXqq belongs
 to the essential image of the embedding
 Φ : LocSysGpXq Ñ LocSysG0pLΛpXqq.
 Proof. Combine Variant 6.5.14 with Corollary 6.5.12.
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7 Ambidexterity for Tempered Local SystemsLet G be an oriented P-divisible group over an E8-ring A. In §5.2, we associated to
 each map of orbispaces f : X Ñ Y a pullback functor f˚ : LocSysGpYq Ñ LocSysGpXq(Remark 5.2.9). If F is a G-local system on Y, then the pullback f˚F is givenconcretely by the formula
 pf˚F qpTηÝÑ Xq “ F pT
 f˝ηÝÝÑ Yq;
 in particular, it preserves small limits and colimits (since these are computed levelwise).It follows from the adjoint functor theorem (Corollary HTT.5.5.2.9 ) that the pullbackfunctor f˚ admits both left and right adjoints.
 Notation 7.0.1 (Direct Image Functors). Let G be an oriented P-divisible groupover an E8-ring and let f : X Ñ Y be a map of orbispaces. We let f! : LocSysGpXq ÑLocSysGpYq denote a left adjoint to the pullback functor f˚ : LocSysGpYq ÑLocSysGpXq, and we let f˚ : LocSysGpXq Ñ LocSysGpYq denote a right adjointto the pullback functor f˚ : LocSysGpYq Ñ LocSysGpXq.
 Our goal in this section is to prove Theorem 1.1.21, which asserts that if f : X Ñ Y
 is a map of π-finite spaces, then there is a canonical equivalence Nmf : f! » f˚ whichwe call the norm map of f (see Theorem 7.2.10 for a more precise statement). In[6], we proved an analogous assertion for (ordinary) local systems with values in the8-category SpKpnq of Kpnq-local spectra. Let us begin by recalling some of the mainsteps in the argument given in [6]:
 paq Let f : X Ñ Y be a map of π-finite spaces, and let f!, f˚ : LocSysSpKpnqpXq Ñ
 LocSysSpKpnqpY q denote the left and right adjoint of the pullback functor f˚ :LocSysSpKpnqpY q Ñ LocSysSpKpnqpXq. Then there exists an integer m " 0 forwhich the homotopy fibers of f are m-truncated. The norm equivalence of[6] was constructed by a recursive procedure: more precisely, the norm mapNmf : f! Ñ f˚ was constructed using the inverse norm map Nm´1
 δ : δ˚ Ñ δ!
 associated to the relative diagonal δ : X Ñ X ˆY X (which we can assume tohave been previously constructed, since the homotopy fibers of δ are pm´ 1q-truncated). The difficulty is then to show that the map Nmf is invertible.
 pbq Let p denote the residue characteristic of the Morava K-theory Kpnq. Then the8-category SpKpnq is p-local, in the sense that the multiplication ` : M ÑM isan equivalence for every Kpnq-local spectrum and every prime number ` ‰ p.
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Combining this observation with formal arguments, we can reduce to the casewhere the spaces X and Y are connected and p-finite.
 pcq Any map of connected p-finite spaces f : X Ñ Y can be factored as a composition
 X “ Xp0q Ñ Xp1q Ñ ¨ ¨ ¨ Ñ Xptq “ Y,
 where each of the maps Xpiq Ñ Xpi` 1q is equivalent to a principal fibrationwhose fiber is an Eilenberg-MacLane space KpFp, dq. We can therefore assumewithout loss of generality that the map f fits into a fiber sequeence
 XfÝÑ Y Ñ KpFp, d` 1q.
 pdq Using the fact that the norm transformation Nmf : f! Ñ f˚ can be computedfiberwise, one can reduce to the case where Y “ ˚ consists of a single point, sothat X “ KpFp, dq is an Eilenberg-MacLane space.
 peq Let E P LocSysSpKpnqpXq be the constant local system E associated to a Lubin-Tate spectrum E. In this case, the norm map Nmf : f!pF q Ñ f˚pF q can beidentified with a bilinear form AFormpfq : ErXsbEErXs Ñ E on the E-modulespectrum ErXs “ LKpnqpEbS Σ8`pXqq. Using formal arguments, one can reduceto proving that this bilinear form is nondegenerate (that is, it exhibits rXs as aself-dual object of the 8-category of Kpnq-local E-modules).
 pfq In the case where X “ KpFp, dq, the homotopy groups of ErXs can be computedexplicitly (by a mild extension fo the work of Ravenel-Wilson on the Kpnq-homology of Eilenberg-MacLane spaces). In particular, one can show that ErXsis a projective E-module of finite rank, and the nondegeneracy of the bilinearform b can be verified by an algebraic calculation.
 Our proof of Theorem 1.1.21 will loosely follow the same approach. We begin in§7.1 by giving a concrete description of the direct image functor
 f˚ : LocSysGpXq Ñ LocSysGpYq
 associated to a map of orbispaces f : X Ñ Y. Using this description, we show thatboth the functors f! and f˚ of Notation 7.0.1 satisfy a Beck-Chevalley condition forpullback diagrams of orbispaces (Theorem 7.1.6 and Corollary 7.1.7). In §7.2, wecarry out an analogue of paq by using the Beck-Chevalley construction to produce a
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norm map Nmf : f! Ñ f˚, under the assumption that we have already constructedan invertible norm map Nmδ : δ! » δ˚ for the relative diagonal δ : X Ñ X ˆY X (seeNotation 7.2.3).
 Recall that, for any orbispace X, the 8-category LocSysGpXq can be equipped witha symmetric monoidal structure given by the tempered tensor product of studied in§5.8. In §7.3, we combine the results of §6 to show that the functor f! : LocSysGpXq ÑLocSysGpYq always satisfies a projection formula with respect to the tempered tensorproduct (Theorem 7.3.1). Using this, we carry out an analogue of step peq: assumingthat the norm transformation Nmf : f! Ñ f˚ has been constructed, we show that itis an equivalence if and only if a certain map AFormpfq : rXY s b rXY s Ñ AY is aduality pairing in the 8-category LocSysGpYq (Proposition 7.3.15).
 Choose a prime number p. In §7.5, we will prove that the norm map Nmf : f! Ñ f˚is an equivalence in the special case where X “ Xp´q and Y “ Y p´q are representableby p-finite spaces X and Y , respectively (Theorem 7.5.1). In this case, we canproceed as in pcq to reduce to the case where the map f fits into a fiber sequenceX
 fÝÑ Y Ñ KpFp, d ` 1q. The essential case is where Y “ ˚ is a single point, so
 that X “ KpFp, dq is an Eilenberg-MacLane space. In this case, the calculations of§4 show that the tempered function spectrum AXG is a projective A-module of finiterank, which can be described explicitly in terms of the arithmetic of the p-divisiblegroup Gppq (Theorem 4.4.16). The map AFormpfq : rXY s b rXY s Ñ AY can thenbe identified with a bilinear form on the A-linear dual pAXGq_, whose nondegeneracycan be verified by an explicit calculation as in pfq; see Proposition 7.5.2. Bewarethat the analogue of step pdq is somewhat nontrivial in our case: a tempered localsystem F P LocSysGpY q is generally not determined by its restriction to the points ofY (the forgetful functor LocSysGpY q Ñ LocSysApY q of Variant 5.1.15 is usually notconservative). Consequently, the reduction to the essential case Y “ ˚ will requireconsiderably more effort than the analogous reduction in [6].
 In §7.7, we show that the norm map Nmf : f! Ñ f˚ is an equivalence for a generalmap of π-finite spaces f : X Ñ Y . In the special case where G “ Gppq is a p-divisiblegroup for some fixed prime number p, this is a straightforward consequence of theanalogous assertion for p-finite spaces. It is possible to reduce to the case G “ Gppq bycombining the categorified character theory of §6.4 with descent arguments (Proposition6.2.6). However, we will adopt a different approach, which is instead based ontempered versions of the celebrated induction theorems of Artin and Brauer. In §7.4,we associate to a transfer map trXY : A˚GpXq Ñ A˚GpY q to each map f : X Ñ Y ofπ-finite spaces. In the special case where A “ KU is the complex K-theory spectrum,
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G “ µP8 is the multiplicative P-divisible group, and f : BH Ñ BG is the coveringmap associated to an inclusion of finite groups H ãÑ G, the map trXY recoversthe induction homomorphism IndGH : ReppHq Ñ ReppGq of representation theory(Proposition 7.6.7). The classical Artin (Brauer) induction theorem asserts thatReppGq is generated rationally (integrally) by elements of the form IndGHpxq, where His a cyclic (elementary) subgroup of G. In §7.6, we prove analogues of both of thesetheorems for the tempered cohomology theory of π-finite spaces (Theorems 7.6.3 and7.6.5), which we apply in §7.7 to reduce the study of the norm map Nmf : f! Ñ f˚ tothe case where f is a map between nilpotent π-finite spaces (and therefore factors asa product of maps between p-finite spaces, for various primes p).
 We conclude in §7.8 and §7.9 by describing some applications to the theory oftempered local systems on π-finite spaces:
 • Let X be a π-finite space. Then the 8-category LocSysGpXq is compactlygenerated (Corollary 5.3.3). Moreover, an object F P LocSysGpXq is compactif and only if it is dualizable (Proposition 7.8.8).
 • Let f : X Ñ Y be a map of π-finite spaces. Then the functors f! » f˚ and f˚
 carry compact objects to compact objects (Proposition 7.8.5).
 • Let X be a π-finite space. Then LocSysGpXq is proper when viewed as an A-linear8-category. That is, for every pair of compact objects F ,G P LocSysGpXq,the mapping spectrum MappF ,G q is a perfect A-module (the 8-categoryLocSysGpXq is generally not smooth, but satisfies a weaker “p-adic smoothness”property for each prime number p: see Warning 7.9.12).
 • Let X be a π-finite space and let F be a G-tempered local system on X. If F
 is dualizable, then F pT q is a perfect A-module for each T P TX (Proposition7.9.1). The converse holds if F is p-nilpotent, for any prime number p (Theorem7.9.2).
 • Let X and Y be π-finite spaces. Then external tensor product
 b : LocSysGpXq ˆ LocSysGpY q Ñ LocSysGpX ˆ Y q
 induces fully faithful embedding of 8-categories
 λ : LocSysGpXq bA LocSysGpY q ãÑ LocSysGpX ˆ Y q
 (Corollary 7.8.12). If G is a p-divisible group, then the essential image of λincludes all p-nilpotent objects of LocSysGpX ˆ Y q (Proposition 7.8.13).
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Warning 7.0.2. The exposition in this section has been arranged in a somewhatcircular fashion:
 • In §7.2, we define the notion of a υG-ambidextrous morphism of orbispacesf : X Ñ Y (Notation 7.2.3) and state (but do not yet prove) that every truncatedrelatively π-finite morphism f : X Ñ Y is υG-ambidextrous (Theorem 7.2.10).
 • In §7.4, we associate a transfer map trXY : A˚GpXq Ñ A˚GpYq to each relativelyπ-finite morphism f : X Ñ Y. The definition of this transfer map trXY dependson Theorem 7.2.10.
 • In §7.7 we give a proof of Theorem 7.2.10 which exploits the existence of thetransfer maps trXY and their basic properties (Theorem 7.2.10 also depends onTheorem 7.5.1, which we will prove using transfer maps).
 However, the circularity is only apparent: to prove Theorem 7.2.10 for an n-truncatedmorphism f : X Ñ Y, we will only make use of transfer maps trX1Y1 associated topn´ 1q-truncated morphisms f 1 : X1 Ñ Y1, which can be constructed assuming thatTheorem 7.2.10 holds for pn´ 1q-truncated morphisms of orbispaces.
 7.1 Direct Images of Tempered Local SystemsLet G be an oriented P-divisible group over an E8-ring A. Our goal in this
 section is to give an explicit description of the direct image functor f˚ : LocSysGpXq ÑLocSysGpYq associated to a map of orbispaces f : X Ñ Y.
 Construction 7.1.1 (The Direct Image Functor). Let f : X Ñ Y be a map oforbispaces, so that composition with f determines a functor of 8-categories p˝fq :TX Ñ TY. Let G be a preoriented P-divisible group over an E8-ring A and let F bean AX-module object of FunpT op
 X , Spq and let q : ModpSpq Ñ CAlg be the fibrationof Construction 5.1.8, so that we can identify F with a functor T op
 X Ñ ModpSpqsuch that q ˝F “ AX. We let f˚F denote a q-right Kan extension of F along thefunctor p˝fq : TX Ñ TY, which we view as an AY-module object of the 8-categoryFunpT op
 Y , Spq. We refer to f˚F as the direct image of F along f . Concretely, it isgiven by the formula
 pf˚F qpT q “ limÐÝ
 TPT opTˆYX
 F pT q.
 Note that the construction F ÞÑ f˚F determines a functor f˚ : ModAXÑ ModAY
 ,which is right adjoint to the restriction functor f˚ : ModAY
 Ñ ModAX.
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Proposition 7.1.2. Let G be a preoriented P-divisible group over an E8-ring andlet f : X Ñ Y be a map of orbispaces. Then:
 p1q If F is a G-pretempered local system on X, then the direct image f˚F is aG-pretempered local system on Y.
 p2q If F is a G-tempered local system on X, then the direct image f˚F is a G-tempered local system on Y.
 Notation 7.1.3. Let G be an oriented P-divisible group over an E8-ring A and letf : X Ñ Y be a map of orbispaces. By virtue of Proposition 7.1.2, the direct imagefunctor f˚ of Construction 7.1.1 restricts to functors
 LocSyspreG pXq Ñ LocSyspre
 G pYq LocSysGpXq Ñ LocSysGpYq.
 We will abuse notation by denoting both of these functors by f˚. Note that they areright adjoint to the pullback functors
 f˚ : LocSyspreG pYq Ñ LocSyspre
 G pXq f˚ : LocSysGpYq Ñ LocSysGpXq.
 of Remarks 5.1.6 and 5.2.9.
 Example 7.1.4 (The Global Sections Functor). Let G be an preoriented P-divisiblegroup over an E8-ring A and let F be a G-tempered local system on an orbispace X.We let ΓpX; F q denote the image of F under the functor
 LocSysGpXqq˚ÝÑ LocSysGp˚q » ModA,
 where q : X Ñ ˚ denotes the projection map from X to a point. We will refer to theconstruction F ÞÑ ΓpX; F q as the tempered global sections functor. Concretely, it isgiven by the formula
 ΓpX; F q “ limÐÝTPT op
 X
 F pT q.
 In the special case where X “ Xp´q is the orbispace represented by a space X, wewill denote the A-module ΓpX; F q by ΓpX; F q.
 Example 7.1.5 (Tempered Cohomology). Let G be an oriented P-divisible groupover an E8-ring A. For every orbispace X, the tempered function spectrum AX
 G can beidentified with ΓpX;AXq, where AX is the trivial G-tempered local system of Notation5.1.2.
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Proof of Proposition 7.1.2. Suppose first that F is a G-pretempered local system onX; we will show that the direct image f˚F is a G-pretempered local system on Y.Fix a morphism T 1 Ñ T in TY with connected homotopy fibers; we wish to show thatthe canonical map
 θ : AT 1G bATGpf˚F qpT q Ñ pf˚F qpT 1q
 is an equivalence. Unwinding the definitions, we see that this map factors as acomposition
 AT1
 G bATGp limÐÝ
 TPT opTˆYX
 F pT qq „ÝÑ lim
 ÐÝTPT op
 TˆYX
 pAT1
 G bATGF pT qq
 „ÝÑ lim
 ÐÝTPT op
 TˆYX
 F pT 1 ˆT T q
 „ÐÝ lim
 ÐÝT1PT opT 1ˆYX
 F pT1q
 where the first map is an equivalence because AT1
 G is a projective ATG-module offinite rank, the second is an equivalence by virtue of our assumption that F isG-pretempered, and the third map is supplied by the left cofinality of the functor
 ρ : TTˆYX Ñ TT 1ˆYX T ÞÑ T 1 ˆT T
 (which follows from the observation that ρ is right adjoint to the forgetful functor).This completes the proof of p1q.
 Now suppose that F is G-tempered; we wish to show that the direct imagef˚F is also G-tempered. Choose an object T P TY and a connected covering spaceT0 P CovpT q; we wish to show that the fiber of the canonical map α : pf˚F qpT q Ñ
 pf˚F qpT0qhAutpT0T q is IpT0T q-local. Let C denote the 8-category TTˆYX, and let
 D Ď C denote the full subcategory spanned by those objects T for which the mapT Ñ T factors through T0. Unwinding the definitions, we see that α can be identifiedwith the restriction map
 limÐÝTPCop
 F pT q Ñ limÐÝTPDop
 F pT q,
 and can therefore be written as a limit of maps
 αT : F pT q Ñ limÐÝ
 T1PDop
 T
 F pT1q.
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For each T P C, let T 0 denote any connected component of the fiber product T ˆT T0.Then αT coincides with the canonical map F pT q Ñ F pT 0q
 hAutpT 0T q. Note that theideal IpT 0T q Ď A0
 GpT q is generated by the image of the ideal IpT0T q Ď A0GpT q.Our
 assumption that F is G-tempered guarantees that the fiber fibpαT q is IpT 0T q-localwhen viewed as a module over ATG, hence also IpT0T q-local when viewed as a moduleover ATG. Since the collection of IpT0T q-local ATG-modules is closed under limits, itfollows that fibpαq is also IpT0T q-local.
 Theorem 7.1.6 (The Beck-Chevalley Condition). Let G be an oriented P-divisiblegroup and let σ :
 X1 f 1 //
 g1
 Y1
 g
 X f // Y
 be a pullback diagram of orbispaces. Then the associated diagram of pullback functors
 LocSysGpYqf˚ //
 g˚
 LocSysGpXqg1˚
 LocSysGpY1q
 f 1˚ // LocSysGpX1q
 is right adjointable. In other words, the canonical equivalence f 1˚g˚ » g1˚f˚ induces anatural transformation g˚f˚ Ñ f 1˚g
 1˚ which is also an equivalence.
 Proof. Let F be a G-tempered local system on X; we wish to show that the Beck-Chevalley map g˚f˚F Ñ f 1˚g
 1˚F is an equivalence of G-tempered local systems onY1. This follows from the description of the direct image supplied by Construction7.1.1: when evaluated on an object T P TY1 , both sides can be identified with thelimit lim
 ÐÝTF pT q, indexed by the opposite of the 8-category TTˆY1X1 » TTˆYX.
 Passing to left adjoints (and exchanging the roles of X and Y1), we obtain thefollowing formal consequence of Theorem 7.1.6:
 Corollary 7.1.7. Let G be an oriented P-divisible group and let σ :
 X1 f 1 //
 g1
 Y1
 g
 X f // Y
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be a pullback diagram of orbispaces. Then the associated diagram of pullback functors
 LocSysGpYqf˚ //
 g˚
 LocSysGpXqg1˚
 LocSysGpY1q
 f 1˚ // LocSysGpX1q
 is left adjointable: that is, the canonical equivalence g1˚f˚ » f 1˚g˚ induces a naturaltransformation f 1! g
 1˚ Ñ g˚f! which is also an equivalence.
 7.2 The Tempered Ambidexterity TheoremLet X be an 8-category which admits pullbacks and let υ : C Ñ X be a functor
 of 8-categories. Recall that υ is said to be a Beck-Chevalley fibration if the followingconditions are satisfied (see Definition Ambi.4.1.3 ):
 p1q The map υ is both a Cartesian fibration and a coCartesian fibration. Inparticular, every object X P X determines an 8-category CX “ CˆX tXu, andevery morphism f : X Ñ Y in C determines an adjunction
 CXf! //CY .f˚oo
 p2q For every pullback squareX 1 f 1 //
 g1
 Y 1
 g
 X
 f // Y
 in the 8-category X , the Beck-Chevalley transformation f 1! g1˚ Ñ g˚f! is an
 equivalence of functors from CY 1 to CX .
 Construction 7.2.1. Let G be an oriented P-divisible group over an E8-ring A.Then the construction X ÞÑ LocSysGpXq determines a functor of 8-categories
 LocSysGp‚q : OSopÑyCat8.
 We let υG : TotSysG Ñ OS be a Cartesian fibration which is classified by the functorLocSysG. The 8-category TotSysG can be described more informally as follows:
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• The objects of LocSysG are pairs pX,F q, where X is an orbispace and F is aG-tempered local system on X.
 • A morphism from pX,F q to pY,G q in LocSysG is given by a map of orbispacesf : X Ñ Y together with a map F Ñ f˚ G of G-tempered local systems on X(or equivalently a map f! F Ñ G of G-tempered local systems on Y).
 Corollary 7.1.7 can now be restated as follows:
 Proposition 7.2.2. Let G be an oriented P-divisible group over an E8-ring A. Thenthe map υG : LocSysG Ñ OS of Construction 7.2.1 is a Beck-Chevalley fibration.
 We now apply the general formalism of §Ambi.4.1 to the Beck-Chevalley fibrationυG : LocSysG Ñ OS. For the reader’s convenience, we include a brief summary.
 Notation 7.2.3. Let G be an oriented P-divisible group over an E8-ring A. Forevery map of orbispaces f : X Ñ Y, we let
 φf : f! ˝ f˚Ñ idLocSysGpYq ψf : idLocSysGpXq Ñ f˚ ˝ f!
 denote a compatible counit and unit for the adjunction between the functors f! :LocSysGpXq Ñ LocSysGpYq.
 Applying Construction Ambi.4.1.8 to the Beck-Chevalley fibration υG : LocSysG Ñ
 OS, we obtain the following data:
 • A collection of orbispace maps f : X Ñ Y which we refer to as weakly υG-ambidextrous maps, together with natural transformations νf : f˚ ˝ f! Ñ
 idLocSysGpXq when f is weakly υ-ambidextrous.
 • A smaller collection of orbispace maps f : X Ñ Y which we refer to as υG-ambidextrous maps, for which νf is the counit of an adjunction (which exhibits f!
 as the right adjoint of f˚); in this case, we let µf : idLocSysGpYq Ñ f! ˝ f˚ denote
 a compatible unit for the adjunction.
 This data is uniquely determined (up to homotopy) by the following requirements:
 • Every equivalence of orbispaces f : X Ñ Y is υG-ambidextrous. Moreover, themorphisms
 µf : idLocSysGpYq Ñ f! ˝ f˚ νf : f˚ ˝ f! Ñ idLocSysGpXq
 are homotopy inverses to φf and ψf , respectively.
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• A map of orbispaces f : X Ñ Y is weakly υG-ambidextrous if and only if therelative diagonal δ : X Ñ X ˆY X is υG-ambidextrous. In this case, the naturaltransformation νf is given by the composition
 f˚f! » π0!π˚1
 µδÝÑ π0!δ!δ
 ˚π˚1 » idLocSysGpXq .
 Here the first map is the inverse of the Beck-Chevalley transformation associatedto the pullback diagram
 X ˆY X π0 //
 π1
 Xf
 X f // Y.
 • A map of orbispaces f : X Ñ Y is υG-ambidextrous if and only if, for everypullback diagram
 X1
 f 1
 // Xf
 Y1 // Y,
 the map f 1 is weakly υG-ambidextrous and the natural transformation νf 1 :f 1˚ ˝ f 1! Ñ idLocSysGpX1q is the counit of an adjunction.
 • Every υG-ambidextrous map f : X Ñ Y is n-truncated for some n " 0 (sothat the preceding properties supply a recursive algorithm for “computing” thenatural transformations µf and νf ).
 If a map of orbispaces f : X Ñ Y is weakly υ-ambidextrous, then the naturaltransformation νf : f˚ ˝ f! Ñ idLocSysGpXq can be identified with a natural transfor-mation Nmf : f! Ñ f˚ between the functors f!, f˚ : LocSysGpXq Ñ LocSysGpY q. Wewill refer to Nmf as the norm map associated to f . Note that νf is the counit of anadjunction if and only if the form map Nmf : f!pF q Ñ f˚pF q is an equivalence, forevery G-tempered local system F on X.
 We now describe a source of examples of υG-ambidextrous morphisms of orbispaces.
 Definition 7.2.4. Let f : X Ñ Y be a map of orbispaces. We will say that f isrelatively π-finite if, for every object T P TY, the orbispace T p´qˆY X is (representableby) a π-finite space.
 Example 7.2.5. Every equivalence of orbispaces is relatively π-finite.
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Remark 7.2.6. Suppose we are given a pullback diagram of orbispaces
 X1
 f 1
 // Xf
 Y1 // Y.
 If f is relatively π-finite, then so is f 1.
 Proposition 7.2.7. Let f : X Ñ Y be a map of orbispaces, and suppose that Y “ Y p´q
 is representable by a π-finite space Y . Then f is relatively π-finite if and only if X isrepresentable by a π-finite space X.
 Proof. Suppose first that X is representable by a π-finite space X. Then, for anyobject T P TY, the fiber product of orbispaces T p´q ˆY X is representable by theπ-finite space T ˆY X, so f is relatively π-finite.
 For the converse, suppose that f is relatively π-finite and let X “ |X| be theunderlying space of X (Notation 3.1.5). For each point y P Y , the fiber X ˆY tyu
 underlies the orbispace X ˆY tyu and is therefore π-finite by virtue of our assumptionon f . Since Y is π-finite, it follows that X is π-finite. We will complete the proof byshowing that the canonical map X Ñ Xp´q is an equivalence of orbispaces. Let T bean object of T ; we wish to show that upper horizontal map in the diagram σ :
 XT //
 XT
 YT // Y T
 is a homotopy equivalence. Since the lower horizontal map is a homotopy equivalenceby assumption, it will suffice to show that σ is a pullback square. In other words,it will suffice to show that for every map of orbispaces η : T p´q Ñ Y, the diagram σ
 induces a homotopy equivalence XT ˆYT tηu Ñ XT ˆY T tηu. To prove this, we canreplace f by the projection map X ˆY T
 p´q Ñ T p´q, in which case the representabilityof X is automatic from our assumption that f is relatively π-finite.
 Corollary 7.2.8. Let f : X Ñ Y and g : Y Ñ Z be maps of orbispaces. If f and g arerelatively π-finite, then pg ˝ fq : X Ñ Z is relatively π-finite.
 Proof. Fix an object T P TZ. We wish to show that the fiber product T p´q ˆZ X isrepresentable by a π-finite space. This follows by applying Proposition 7.2.7 to themap
 fT : T p´q ˆZ X Ñ T p´q ˆZ Y;
 231

Page 232
                        
                        

note that fT is relatively π-finite (by virtue of our assumption on f and Remark7.2.6) and the codomain of fT is representable by a π-finite space (by virtue of ourassumption on g).
 Remark 7.2.9. Let f : X Ñ Y be a relatively π-finite map of orbispaces and letn ě ´2 be an integer. Then the following conditions are equivalent:
 paq The map f is n-truncated (as a morphism in the 8-category OS). In otherwords, for every orbispace Z, the induced map MapOSpZ,Xq Ñ MapOSpZ,Yq hasn-truncated homotopy fibers.
 pbq For each object T P TY, the fiber product T p´q ˆY X is representable by aπ-finite space Z for which the projection map Z Ñ T has n-truncated homotopyfibers.
 pcq For each point y P |Y|, the fiber Xy “ tyuˆYX is (repesentable by) an n-truncatedπ-finite space.
 In particular, if the underlying space |Y| is connected, then f is n-truncated for somen " 0.
 We can now state the main result of this paper; the proof will be given in §7.7.
 Theorem 7.2.10 (Tempered Ambidexterity). Let G be an oriented P-divisible groupover an E8-ring A and let f : X Ñ Y be a map of orbispaces which is relatively π-finiteand n-truncated for some n " 0. Then f is υG-ambidextrous.
 Remark 7.2.11. In the statement of Theorem 7.2.10, the requirement that f isrelatively n-truncated is essentially a technicality. Any relatively π-finite map oforbispaces f : X Ñ Y can be realized as a coproduct of relatively π-finite mapstfi : Xi Ñ YiuiPI , where the underlying spaces |Yi| are connected. Then each fi isrelatively n-truncated for some integer n (which might depend on i), so Theorem 7.2.10supplies norm equivalences Nmfi : fi! » fi˚. Taking the product of these equivalencesas i varies, we obtain an equivalence Nmf : f! » f˚ of functors f!, f˚ : LocSysGpXq ÑLocSysGpYq.
 7.3 Projection FormulasLet G be an oriented P-divisible group over an E8-ring A. For every map of
 orbispaces f : X Ñ Y, the pullback functor f˚ : LocSysGpYq Ñ LocSysGpXq is
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symmetric monoidal with respect to the tempered tensor product (Proposition 5.8.13).In particular, for every pair of objects F P LocSysGpYq, G P LocSysGpXq, we obtaina comparison map
 f!pf˚F bG q Ñ f!pf
 ˚F bf˚f! G q
 » f!f˚pF bf! G q
 Ñ F bf! G ,
 which we will denote by βF ,G and refer to as the projection morphism from f!pf˚F bG q
 to F bf! G . The main result of this section can be stated as follows:
 Theorem 7.3.1 (Projection Formula for f!). Let G be an oriented P-divisible groupover an E8-ring A and let f : X Ñ Y be a morphism of orbispaces. Then, for everypair of objects F P LocSysGpYq and G P LocSysGpXq, the projection morphism
 βF ,G : f!pf˚F bG q Ñ F bf! G
 is an equivalence in LocSysGpYq.
 We will give the proof of Theorem 7.3.1 at the end of this section. First, let usdescribe some of its consequences.
 Construction 7.3.2. Let G be an oriented P-divisible group over an E8-ring A andlet f : X Ñ Y be a map of orbispaces. We let rXYs denote the G-tempered localsystem f!pAYq P LocSysGpYq. In the special case where X “ Xp´q and Y “ Y p´q arerepresentable by spaces X and Y , we will denote rXYs simply by rXY s.
 For any G-tempered local system F on Y, Theorem 7.3.1 supplies a canonicalequivalence
 pf! ˝ f˚qpF q » f!pf
 ˚pF q b AXq Ñ F bf!pAXq “ F brXYs.
 Remark 7.3.3 (Compatibility with Pullback). Every commutative diagram of orbis-paces σ :
 X1 g1 //
 f 1
 Xf
 Y1 g // Ydetermines a comparison map
 rX1Y1s “ f 1! g1˚pAXq Ñ g˚f!pAXq “ g˚rXYs.
 This map is an equivalence when σ is a pullback square (Corollary 7.1.7).
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Remark 7.3.4. Let G be an oriented P-divisible group over an E8-ring A. For everyorbispace X, we will abuse notation by identifying rX˚s with its image under theequivalence of 8-categories LocSysGp˚q » ModA. Note that if B is an E8-algebra overA, then we have a canonical equivalence Map
 AprX˚s, Bq » BX
 G. In particular, we canview rX˚s as an A-linear predual of the tempered function spectrum AX
 G. Concretely,one can show that it is given by the formula
 rX˚s “ limÝÑTPTX
 pATGq_,
 where pATGq_ denotes the A-linear dual of the tempered function spectrum ATG.In the special case where X “ KpFp,mq is (representable by) an Eilenberg-MacLane
 space, Theorem 4.4.16 guarantees that the functor B ÞÑ MapAprX˚s, Bq » BX
 Gcommutes with filtered colimits. Restricting our attention to A-algebras of the formB “ A‘M , we conclude that the functor M ÞÑ MapModA
 prX˚s,Mq also commuteswith filtered colimits: that is, rX˚s is perfect as an A-module spectrum. In this case,the double duality map
 rX˚s Ñ rX˚s__ » pAXGq_
 is an equivalence: that is, rX˚s can be identified with the A-linear dual of the temperedfunction spectrum AX
 G. In particular, the homotopy groups π˚rX˚s can be identifiedwith the G-tempered homology groups AG
 ˚ pXq of Notation 4.4.13.
 For any map of orbispaces f : X Ñ Y, the pullback functor f˚ : LocSysGpYq ÑLocSysGpXq is symmetric monoidal (with respect to the tempered tensor productson both sides) and can therefore be regarded as a LocSysGpYq-linear functor (whereLocSysGpYq acts on LocSysGpXq via the functor f˚). It follows from Theorem 7.3.1 thatthe left adjoint f! : LocSysGpXq Ñ LocSysGpYq inherits the structure of LocSysGpYq-linear functor, Combining Theorem 7.3.1 with Remark HA.7.3.2.9 , we obtain thefollowing:
 Corollary 7.3.5. Let G be an oriented P-divisible group over an E8-ring A and letf : X Ñ Y be a map of orbispaces. Then the functor f! : LocSysGpXq Ñ LocSysGpYqcan be regarded as a LocSysGpYq-linear functor, and the unit and counit maps
 φf : f!f˚Ñ idLocSysGpYq ψf : idLocSysGpXq Ñ f˚f!
 can be regarded as LocSysGpYq-linear natural transformations.
 234

Page 235
                        
                        

Remark 7.3.6. In the situation of Corollary 7.3.5, the functor f!f˚ is a LocSysGpYq-
 linear object of LocSysGpYq, and is therefore given by tensor product with the objectrXYs “ f!f
 ˚pAYq introduced in Construction 7.3.2. The LocSysGpYq-linear naturaltransformation φf : f!f
 ˚ Ñ id can then be identified with a morphism ε : rXYs Ñ AY,which is given by evaluating φf on the G-tempered local system AY.
 Combining Corollary 7.3.5 with a simple inductive argument, we obtain thefollowing:
 Corollary 7.3.7. Let G be an oriented P-divisible group over an E8-ring A. Then:
 paq If f : X Ñ Y is a weakly υG-ambidextrous map of orbispaces, then νf : f˚ ˝ f! Ñ
 idLocSysGpXq has the structure of a LocSysGpYq-linear natural transformation.
 pbq If f : X Ñ Y is a υ-ambidextrous map of orbispaces, then µf : idLocSysGpYq Ñ
 f! ˝ f˚ has the structure of a LocSysGpYq-linear natural transformation.
 Warning 7.3.8. The statement of Corollary 7.3.7 is somewhat imprecise: whatwe really mean (and will make use henceforth) is that the natural transformationsνf and µf (when defined) have canonical promotions to LocSysGpYq-linear naturaltransformations, which can be obtained by a suitable refinement of the ambidexterityconstructions of §7.2.
 Variant 7.3.9. Let f : X Ñ Y be a map of orbispaces. Then we can regard the pullbackf˚ : LocSysGpYq Ñ LocSysGpXq as a symmetric monoidal functor from LocSysGpYqto LocSysGpXq. Then, for every pair of objects F P LocSysGpYq, G P LocSysGpXq,we obtain a canonical map
 F bf˚pG q Ñ f˚f˚pF bf˚pG qq
 » f˚pf˚pF q b f˚f˚pG qq
 Ñ f˚pf˚pF q b G q.
 Theorem 7.3.10 (Projection Formula for f˚). Let G be an oriented P-divisible groupover an E8-ring A and let f : X Ñ Y be a morphism of orbispaces which is υG-ambidextrous. Then, for every pair of objects F P LocSysGpXq, G P LocSysGpYq,the preceding construction induces an equivalence F bf˚ G Ñ f˚pf
 ˚F bG q of G-tempered local systems on Y.
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Proof. Theorem 7.3.10 is equivalent to the assertion that f˚ admits a LocSysGpYq-linear right adjoint: that is, that we can find a LocSysGpYq-linear functor g :LocSysGpXq Ñ LocSysGpYq and together with compatible LocSysGpYq-linear nat-ural transformations
 u : idLocSysGpYq Ñ g ˝ f˚ v : f˚ ˝ g Ñ idLocSysGpXq .
 If f is υG-ambidextrous, this follows from Corollary 7.3.7 (we can take g “ f!, u “ µf ,and v “ νf ).
 Remark 7.3.11. It follows from Theorem 7.3.10 that if f : X Ñ Y is υG-ambidextrous,then f˚ : LocSysGpXq Ñ LocSysGpYq has the structure of a LocSysGpYq-linear functor.The proof gives a more precise description of this struture: it is given by transportingthe LocSysGpYq-linearity of the functor f! (supplied by Theorem 7.3.1) along the normequivalence Nmf : f!
 „ÝÑ f˚ supplied by our assumption that f is υG-ambidextrous.
 Assuming Theorem 7.2.10, we can now deduce Theorem 4.7.1, which was statedwithout proof in §4.7.
 Corollary 7.3.12. Let G be an oriented P-divisible group over an E8-ring A and letX be a π-finite space. Then, for every map of E8-rings AÑ B, the canonical mapAXG Ñ BX
 G extends to an equivalence ρ : B bA AXG Ñ BXG of E8-algebras over B.
 Proof. It follows from Theorem 7.2.10 that the projection map f : X Ñ ˚ is υG-ambidextrous. The desired result now follows by applying the projection formula ofTheorem 7.3.10 in the special case where F “ B and G “ AX .
 Construction 7.3.13 (The Ambidexterity Form). Let G be an oriented P-divisiblegroup over an E8-ring A, and let f : X Ñ Y be a weakly υG-ambidextrous map oforbispaces. Then νf induces a LocSysGpY q-linear natural transformation
 pf! ˝ f˚q ˝ pf! ˝ f
 ˚q “ f! ˝ pf
 ˚˝ f!q ˝ f
 ˚ νfÝÑ f! ˝ idLocSysGpXq ˝f˚ “ f! ˝ f
 ˚,
 which we can identify with a map m : rXYs b rXYs Ñ rXYs of G-tempered localsystems on Y. We let AFormpfq denote the composition
 rXYs b rXYs mÑ rXYs ε
 Ñ AY.
 We will refer to AFormpfq as the ambidexterity form of f .
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Remark 7.3.14. Let G be an oriented P-divisible group over an E8-ring A, andsuppose we are given a pullback diagram of orbispaces
 X1 //
 f 1
 Xf
 Y1 g // Ywhere f and f 1 are weakly υG-ambidextrous. Then the ambidexterity form AFormpf 1q :rX1Y1s b rX1Y1s Ñ AY1 can be identified with the image under the pullback g˚ of theambidexterity form AFormpfq : rXYs b rXYs Ñ AY. In particular, if AFormpfq is aduality datum (in the symmetric monoidal 8-category LocSysGpYq), then AFormpf 1qis a duality datum (in the symmetric monoidal 8-category LocSysGpY1q).
 Proposition 7.3.15. Let G be an oriented P-divisible group over an E8-ring A andlet f : X Ñ Y be a map of orbispaces which is weakly υG-ambidextrous. The followingconditions are equivalent:
 paq The map νf : f˚ ˝ f! Ñ id of Notation 7.2.3 is the counit of an adjunction.
 pbq For every object F P LocSysGpXq, the norm map Nmf : f!pF q Ñ f˚pF q ofNotation 7.2.3 is an equivalence.
 pcq The ambidexterity form AFormpfq : rXYsb rXYs Ñ AY of Construction 7.3.13is a duality datum: that is, it exhibits rXYs as a self-dual object of the 8-categoryLocSysGpYq).
 pdq The map f is υG-ambidextrous.
 Proof. The equivalence paq ô pbq is a tautology, and the equivalence paq ô pcq followsfrom Proposition Ambi.5.1.8 . The implication pdq ñ paq is clear. The converse followsfrom the observation that if the morphism f : X Ñ Y satisfies condition pcq, then anypullback of f also satisfies condition pcq (Remark 7.3.14).
 Corollary 7.3.16. Let G be an oriented P-divisible group over an E8-ring A andlet f : X Ñ Y be a map of orbispaces which is n-truncated for some n " 0. Then f isυG-ambidextrous if and only, for every T P TY, the pullback diagram of orbispaces
 XTfT
 // Xf
 T p´q // Yexhibits fT as a υG-ambidextrous morphism of orbispaces.
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Proof. The “only if” direction is clear, since the collection of υG-ambidextrous mor-phisms is closed under pullback. To prove the reverse direction, we proceed byinduction on n. Using the inductive hypothesis, we can assume without loss of gener-ality that f is weakly υG-ambidextrous. In this case, the desired result follows fromProposition 7.3.15 and Remark 7.3.14 (since LocSysGpYq can be identified with thelimit of the diagram of symmetric monoidal 8-categories tLocSysGpT quTPT op
 Y).
 Proof of Theorem 7.3.1. Since a morphism of G-tempered local systems is an equiv-alence if and only if it is an equivalence after localization at every prime, we mayassume without loss of generality that the E8-ring A is p-local, for some prime numberp. We will prove the following assertion:
 p˚nq For every oriented P-divisible group over a p-local E8-ring A, every map oforbispaces f : X Ñ Y, and every pair of objects F P LocSysGpYq and G P
 LocSysGpXq, the projection morphism
 βF ,G : f!pf˚F bG q Ñ F bf! G
 becomes an equivalence after Epnq-localization.
 Note that Theorem 7.3.1 follows from p˚nq for n " 0 (it suffices to take n to be anyupper bound for the height of the p-divisible group Gppq). We will prove p˚nq byinduction on n. For the remainder of the proof, we regard n as fixed and assume that,if n ą 0, then p˚n´1q holds. Note that, to prove that the projection map βF ,G is anequivalence, it will suffice to show that it becomes an equivalence after extendingscalars to the localization Am, for every maximal ideal m Ď π0pAq. We may thereforeassume that A is local. It follows that, for every prime number `, the `-divisiblegroup Gp`q has some fixed height h`. By virtue of p˚n´1q, it will suffice to show thatLKpnqpβF ,G q is an equivalence in the 8-category LocSysKpnqG pYq. To prove this, we canextend scalars to the Kpnq-localization LKpnqpAq, and thereby reduce to the case whereA is Kpnq-local (beware that this replacement will generally injure our hypothesis thatA is local). In this case, our hypothesis that G is oriented guarantees the existence ofa connected-etale sequence of p-divisible groups
 0 Ñ GQA
 eÝÑ Gppq Ñ G1
 Ñ 0,
 where GQA denotes the Quillen p-divisible group of A and G1 is an etale p-divisible
 group of height hp ´ n (Proposition 2.5.6). Set Λ “ pQp Zpqhp´n ‘
 À
 `‰ppQ` Z`qh` ,
 and let B “ SplitΛpeq be the splitting algebra of the monomorphism e (Definition
 238

Page 239
                        
                        

2.7.12). Then B is faithfully flat over A (Proposition 2.7.15). It will therefore suffice toshow that βF ,G becomes an equivalence after extending scalars from A to B. ReplacingA by B (which might injure our hypothesis that A is Kpnq-local), we are reducedto the problem of showing that βF ,G is an equivalence in the special case where Gsplits as a direct sum G0 ‘ Λ, where G0 is a p-divisible group of height n. ReplacingG by G0 (and f by the morphism LΛ
 pfq : LΛpXq Ñ LΛ
 pXq), we can reduce to thecase where G is a p-divisible group of height n. Invoking our inductive hypothesisagain, we are reduced to showing that LKpnqpβF ,G q is an equivalence in the 8-categoryLocSysKpnqG pYq. In this case, Theorem 6.3.1 supplies equivalences
 LocSysKpnqG pXq » Funp|X|,ModKpnqA q LocSysKpnqG pYq » Funp|Y|,ModKpnqA q.
 Under these equivalences, the pullback functor f˚ can be identified with the func-tor U : Funp|Y|,ModKpnqA q Ñ Funp|X|,ModKpnqA q induced by composition with |f | :|X| Ñ |Y|, and the functor LKpnqf! with its left adjoint V : Funp|X|,ModKpnqA q Ñ
 Funp|Y|,ModKpnqA q, given by left Kan extension along the map of spaces |X| Ñ |Y|. LetF 1 and G 1 be the images of LKpnqF and LKpnq G in the8-categories Funp|Y|,ModKpnqA q
 and Funp|X|,ModKpnqA q, respectively. Then the evaluation of LKpnqβF ,G at a pointy P |Y| can be identified with the natural map
 limÝÑxP|X|y
 pF 1pyqpbG 1
 pxqq Ñ F 1pyqpb lim
 ÝÑxP|X|y
 G 1pxq,
 where |X|y denotes the homotopy fiber of the map |X| Ñ |Y| over the point y. Since thetensor product pb on ModKpnqA preserves small colimits in each variable, we concludethat LKpnqβF ,G is an equivalence.
 7.4 Transfer Maps in Tempered CohomologyFor every preoriented P-divisible group G over an E8-ring A, the formation
 of tempered cohomology groups A˚Gp‚q of Construction 4.0.5 can be regarded as acontravariant functor from (the homotopy category of) the category of orbispaces to thecategory of graded-commutative rings. However, when G is oriented, then Theorem7.2.10 supplies a much richer structure: tempered cohomology is also covariantlyfunctorial for relatively π-finite maps of orbispaces with π-finite fibers.
 Construction 7.4.1 (The Transfer Map). Let G be an oriented P-divisible groupover an E8-ring A, and let f : X Ñ Y be a morphism of orbispaces which is relatively
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π-finite (Definition 7.2.4) and let Nmf : f!„ÝÑ f˚ be the isomorphism of Notation 7.2.3
 (see Remark 7.2.11). We let trXY : AXG Ñ AY
 G be the map given by the composition
 AXG “ ΓpX;AXq » ΓpY ; f˚AXq
 Nm´1f
 ÝÝÝÑ ΓpY ; f!AXq Ñ ΓpY ;AYq “ AYG.
 We will refer to trXY as the transfer map associated to f . Passing to homotopy groups,we obtain a map of tempered cohomology groups A˚GpXq Ñ A˚GpYq, which we will alsodenote by trXY and refer to as the transfer map.
 In the special case where X “ Xp´q and Y “ Y p´q are represented by spaces X andY , respectively, we will denote the transfer map trXY by trXY .
 Warning 7.4.2. Let f : X Ñ Y be a morphism of orbispaces which is relativelyπ-finite. The transfer map trXY : AX
 G Ñ AYG is not a morphism of ring spectra.
 However, it is a morphism of AYG. In particular, at the level of tempered cohomology
 rings, we have the projection formula
 trXYppf˚uq ¨ vq “ u ¨ trXYpvq.
 Warning 7.4.3. To define the transfer maps of Construction 7.4.1 in completegenerality, we need the full strength of Theorem 7.2.10, which asserts that everytruncated relatively π-finite morphism of orbispaces is ambidextrous with respect tothe Beck-Chevalley fibration υ : TotSysG Ñ OS of §7.2. However, to construct thetransfer map trXY : AX
 G Ñ AYG for a particular map of orbispaces f : X Ñ Y, we
 only need to know that f is υ-ambidextrous. Our proof of Theorem 7.2.10 will makeuse of this observation: to show that every n-truncated relatively π-finite morphismf : X Ñ Y is υ-ambidextrous, we will use transfer maps associated to pn´1q-truncatedrelatively π-finite morphisms of orbispaces.
 We now summarize some of the basic formal properties of Construction 7.4.1.
 Proposition 7.4.4 (Push-Pull). Let G be an oriented P-divisible group over anE8-ring A. Suppose we are given a pullback diagram of orbispaces
 X1 f 1 //
 g1
 Y1
 g
 X f // Y,
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where the map f (and therefore f 1) is relatively π-finite. Then the diagram of temperedfunction spectra
 AX1G
 trX1Y1 // AY1G
 AXG
 trXY //
 g1˚
 OO
 AYG
 g˚
 OO
 commutes up to homotopy. In particular, the diagram of graded abelian groups
 A˚GpX1qtrX1Y1 // A˚GpY1q
 A˚GpXqtrXY //
 g1˚
 OO
 A˚GpYq
 g˚
 OO
 Proof. Decomposing Y as a disjoint union if necessary, we can assume that f istruncated. In this case, the desired result follows from the compatibility of norm mapswith pullback (Remark Ambi.4.2.3 ).
 Proposition 7.4.5. Let G be an oriented P-divisible group over an E8-ring A, andsuppose we are given relatively π-finite morphisms of orbispaces X f
 ÝÑ Y gÝÑ Z. Then
 the transfer map trXZ : AXG Ñ AZ
 G is homotopic to the composition trYZ ˝ trXY. Inparticular, we have a commutative diagram of graded abelian groups
 A˚GpYqtrYZ
 %%A˚GpXq
 trXY99
 trXZ // A˚GpZq.
 Proof. Decomposing Z into connected components if necessary, we may assume thatf and g are truncated. In this case, the desired result follows from the compatibilityof norm maps with composition (Remark Ambi.4.2.4 ).
 Remark 7.4.6 (Functoriality for Correspondences). Define a category C as follows:
 • The objects of C are orbispaces.
 • For orbispaces X and Y, HomCpX,Yq is the set of equivalence classes of diagrams
 X Ð M fÝÑ Y,
 where f is relatively π-finite.
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• Given morphisms X Ð M Ñ Y and Y Ð N Ñ Z of C, their composition is givenby (the equivalence class of) the diagram
 X Ð MˆY N Ñ Z.
 Every oriented P-divisible group G over an E8-ring A then determines a functorC Ñ hModA, which carries each orbispace X to the tempered function spectrum AX
 G,and each correspondence X f
 ÐÝ M gÝÑ Y to the composite map
 AXG
 f˚ÝÑ AM
 GtrMYÝÝÝÑ AY
 G.
 The compatibility of this construction with composition is precisely the content ofPropositions 7.4.4 and 7.4.5. In particular, the construction X ÞÑ A˚GpXq determinesa functor from C to the category of graded abelian groups (or graded modules overπ´˚pAq).
 Remark 7.4.7. The category C appearing in Remark 7.4.6 can be identified withthe homotopy category of an 8-category C (where the morphism spaces MapCpX,Yqcan be identified with the summand of the Kan complex OS»XˆY spanned by thosediagrams X Ð M g
 ÝÑ Y where g is relatively π-finite. Using a more elaborate versionof the ambidexterity formalism of §Ambi.4 , one can upgrade Remark 7.4.6 to obtaina functor of 8-categories A‚G : C Ñ ModA. We will return to this point in a futurework.
 Remark 7.4.8 (Change of Ring). Let G be an oriented P-divisible group over anE8-ring A and let f : X Ñ Y be a relatively π-finite morphism of orbispaces. Then,for every E8-algebra B over A, the diagram
 AXG
 trXY //
 AYG
 BX
 GtrXY // BY
 G
 commutes (up to homotopy) in the 8-category of AYG-modules. In particular, weobtain a commutative diagram of graded abelian groups
 A˚GpXqtrXY //
 A˚GpYq
 B˚GpXq
 trXY // B˚GpYq
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Remark 7.4.9 (Compatibility with Character Maps). Let G0 be an oriented P-divisible group over an E8-ring A, let Λ be a colattice, and let G “ G0‘Λ (which wealso regard as an oriented P-divisible group over A). Then, for any map of orbispacesf : X Ñ Y, the diagram of A-modules
 AXG
 trXY //
 χ„
 AYG
 χ„
 ALΛpXqG
 trLΛpXqLΛpYq // ALΛpYqG
 commutes (up to homotopy), where the horizontal maps are the transfer morphisms ofConstruction 7.4.1, and the vertical maps are the character equivalences of Notation4.3.3. In particular, we have a commutative diagram of graded abelian groups
 A˚GpXqtrXY //
 χ„
 A˚GpYq
 χ„
 A˚GpLΛpXqq
 trLΛpXqLΛpYq // A˚GpLΛpYqq.
 We now describe the behavior of transfers in the “rational” case.
 Definition 7.4.10. For every π-finite space X define the mass of X to be the rationalnumber
 MasspXq “ÿ
 x
 ź
 ną0|πnpX, xq|
 p´1qn .
 where the sum is taken over a set of representatives for the set π0pXq of connectedcomponents of X. Note that if S is a set of prime numbers and X is S-finite (Definition1.1.25), then MasspXq belogns to the subring ZrS´1s Ď Q.
 Proposition 7.4.11. Let G be an oriented P-divisible group over an E8-ring A. LetS be a set of prime numbers with the property that, for each p P S, the p-divisiblegroup Gppq vanishes (so that p is invertible in π0pAq, by virtue of Remark 2.6.14).Then, for every connected connected S-finite space X, the unit map A Ñ AXG is anequivalence.
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Proof. Let TpSq denote the full subcategory of T spanned by those objects of theform BH, where every prime divisor of H belongs to S. For each T P TpSq, the unitmap A Ñ ATG is an equivalence (since Gppq vanishes for p P S) and the unit mapAÑ AT is an equivalence (since every element of S is invertible in π0pAq). It followsthat for T P TpSq, the Atiyah-Segal comparison map ATG Ñ AT is an equivalence.Let C be the full subcategory of OS spanned by those orbispaces X for which theAtiyah-Segal comparison map AX
 G Ñ A|X|. Then C contains TpSq and is closed undersmall colimits, and therefore contains every orbispace X : T op Ñ S which is a leftKan extension of its restriction to T op
 pSq. It follows that C contains the representableorbispace Xp´q whenever X is S-finite. We are therefore reduced to showing thatthe unit map AÑ AX is an equivalence, which is clear (since every element of S isinvertible in π0pAq).
 Proposition 7.4.12. Let G be an oriented P-divisible group over an E8-ring A. LetS be a set of prime numbers with the property that, for each p P S, the p-divisiblegroup Gppq vanishes. Let f : X Ñ Y be a map of S-finite spaces, which decomposeinto connected components
 X “ž
 iPI
 Xi Y “ž
 jPJ
 Yj.
 Then the diagramś
 iPI AM //
 „
 ś
 jPJ A
 „
 AXG
 trXY // AYG
 commutes, where the vertical maps are the equivalences supplied by Proposition 7.4.11and M is given by the matrix of rational numbers
 Mij “ MasspfibpXi Ñ Yjqq “MasspXiq
 MasspYjq.
 Remark 7.4.13. In the situation of Proposition 7.4.12, each of the prime numbersp P S is invertible in the commutative ring π0pAq, so we can view the rational numbersMij P ZrS´1s as elements of π0pAq.
 Proof of Proposition 7.4.12. Choose an integer n such that the homotopy fibers off are n-truncated. We proceed by induction on n. Using Proposition 7.4.4, we canreduce to the case where Y “ tyu consists of a single point. We may also assume
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without loss of generality that X is connected. If n “ 0, then f is a homotopyequivalence and there is nothing to prove. Assume therefore that n ą 0 and choose apoint x P X, so that the inclusion txu ãÑ X has pn´ 1q-truncated homotopy fibers.We then have a commutative diagram
 A //
 N
 A
 M // A
 AtxuG
 trtxuX // AXGtrXtyu // A
 t
 Gyu,
 where the vertical maps are the unit morphisms (which are equivalences by virtue ofProposition 7.4.11), for some elements M and N of the commutative ring π0pAq. Thecommutativity of the diagram shows that M ¨N “ 1, and our inductive hypothesisimplies that N “ MasspΩpXqq. It follows that
 M “1N“
 1MasspΩpXqq “ MasspXq.
 By combining Remarks 7.4.8, 7.4.9, and Proposition 7.4.12, we obtain (at least inprinciple) a complete recipe for computing the rationalized transfer map
 trXY : QbA˚GpXq Ñ QbA˚GpY q,
 where X and Y are π-finite spaces. Using Remark 7.4.8, we can reduce to the casewhere A is an E8-algebra over Q and G is the constant P-divisible group associatedto a colattice Λ. We can then use Remark 7.4.9 to reduce to the case where G “ 0 (atthe cost of replacing X and Y by the mapping spaces XBpΛ and Y BpΛ), in which casethe transfer map is given by the formula of Proposition 7.4.12. For some illustrationsof this principle, see the proofs of Propositions 7.5.2 and 7.6.7.
 7.5 Tempered Ambidexterity for p-Finite SpacesWe now prove a weak form of Theorem 7.2.10.
 Theorem 7.5.1. Let G be an oriented P-divisible group over an E8-ring A andlet f : X Ñ Y be a map of p-finite spaces, for some prime number p. Then f isυG-ambidextrous.
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The proof of Theorem 7.5.1 will require some preliminaries. We begin by carryingout the essential step.
 Proposition 7.5.2. Let G be an oriented P-divisible group over an E8-ring A, let pbe a prime number, and let X “ KpFp,mq be an Eilenberg-MacLane space for somem ą 0. Assume that the projection map f : X Ñ ˚ is weakly υG-ambidextrous. Thenf is υG-ambidextrous.
 Proof. Without loss of generality, we may assume that m ą 0 and that the p-divisiblegroup Gppq has some fixed height n. Let X “ KpFp,mq, and assume that theprojection map f : X Ñ ˚ is weakly υG-ambidextrous. We wish to show that f isυG-ambidextrous. By virtue of Proposition 7.3.15, it will suffice to show that theambidexterity form AFormpfq : rX˚s bA rX˚s Ñ A is a duality datum: that is, thatit exhibits rX˚s as a self-dual object of the 8-category ModA. Remark 7.3.4 impliesthat rX˚s is a projective A-module of finite rank, and that π0rX˚s can be identifiedwith the G-tempered homology ring AG
 0 pXq of Notation 4.4.13. It will therefore sufficeto show that the ambidexterity form AFormpfq induces a perfect pairing
 AG0 pXq bπ0pAq A
 G0 pXq Ñ π0pAq,
 or equivalently that the dual map
 π0pAFormpfq_q : π0pAq Ñ A0GpXq bπ0pAq A
 0GpXq
 is a duality datum in the ordinary category Mod♥π0pAq
 . Unwinding the definitions, wesee that this map carries the element 1 P π0pAq to
 trXXˆXp1q P A0GpX ˆXq » A0
 GpXq bπ0pAq A0GpXq,
 where trXXˆX denotes the transfer map of Construction 7.4.1 (which is well-definedby virtue of our assumption that f is weakly υG-ambidextrous).
 Let R “ π0pAqred denote the quotient of π0pAq by its nilradical. Set B “ R bπ0pAq
 A0GpXq, and let e denote the image of trXXˆXp1q in the tensor product BbRB. Then
 B is a projective R-module of finite rank. We will complete the proof by showingthat e induces an isomorphism from B to its R-linear dual. Note that the existenceof the oriented P-divisible group G guarantees that the tensor product A bS F`
 vanishes for every prime number ` (see Remark 2.5.11). Applying the May nilpotenceconjecture (Theorem 2 of [14]), we deduce that every torsion element of π0pAq isnilpotent. Consequently, the commutative ring R is torsion-free.
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Using Theorem 4.4.16 (and Remark 4.4.18), we see that the spectrum SpecpA0GpXqq
 is a truncated p-divisible group over π0pAq of level 1, height`
 nm
 ˘
 , and dimensiond “
 `
 n´1m´1
 ˘
 . It follows that SpecpBq is a truncated p-divisible group over R of level 1and dimension d. If m ą n, then B » 0 and there is nothing to prove. Otherwise,Proposition Ambi.5.2.2 implies that the trace map tr : B Ñ R is divisible by pd, andthe pairing
 px, yq ÞÑtrpxyqpd
 determines a perfect pairing of B with itself (in the category of R-modules). We willcomplete the proof by showing that the dual pairing is given by e. To prove this,we are free to replace A by the localization Ar1
 ps, and thereby reduce to the case
 where Gppq is an etale p-divisible group. Replacing A by a faithfully flat extension, wemay further assume that Gppq » pQp Zpq
 n is a constant p-divisible group. WritingG “ G0 ‘ pQp Zpq
 n with G0ppq » 0, Theorem 4.3.2 supplies an isomorphism
 A0GpXq » A0
 G0pXB Znp q » A0
 pXB Znp q »ź
 α:B ZnpÑXπ0pAq,
 where the product is taken over the (finite) collection of all homotopy classes of maps α :B Zn
 p Ñ X. Using Remark 7.4.9 and Proposition 7.4.12, we see that this isomorphismcarries e to the matrix of rational numbers teα,βu given by eα,β “ Massptαuˆ
 XB Znp tβuq.
 The desired equality now follows from the observation that eα,β vanishes when α andβ belong to different connected components of XB Znp , and is otherwise given by
 MasspKpFp,m´ 1qB Znp q “ź
 iě0|πipKpFp,m´ 1qB Znp q|p´1qi
 “ź
 iě0|Hm´1´i
 pB Znp ; Fpq|
 p´1qi
 “ź
 iě0pp´1qip n
 m´1´iq
 “ př
 iě0p´1qip nm´1´iq
 “ př
 iě0p´1qip n´1m´1´iq`p´1qip n´1
 m´2´iq
 “ pd.
 We now consider some cases where ambidexterity is easy to verify.
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Proposition 7.5.3. Let G be an oriented P-divisible group over an E8-ring A andlet f : X Ñ Y be a map of spaces which exhibits X as a summand of Y . Then f isυG-ambidextrous.
 Proof. By virtue of Corollary 7.3.16, we may assume without loss of generality thatY P T is the classifying space of a finite abelian group. In this case, either the map fis a homotopy equivalence or the space X is empty. In the former case there is nothingto prove, and in the latter case we have that rXY s » 0, so that f is υG-ambidextrousby virtue of Proposition 7.3.15.
 Proposition 7.5.4. Let G be an oriented P-divisible group over an E8-ring A andlet f : X Ñ Y be a map of orbispaces. Suppose that X decomposes as a finite disjointunion
 š
 iPI Xi. If each fi “ f |Xi is υG-ambidextrous, then f is υG-ambidextrous.
 Proof. The map f factors as a composition
 X “ž
 iPI
 Xiš
 iPI fiÝÝÝÝÑ
 ž
 iPI
 Y gÝÑ Y,
 where g is given by the identity on each factor. Note that for every pullback diagram
 Z
 f 1
 //š
 iPI Xiš
 iPI fi
 T p´q //š
 iPI Y
 for T P T , the map f 1 is a pullback of some fi and is therefore υG-ambidextrousby assumption. Applying Corollary 7.3.16, we deduce that f 1 is υG-ambidextrous.It will therefore suffice to show that g is υG-ambidextrous. Note that g is weaklyυG-ambidextrous by virtue of Proposition 7.5.3. It will therefore suffice to show thatfor every pullback diagram
 š
 iPI Y1
 g1
 //š
 iPI Y
 Y1 // Y,
 the norm map Nmg1 : g1! Ñ g1˚ is an equivalence. This follows immediately from theadditivity of the 8-category LocSysGpY1q.
 Note that for every orbispace X, we can regard the 8-category LocSysGpXq asan AX
 G-linear 8-category. If f : X Ñ Y is a map of orbispaces, then it induces anAY
 G-linear functor f˚ : LocSysGpYq Ñ LocSysGpXq, which we can identify with anAX
 G-linear functor AXG bAY
 GLocSysGpYq Ñ LocSysGpXq.
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Proposition 7.5.5. Let G be an oriented P-divisible group over an E8-ring A andlet f : T 1 Ñ T be a morphism in T with connected homotopy fibers. Then the naturalmap
 ρ : AT 1G bATGLocSysGpT q Ñ LocSysGpT
 1q
 is fully faithful.
 Proof. For every pair of objects F ,G P LocSysGpT q, the functor ρ induces a map
 AT1
 G bATGMappF ,G q Ñ Mappf˚pF q, f˚pG qq.
 By virtue of Corollary 5.3.3, it will suffice to show that this map is an equivalence inthe special case when F is compact. Without loss of generality, we may assume thatF “ rT0T s, for some connected covering space T0 P CovpT q. Then T 10 “ T0 ˆT T
 1
 is a connected covering space of T 1, and we can identify f˚pF q with the objectrT 10T
 1s (Remark 7.3.3). Unwinding the definitions, we are reduced to showing thatthe canonical map
 AT1
 G bATGG pT0q Ñ G pT 10q
 is an equivalence. This follows from our assumption that G is G-pretempered, sincethe diagram of E8-rings
 ATG //
 AT1
 G
 AT0G
 // AT 10G
 is a pushout square.
 Corollary 7.5.6. Let G be an oriented P-divisible group over an E8-ring A, let f :T 1 Ñ T be a morphism in T with connected homotopy fibers, and let b : F bG Ñ ATbe a morphism of G-tempered local systems on T . Then b is a duality datum in the8-category LocSysGpT q if and only if the pullback map
 f˚pbq : f˚pF q b f˚pG q Ñ f˚pAT q » AT 1
 is a duality datum in the 8-category LocSysGpT1q.
 Proof. It is clear that if b is a duality datum, then so is f˚pbq. Conversely, assume thatf˚pbq is a duality datum. Set B0 “ AT
 1
 G and let B‚ denote the cosimplicial ATG-algebragiven by the tensor powers of B0. Since B0 is a faithfully flat ATG-algebra and the8-category LocSysGpT q is compactly generated, we can identify LocSysGpT q with the
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totalization of the cosimplicial symmetric monoidal 8-category B‚ bATG LocSysGpT q
 (see Corollary SAG.D.7.7.7 ). It will therefore suffice to show that for each k ě 0, theimage of b in the 8-category Bk bATG
 LocSysGpT q is a duality datum. Without lossof generality we may assume that k “ 0. Set C “ B0 bATG
 LocSyspG T q and supposewe are given a pair of objects H ,H 1
 P C; we wish to show that the composite map
 MapCpH ,G bH 1q Ñ MapCpF bH ,F bG bH 1
 qbÝÑ MapCpF bH ,H 1
 q
 is an equivalence, and that an analogous statement holds with the roles of F and G
 reversed. By virtue of Proposition 7.5.5, we can identify C with a full subcategory ofLocSysGpT
 1q, so that the desired result follows from our assumption that f˚pbq is aduality datum.
 Corollary 7.5.7. Let G be an oriented P-divisible group over an E8-ring A, letg : T 1 Ñ T be a morphism in T with connected homotopy fibers, and suppose we aregiven a pullback diagram of spaces
 X 1 //
 f 1
 X
 f
 T 1g // T.
 If f is weakly υG-ambidextrous and f 1 is υG-ambidextrous, then f is υG-ambidextrous.
 Proof. Combine Proposition 7.3.15, Remark 7.3.14, and Corollary 7.5.6.
 Proposition 7.5.8. Let G be a p-divisible group of dimension ď 1 over a commutativering R, let V be a finite-dimensional vector space over Fp, let GrV s be the finite flatgroup scheme over R classifying maps from V into G, and let U Ď GrV s be the opensubset whose κ-valued points are given by injective maps V Ñ Gpκq, for every fieldκ. Let AltpmqGrps denote the R-scheme of Construction Ambi.3.2.11 and let DpAltpmqGrpsq
 denote its Cartier dual. Let η be a nonzero element of the exterior powerŹm
 pV q, sothat η induces a map
 φ : GrV s Ñ DpAltpmqGrpsq
 of finite flat group schemes over R. Then φpUq does not intersect the zero section ofDpAltpmqGrpsq.
 Proof. Without loss of generality, we may assume that R is an algebraically closedfield. In this case, the p-divisible group G fits into a (canonically split) exact sequence
 0 Ñ G1Ñ G Ñ G2
 Ñ 0
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where G1 is connected and G2 is etale. We have a commutative diagram of R-schemes
 GrV s //
 DpAltpmqGrpsq
 G2rV s //DpAltpmqG2rpsq
 where the vertical maps are homeomorphisms. We may therefore replace G by G2 andthereby reduce to the case where G is etale. Since R is an algebraically closed field,Grps is a constant group scheme associated to a vector space W of finite dimensionover Fp. Then DpAltpmqGrpsq is also a constant group scheme, associated to the Fp-vectorspace
 ŹmW . We are therefore reduced to verifying the following elementary fact oflinear algebra: every injective map of Fp-vector spaces V Ñ W induces an injectionof exterior powers
 Źm V ÑŹmW .
 Proposition 7.5.9. Let G be an oriented P-divisible group over an E8-ring A, let pbe a prime number, and suppose we are given a fiber sequence of spaces X f
 ÝÑ YηÝÑ
 KpFp,mq. Then f is υG-ambidextrous.
 Proof. Given a fiber sequence of spaces X fÝÑ Y
 ηÝÑ KpFp,mq, we will say that η is
 good if f is υG-ambidextrous. We wish to show that every map η : Y Ñ KpFp,mq isgood. The proof proceeds by induction on m. In the case m “ 0, f is the inclusionof a summand and the desired result follows from Proposition 7.5.3. For m ą 0, weobserve that the relative diagonal δ : X Ñ X ˆY X fits into a fiber sequence
 XδÝÑ X ˆY X Ñ KpFp,m´ 1q,
 and is therefore υG-ambidextrous by virtue of our inductive hypothesis. Note thatif a map η1 : Y 1 Ñ KpFp,mq factors as a composition Y 1 Ñ Y
 ηÝÑ KpFp,mq, then we
 have a commutative diagram of fiber sequences
 X 1 //
 Y 1η1 //
 KpFp,mq
 X // Yη // KpFp,mq
 where the left square is a pullback. Applying Corollaries 7.3.16 and 7.5.7, we deducethe following:
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paq If the map η : Y Ñ KpFp,mq is good, then so is any composite map Y 1 Ñ YηÝÑ
 KpFp,mq.
 pbq To show that a map η : Y Ñ KpFp,mq is good, it will suffice to show that anycomposition T Ñ Y
 ηÝÑ KpFp,mq is good for T P T .
 pcq If g : T 1 Ñ T is a morphism in T with connected homotopy fibers somecomposite map T 1
 gÝÑ T
 ηÝÑ KpFp,mq is good, then η is good.
 We must show that every morphism η : Y Ñ KpFp,mq is good. By virtue of pbq, itwill suffice to prove this in the special case where Y » BM is the classifying spaceof a finite abelian group M . In this case, the map η factors through the localizationBMppq, so we can use paq to reduce further to the case where M is a finite abelianp-group. Let k “ dimFppMpMq denote the minimal number of generators of M . Ourproof will proceed by induction on k.
 Let us abuse notation by identifying η with its homotopy class, regarded as anelement of the cohomology group HmpY ; Fpq. Choose a surjection of abelian groupsZkÑM and let u : B Zk
 Ñ BM “ Y be the induced map of classifying spaces. For1 ď i ď k, let αi P H1pBpZ pZqk; Fpq denote the cohomology class correspondingto the homomorphism pZ pZqk Ñ Fp given by projection onto the ith factor. Inwhat follows, we will abuse notation by identifying each αi with its images under thenatural maps
 H1pBpZ pZqk; Fpq Ñ H1
 pBpZ pt Zqk; Fpq Ñ H1pB Zk; Fpq.
 A standard calculation shows that the cohomology ring H˚pB Zk; Fpq is an exterioralgebra on the classes tαiu1ďiďk. In particular, we can write
 u˚pηq “ÿ
 ~i
 c~ipαi1 Y ¨ ¨ ¨ Y αimq Pmľ
 Fp
 H1pBΛ; Fpq » Hm
 pBΛ; Fpq,
 where ~i ranges over all sequences 0 ă i1 ă ¨ ¨ ¨ ă im ď k and each coefficient c~i is anelement of Fp. For t " 0, the map u factors as a composition
 B ZkÑ BpZ pt Zqk ut
 Ñ Y
 and the equalityu˚t pηq “
 ÿ
 ~i
 c~ipαi1 Y ¨ ¨ ¨ Y αimq
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holds in the ring H˚pBpZ pt Zqk; Fpq. By virtue of pbq, it will suffice to show that thecomposite map
 BpZ pt Zqk utÑ Y
 ηÝÑ KpFp,mq
 is good. By construction, this map also factors as a composition
 BpZ pt Zqk Ñ BpZ pZqk η1ÝÑ KpFp,mq,
 where η1 represents the cohomology classř
 ~i c~ipαi1 Y ¨ ¨ ¨ Y αimq P HmpBpZ pZqk; Fpq.Applying paq, we can replace η by η1 and thereby reduce to the case where Y has theform BpZ pZqk.
 If each of the coefficients c~i vanishes, then the map η : Y Ñ KpFp,mq is null-homotopic. In this case, f is a pullback of the projection map KpFp,m ´ 1q Ñ ˚,which is υG-ambidextrous by virtue of Proposition 7.5.2. We may therefore assumethat some coefficient c~i is nonzero. Let AFormpfq : rXY s b rXY s Ñ AY be theambidexterity form of f (Construction 7.3.13); we wish to show that AFormpfq is aduality pairing (Proposition 7.3.15). To prove this, it will suffice to show that forevery pair of G-tempered local systems F ,G P LocSysGpY q, the composite map
 θF ,G : MappF , rXY s b G q Ñ MapprXY s bF , rXY s b brXY s b G qAFormpfqÝÝÝÝÝÝÑ MapprXY s bF ,G q
 is an equivalence of AYG-modules (and that a similar assertion holds for the compositionof AFormpfq with the automorphism of rXY s b rXY s given by exchanging the twofactors, though this is actually unnecessary: one can show that the ambidexterityform of f is symmetric).
 Let C Ď LocSysGpYq denote the full subcategory spanned by those G-temperedlocal systems F for which the map θF ,G is an equivalence of spectra. Since theconstruction F ÞÑ θF ,G carries colimits in LocSysGpYq to limits in Funp∆1, Spq, the8-category C is presentable and closed under small colimits in LocSysGpYq. LetCK be the full subcategory of LocSysGpYq spanned by those objects F for whichthe spectrum MappF 0,F q vanishes for each object F 0 P C. Then every objectF P LocSysGpYq fits into an essentially unique fiber sequence F 1
 Ñ F Ñ F 2, whereF 1
 P C and F 2P CK. It will therefore suffice to show that CK contains only zero
 objects of LocSysGpY q.Fix an object F P CK; we will complete the proof by showing that F belongs to C
 (in which case it follows that F » 0). Note that if Y0 P CovpY q is a connected coveringspace of Y which the covering map Y0 Ñ Y is not an isomorphism, then fundamental
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group π1pY0 is an Fp-vector space of dimension ă k, and our inductive hypothesis(together with Remark 7.3.14) guarantees that rY0Y s belongs to C. It follows that thespectrum MapprY0Y s,F q » F pY0q vanishes. Since F is G-tempered, the canonicalmap F pY q Ñ F pY0q
 hAutpY0Y q exhibits F pY0qhAutpY0Y q » 0 as the IpY0Y q-completion
 of F pY q. It follows that F pY q is IpY0Y q-local when viewed as an AYG-module.Let J Ď A0
 GpKpFp,mqq denote the kernel of the augmentation map
 ε : A0GpKpFp,mqq Ñ π0pAq
 (given by pullback along the inclusion of the base point to KpFp,mq), and let J ĎA0
 GpY q denote the ideal generated by the image of J under the pullback map η˚ :A0
 GpKpFp,mqq Ñ A0GpY q. It follows from Proposition 7.5.8 and Theorem 4.4.16 that
 the vanishing locus of J is contained in the union of the vanishing loci of the idealsIpY0Y q, where Y0 is a connected covering space of Y which is not equivalent to Y .The preceding argument then shows that F is J-local when viewed as an object fothe 8-category LocSysGpYq (where we view LocSysGpYq as an AYG-linear 8-category).Using the commutativity of the diagram
 A0GpKpF,mqq
 ε //
 η˚
 π0pAq
 A0
 GpY qf˚ // A0
 GpXq,
 we see that J is annihilated by the pullback map f˚. In particular, for each elementx P J , multiplication by x induces a nullhomotopic map from rXY s to itself. Itfollows that the tensor product rXY s bF is simultaneously J-nilpotent and J-local,and therefore vanishes. Similarly, multiplication by each x P J induces a nullhomotopicmap from rXY s b G to itself, so that rXY s b G is J-complete. Since F is J-local,the spectrum MappF , rXY sbG q vanishes. It follows that the domain and codomainof θF ,G are both trivial, so that θF ,G is a homotopy equivalence and F belongs to C,as desired.
 Proof of Theorem 7.5.1. Let f : X Ñ Y be a map of p-finite spaces; we wish to showthat f is υG-ambidextrous. Factoring f as a composition (using the Postnikov towerof X as an object of SY ), we can assume that there exists some integer n ě ´1for which the homotopy fibers of f are n-truncated and n-connective. By virtue ofCorollary 7.3.16, we can also assume that Y is the classifying space of a finite abelianp-group. We now consider several cases:
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• If n “ ´1, then the desired result follows from Proposition 7.5.3.
 • If n “ 0, then X is a covering space of Y . Using Proposition 7.5.4, we can assumethat X is a connected covering space of Y . Then f induces a monomorphism offundamental groups π1pXq Ñ π1pY q. Proceeding by induction, we can reduceto the case where the quotient group π1pY qπ1pXq is cyclic of order p. In thiscase, X is the fiber of a map Y Ñ KpFp, 1q, so the desired result follows fromProposition 7.5.9.
 • Suppose that n ě 1, so that the homotopy fiber of f has the form KpG, nq forsome finite p-group G (which is abelian for n ě 2). Proceeding by induction onthe order of the group G, we can reduce to the case where G is cyclic of order p(so that the fundamental group π1pXq automatically acts trivially on G). ThenX is the homotopy fiber of a map Y Ñ KpFp, n ` 1q, and the desired resultagain follows from Proposition 7.5.9.
 7.6 Induction TheoremsLet G be a finite group and let H Ď G be a subgroup. If V is a finite-dimensional
 complex representation of H, then the tensor product CrGs bCrHs V is a finite-dimensional complex representation of G, which we denote by IndGHpV q and referto as the induced representation. The construction V ÞÑ IndGHpV q determines ahomomorphism of abelian groups
 IndGH : ReppHq Ñ ReppGq rV s ÞÑ rIndGHpV qs,
 which we refer to as the induction homomorphism. The celebrated induction theoremsof Artin and Brauer assert that every representation of G can be expressed as a linearcombination of representations induced from special kinds of subgroups of G.
 Theorem 7.6.1 (Artin Induction Theorem). Let G be a finite group and let ReppGqdenote its representation ring. Then the localization ReppGqr 1
 |G|s is generated, as a
 module over Zr 1|G|s, by the images of the induction maps
 IndGH : ReppHqr 1|G|s Ñ ReppGqr 1
 |G|s,
 where H ranges over the collection of cyclic subgroups of G.
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Theorem 7.6.2 (Brauer Induction Theorem). Let G be a finite group. Then therepresentation ring ReppGq is generated, as an abelian group, by the images of theinduction maps
 IndGH : ReppHq Ñ ReppGq,where H ranges over subgroups of G which factor as a product C ˆ P , where C iscyclic and P is a p-group (for some prime number p).
 Our goal in this section is to prove analogues of Theorems 7.6.1 and 7.6.2 in thesetting of tempered cohomology. Let ~h “ thpupPP be a collection of nonnegativeintegers. Recall that a P-divisible group G has height ď ~h if each summand Gppq is ap-divisible group of height ď hp, and that T pď ~hq Ď T denotes the full subcategoryspanned by those objects of the form BH, where each p-local component Hppq can begenerated by ď hp elements (Notation 5.6.1).
 Theorem 7.6.3 (Tempered Artin Induction Theorem). Let ~h “ thpupPP be a collectionof nonnegative integers, let G be an oriented P-divisible group of height ď ~h over anE8-ring A, and let X be a π-finite space. Assume that each homotopy group πnpX, xqhas order invertible in the commutative ring π0pAq. Then the tempered cohomologyring A0
 GpXq is generated (as an abelian group) by the images of transfer maps
 trT X : A0GpT q Ñ A0
 GpXq
 where T belongs to T pď ~hq.
 Remark 7.6.4. In the situation of Theorem 7.6.3, suppose that X “ BG is theclassifying space of a finite group G. In that case, every map of classifying spacesf : BH Ñ BG factors as a composition BH
 f 1ÝÑ BH0
 f2ÝÑ BG, where f 1 induces
 a surjection on fundamental groups and f2 induces an injection on fundamentalgroups. Using Proposition 7.4.5, we see that the image of the transfer map trBHBG iscontained in the image of the transfer map trBH0BG. Consequently, A0
 GpBGq can alsobe generated by the images of transfer maps trBHBG, where H ranges over abeliansubgroups of G (having the property that each Hppq can be generated by at most hpelements).
 Theorem 7.6.5 (Tempered Brauer Induction Theorem). Let ~h “ thpupPP be a col-lection of nonnegative integers, let G be an oriented P-divisible group of height ď ~hover an E8-ring A, and let X be a π-finite space. Then the tempered cohomology ringA0
 GpXq is generated, as an abelian group, by the images of the transfer maps
 trY X : A0GpY q Ñ A0
 GpXq,
 256

Page 257
                        
                        

where Y ranges over π-finite spaces (equipped with map to X) having the followingproperty:
 p˚q For some prime number p, the space Y factors as a product T ˆ P , whereT P T pď ~hq and P is a connected p-finite space.
 Remark 7.6.6. In the situation of Theorem 7.6.5, suppose that the π-finite spaceX is n-truncated for some n ě 1. Any map of spaces f : Z Ñ X factors as acomposition Z
 f 1ÝÑ Y
 f2ÝÑ X, where the homotopy fibers of f2 are pn ´ 1q-truncated
 and the homotopy fibers of f 1 are n-connective. It follows that, for any base pointz P Z, we have isomorphisms
 πmpY, gpzqq »
 $
 ’
 ’
 &
 ’
 ’
 %
 πmpZ, zq if m ă n
 impπnpZ, zq Ñ πnpX, fpzqq if m “ n
 0 if m ą n .
 If Z satisfies condition p˚q of Theorem 7.6.5, then so does Y , and the image of thetransfer map trZX is contained in the image of trY X (Proposition 7.4.5). It followsthat the tempered cohomology ring A0
 GpXq is generated by the images of the transfermaps trY X associated to pn´ 1q-truncated maps Y Ñ X which satisfy condition p˚q.
 We now show that Theorems 7.6.1 and 7.6.2 can be deduced from their temperedcounterparts. First, we need to relate the transfers of §7.4 with the classical inductionmaps.
 Proposition 7.6.7. Let G be a finite group and let H Ď G be a subgroup. LetG “ µP8, regarded as an oriented P-divisible group over the complex K-theoryspectrum KU (Construction 2.8.6). Then the diagram of abelian groups
 KU0GpBHq
 trBHBG //
 „
 KU0GpBGq
 „
 ReppHq
 IndGH // ReppGq
 commutes, where the vertical maps are the isomorphisms supplied by Example 4.1.4.
 Proof. Define a C-linear map
 IndGH : tClass functions H Ñ Cu Ñ tClass functions GÑ Cu
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by the formulaIndGHpχqpgq “
 1|H|
 ÿ
 sPG,sgs´1PH
 χpsgs´1q,
 and consider the diagram
 KU0GpBHq
 trBHBG //
 „
 KU0GpBGq
 „
 ReppHq
 IndGH //
 rV sÞÑχV
 ReppGqrV sÞÑχV
 tClass functions H Ñ CuIndGH // tClass functions GÑ Cu.
 A standard elementary calculation shows that the lower square commutes. Moreover,the lower vertical maps are injective. Consequently, it will suffice to show that theouter rectangle commutes. Let KUC “ CbS KU denote the complexification ofthe complex K-theory spectrum. Then, over the ring spectrum KUC, we have anisomorphism of P-divisible groups
 Q Z » GKUC α ÞÑ expp2πiαq,
 so that Theorem 4.3.2 supplies isomorphisms
 pKUCq0GpBGq » KU0
 CpLQ ZpBGqq » tClass functions GÑ Cu
 pKUCq0GpBHq » KU0
 CpLQ ZpBHqq » tClass functions H Ñ Cu.
 By virtue of Example 4.3.9, we are reduced to verifying the commutativity of theouter rectangle in the diagram
 KU0GpBHq
 trBHBG //
 „
 KU0GpBGq
 „
 pKUCq
 0GpBHq
 trBHBG //
 „
 pKUCq0GpBGq
 „
 KU0CpLQ Z
 pBHqqtrLQ ZpBHqLQ ZpBGq //
 „
 KU0CpLQ Z
 pBGqq
 „
 tClass functions H Ñ Cu
 IndGH // tClass functions GÑ Cu.
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In fact, the entire diagram commutes: for the upper square this follows from Remark7.4.8, for the middle square it follows from Remark 7.4.9, and for the lower square itfollows from Proposition 7.4.12.
 Proof of Theorems 7.6.1 and 7.6.2 from Theorems 7.6.3 and 7.6.5. We give an argu-ment that Theorem 7.6.5 implies Theorem 7.6.2; the proof that Theorem 7.6.3 impliesTheorem 7.6.1 is similar. Let KU denote the complex K-theory spectrum and letG “ µP8 be the multiplicative P-divisible group over KU, endowed with the orien-tation of Construction 2.8.6. Let G be a finite group, so that X “ BG is a π-finitespace. Then Theorem 7.6.5 implies that the tempered cohomology ring KU0
 GpXq isgenerated by the images of the maps trY X : KU0
 GpY q Ñ KU0GpXq, where f : Y Ñ X
 is a map satisfying condition p˚q of Theorem 7.6.5. Moreover, since X is 1-truncated,we may assume without loss of generality that the map f : Y Ñ X is 0-truncated(Remark 7.6.6), so that we can identify Y with the classifying space of a subgroupH Ď G. In this case, p˚q guarantees that H factors as a product of a cyclic group anda p-group for some prime number p. Combining this observation with Proposition7.6.7, we deduce that the representation ring ReppGq is generated by the images ofthe induction maps IndGH : ReppHq Ñ ReppGq, where H ranges over subgroups of Gwhich are products of cyclic groups with p-groups.
 Theorem 7.6.5 has a local version:
 Theorem 7.6.8. Let p be a fixed prime number, let ~h “ th`u`PP be a collection ofnonnegative integers, let G be a P-divisible group of height ď ~h over a p-local E8-ringA, and let X be a π-finite space. Then the tempered cohomology ring A0
 GpXq isgenerated, as an abelian group, by the images of the transfer maps
 trY X : A0GpY q Ñ A0
 GpXq,
 where Y ranges over π-finite spaces of the form T ˆ P , where T P T pď ~hq and P is aconnected p-finite space.
 Proof of Theorem 7.6.5 from Theorem 7.6.8. Let G be a P-divisible group over anE8-ring A, let X be a π-finite space, and let I Ď A0
 GpXq be the subgroup generatedby the images of the transfer maps trY X : A0
 GpY q Ñ A0GpXq, where Y Ñ X satisfies
 condition p˚q of Theorem 7.6.8. It follows from the projection formula of Warning7.4.2 that I is an ideal. Consequently, to show that I coincides with A0
 GpXq, it willsuffice to show agreement after localizing at every prime number p. By virtue ofCorollary 4.7.3, we can replace A by the localization Appq and thereby reduce to the
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case where A is p-local, in which case the desired result follows immediately fromTheorem 7.6.8.
 Warning 7.6.9. In our deduction of Theorem 7.6.5 from Theorem 7.6.8, we invokedthe fact that the formation of tempered cohomology of π-finite spaces is compatiblewith faithfully flat base change (Corollary 4.7.3). To prove Theorems 7.6.3 and7.6.8, we will not use this fact (despite the fact that it would simplify our argumentsomewhat). This is actually important to the overall logic of §7: to prove that thetempered function spectrum AXG of an n-truncated, π-finite space X is compatiblewith base change, we use the fact that the projection map X Ñ ˚ is υ-ambidextrous(Theorem 7.2.10), whose proof will make use of Theorem 7.6.3 and Theorem 7.6.8(applied to the same π-finite space X), but will not use Theorem 7.6.5.
 Proof of Theorem 7.6.3. Let G be an oriented P-divisible group over an E8-ring A.Let S be the (finite) collection of all prime numbers which divide the order of somehomotopy group πnpX, xq, and assume that each p P S is invertible in the commutativering π0pAq. Without loss of generality, we may assume that for each p P S, the p-divisible group Gppq has some fixed height hp. Let Λ be the colattice
 À
 pPSpQp Zpqhp
 and let pΛ »ś
 pPS Zhpp denote its Pontryagin dual. Let I be the set of all homotopy
 classes of maps BpΛ Ñ X, and choose a representative fi : BpΛ Ñ X for each homotopyclass i P I. By virtue of Proposition 3.4.7, we can choose finite subgroups Mi Ď Λsuch that each of the maps fi factors as a composition
 BpΛ Ñ BxMigiÝÑ X.
 By construction, the finite group pxMiqppq can be generated by ď hp elements for eachp P S (and vanishes for p R Sq. We will complete the proof by showing that thetransfer maps trBxMiX
 induce a surjectionà
 iPI
 A0GpB
 xMiq Ñ A0GpXq.
 Let G1 denote the sumÀ
 pPS Gppq and let C “ SplitΛpG1q be a splitting algebrafor G1 (Definition 2.7.7). Then C is a direct limit of finite etale A-algebras, and thereis an isomorphism ρ : Λ Ñ G1
 C of P-divisible groups over C. The restriction of ρto each M i is then classified by a map of A-algebras ui : ABxMi
 G Ñ C. We can thenfactor the unit map AÑ C as a composition AÑ B Ñ C, where B is a finite etaleA-algebra (of nonzero degree), C is faithfully flat over B, and each of the maps ui
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factors through some map of A-algebras ABxMiG Ñ B, which we can identify with a map
 of B-algebras vi : BBxMiG Ñ B. Since BBxMi
 G is an etale B-algebra, this map decomposesthe commutative ring B0
 GpBxMiq as a Cartesian product of π0pBq with some auxiliary
 commutative ring Ri (so that vi is given by projection onto the first factor). Letξi P B
 0GpB
 xMiq be the element which corresponds to the pair p1, 0q under this productdecomposition. We will prove the following:
 paq The sumř
 iPI trBxMiXpξiq is an invertible element of the tempered cohomology
 ring B0GpXq.
 Note that if paq is satisfied, then the transfer mapÀ
 iPI B0GpB
 xMiq Ñ B0GpXq is
 surjective (since its image is automatically an ideal). Since B is finite flat (andfaithfully flat) over A, it will then follow from Remark 4.7.4 that the transfer mapÀ
 iPI A0GpB
 xMiq Ñ A0GpXq is also surjective, completing the proof of Theorem 7.6.3.
 Let C‚ denote the cosimplicial B-algebra given by the iterated tensor powers ofC over B. Since C is faithfully flat over B, the canonical map B Ñ TotpC‚q is anequivalence. It then follows from Lemma 4.2.11 that the map of tempered functionspectra BX
 G Ñ TotpC‚XG q is also an equivalence. Consequently, to show that theelement
 ř
 iPI trBxMiXpξiq is an invertible element of the tempered cohomology ring
 B0GpXq “ π0pB
 XGq is invertible, it will suffice to show that its image in C0
 GpXq “
 π0pCXGq is invertible. Set G0 “
 À
 pRS Gppq, so that the P-divisible group GC splits asa direct sum G0C ‘ Λ. We then have a commutative diagram
 À
 iPI C0GpB
 xMiqtrBxMiX //
 „
 C0GpXq
 „
 À
 iPI C0G0pB
 xMBpΛi q
 trBxMB pΛ
 iXB
 pΛ// C0
 G0pXBpΛq,
 where the vertical maps are the character isomorphisms supplied by Theorem 4.3.2.Note that the mapping space Z “ XBpΛ splits as a disjoint union of connected S-finitespaces
 š
 iPI Zi, so that the tempered cohomology ring C0G0pX
 BpΛq can be identifiedwith
 ś
 iPI π0pCq (Proposition 7.4.11). Using Proposition 7.4.12, we see that the imageof
 ř
 iPI trBxMiXpξiq under this identification is given by the tuple of rational numbers
 tMasspBxMiq
 MasspZiq uiPI , each of which is invertible in π0pCq.
 Our proof of Theorem 7.6.8 will use a similar strategy. However, it is somewhatmore complicated, because we cannot explicitly describe the tempered cohomology
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rings which appear. We will need a few preliminary remarks. Recall that if G is afinite p-group acting on a finite set X, then the fixed point set XG “ tx P X : p@g PGqrxg “ xsu satisfies |XG| ” |X| pmod pq. We will need an analogous fact for π-finitespaces:
 Lemma 7.6.10. Let X be a π-finite space, and let p be a prime number which doesnot divide the order of any homotopy group of X. Let G be a finite p-group acting onX. Then:
 p1q The homotopy fixed point set XhG is also a π-finite space, whose homotopygroups have order not divisible by p.
 p2q If X is connected, then XhG is connected.
 p3q We have MasspXhGq ” MasspXq pmod pq in the commutative ring Zppq.
 Proof. Decomposing X as a disjoint union, we may assume without loss of generalitythat π0pXq consists of a single orbit of G. If X is not connected, then G has no fixedpoints on the set π0pXq and therefore the homotopy fixed point space XhG is empty.On the other hand, the mass MasspXq is the product of |π0pXq| with the mass of anyconnected component of X, and is therefore divisible by p (in the ring Zppq). We maytherefore assume without loss of generality that X is connected. Since X is π-finite,there exists an integer n " 0 for which X is n-truncated. We proceed by induction onn. If n “ 0, then X is contractible and the result is clear. To carry out the inductivestep, assume that n ą 0 and let Y “ τďn´1pXq be the pn´ 1q-truncation of X. ThenY inherits an action of G, and our inductive hypothesis guarantees that Y hG is aconnected π-finite space satisfying MasspY hGq ” MasspY q pmod pq. Fix a base pointy P Y hG. Then G acts on the homotopy fiber F “ tyuˆY X, and we have a homotopyfiber sequence
 F hGÑ XhG
 Ñ Y hG,
 which yields an equality
 MasspXhGq “ MasspY hG
 q ¨MasspF hGq
 ” MasspY q ¨MasspF hGq
 “MasspXqMasspF q ¨MasspF hG
 q
 “ MasspXq ¨ MasspF hGq
 MasspF q .
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We may therefore replace X by F and thereby reduce to the case where X » KpM,nq
 is the Eilenberg-MacLane space associated to a finite group M whose order is notdivisible by p.
 Suppose now that n ě 2, so that the group H is abelian. In this case, the actionof G on X “ KpM,nq is classified by an action of G on the group M together with ak-invariant η P Hn`1pG;Mq. Since G is a finite p-group and M has order relativelyprime to p, the invariant η automatically vanishes. It follows that the homotopy fixedpoint space XhG is nonempty, and its homotopy groups (for any choice of base point)are given by
 π˚pXhGq “ Hn´˚
 pG;Mq »#
 MG if ˚ “ n
 0 otherwise.
 Assertions p1q and p2q are now immediate, and p3q follows from the identity |MG| “
 |M |.It remains to treat the case n “ 1. In this case, the action of G on X is encoded
 by a homotopy fiber sequence
 X Ñ XhGuÝÑ BG.
 Choose a point x P XhG lying over the base point of BG and set rG “ π1pXhG, xq, sothat we have an exact sequence of finite groups 0 Ñ M Ñ rG
 ϕÝÑ G Ñ 0. Note that
 the space of pointed sections of the map u can be identified with the set of sections ofϕ in the category of groups, or equivalently with the set of all p-Sylow subgroups of rG
 (by identifying a section of ϕ with its image in rG). We therefore obtain a homotopyequivalence
 XhG» tUnpointed sections of uu» tPointed sections of uuhM» tp-Sylow subgroups of rGuhM .
 It follows immediately that XhG is a π-finite space whose homotopy groups areequivalent to subgroups of M (and therefore not divisible by p). Note that thecollection of p-Sylow subgroups of G form a single orbit under the action of rG (bySylow’s theorem), hence also under the action of M (since rG is generated by M
 together with any choice of p-Sylow subgroup P Ď rG); this proves that XhG is
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connected. The congruence
 MasspXhGq “
 |tp-Sylow subgroups of rGu|
 |M |
 “ MasspXq ¨ |tp-Sylow subgroups of rGu|
 ” MasspXq pmod pq
 also follows from Sylow’s theorem (which guarantees that the number of p-Sylowsubgroups of rG is congruent to 1 modulo p).
 Variant 7.6.11. Let X be a π-finite space, let p be a prime number which does notdivide the order of any homotopy group of X, and suppose that X is equipped with anaction of G “ Zn
 p for some nonnegative integer n. Then XhG is a π-finite space, whosehomotopy groups have order not divisible by p, and we have MasspXhGq ” MasspXqpmod pq in the commutative ring Zppq.
 Proof. Let AutpXq Ď XX denote the subspace consisting of homotopy equivalencesfrom X to itself, and let BAutpXq denote its classifying space. Then BAutpXqis a π-finite space, and the action of G on X is classified by a pointed map f :BG Ñ BAutpXq. It follows from Proposition 3.4.7 that the map f is homotopicto a composition BG Ñ BpGG0q Ñ BAutpXq for some subgroup G0 Ď G of finiteindex. Then G0 » Zn
 p acts trivially on X, so the homotopy fixed point space XhG0 isequivalent to the mapping space FunpBG0, Xq » X (by virtue of our assumption thatthe homotopy groups of X have order relatively prime to p). The desired result nowfollows by applying Lemma 7.6.10 to the residual action of the finite p-group GG0
 on XhG0 .
 We will also need the notion of a p-Sylow map between π-finite spaces (see [17] fora general discussion).
 Definition 7.6.12. Let X be a connected π-finite space and let p be a prime number.We say that a map of spaces f : Y Ñ X is p-Sylow if Y is connected and, for eachinteger m ě 1, the induced map of homotopy groups πmpY, yq Ñ πmpX, fpyqq inducesan isomorphism from πmpY, yq to a p-Sylow subgroup of πmpX, fpyqq; here y P Y isany choice of base point.
 Example 7.6.13. Let G be a finite group. Then a map of spaces Y Ñ BG is p-Sylowif and only if it induces a homotopy equivalence of Y with a connected covering spaceof BG whose fundamental group is a p-Sylow subgroup P Ď G.
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Remark 7.6.14. Let X be a connected π-finite space and let f : Y Ñ X be a p-Sylowmap. Then Y is a connected p-finite space. Moreover, the homotopy fiber fibpfq is aπ-finite space whose homotopy groups have order relatively prime to p, and the mass
 Masspfibpfqq “ MasspY qMasspXq “
 ź
 ną0p|πnpY q|
 |πnpXq|qp´1qn
 P Zppq
 is not divisible by p.
 Lemma 7.6.15. Let X be a connected π-finite space and let p be a prime number.Then there exists a p-Sylow map f : Y Ñ X.
 Proof. Note that X is n-truncated for some n " 0. We proceed by induction on n. Ifn “ 1, the desired result follows from Sylow’s theorem (Example 7.6.13). For n ą 1,let X 1 denote the truncation τďn´1pXq. Our inductive hypothesis then guarantees thatthere exists a p-Sylow map Y 1 Ñ X 1. Replacing X by the fiber product X ˆX 1 Y 1, wecan reduce to the case where X 1 is p-finite. The construction x ÞÑ πnpX, xq determinesa local system of finite abelian groups on X. Since n ą 1, this is the pullback of a localsystem L of finite abelian groups on X 1. Write L as a direct sum L`‘L´, where L` isa local system of finite abelian p-groups on X 1 and L´ is a local system of finite abeliangroups of order relatively prime to p. It follows from obstruction theory that the mapX Ñ X 1 is classified by a k-invariant η P Hn`1pX 1;Lq » Hn`1pX 1;L`q‘Hn`1pX 1;L´q.Since X 1 is p-finite, the cohomology group Hn`1pX 1;L´q vanishes. It follows thatη is the image of a cohomology class η` P Hn`1pX 1;L`q, which is the k-invariantassociated to a map Y Ñ X 1. By construction, this space is equipped with a p-Sylowmap Y Ñ X.
 Remark 7.6.16 (Uniqueness of p-Sylow Maps). Let X be a π-finite space and let pbe a prime number. One can show that the p-Sylow map Y Ñ X of Lemma 7.6.15 isunique up to homotopy equivalence. However, it is not unique up to a contractiblespace of choices. More precisely, let C Ă SX be the full subcategory spanned by thep-Sylow maps. By refining the argument of Lemma 7.6.15, one can show that C isa connected π-finite space, whose homotopy groups have order relatively prime to p(moreover, if X is n-truncated, then C is also n-truncated).
 Lemma 7.6.17. Let p be a prime number and let G be an oriented P-divisible groupover a p-local E8-ring A. Let f : Y Ñ X be a p-Sylow map of connected π-finitespaces. Assume that, for every prime number ` ‰ p which divides the order of somehomotopy group of X, the `-divisible group Gp`q vanishes. Then the transfer maptrY X : A0
 GpY q Ñ A0GpXq carries 1 to an invertible element of A0
 GpXq.
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Proof. Let us say that an object B P CAlgA is good if the image of trY Xp1q in thetempered cohomology ring B0
 GpXq » π0pBXGq is invertible. Using Lemma 4.2.11, we
 see that the collection of good E8-algebras over A is closed under limits. We wish toprove that A is good.
 Without loss of generality, we may assume that the p-divisible group Gppq has somefixed height h. Then A is Ephq-local. We will complete the proof by showing thatevery Epnq-local A-algebra is good, for any n ě 0. Our proof proceeds by inductionon n. For n ą 0, we have a pullback diagram of A-algebras
 B //
 LKpnqpBq
 LEpn´1qpBq // LEpn´1qpLKpnqpBqq
 where the bottom left and right corners are good by virtue of our inductive hypothesis.We may therefore replace A by LKpnqpBq and thereby reduce to the case where A isKpnq-local. In this case, our orientation of G supplies an exact sequence of p-divisiblegroups
 0 Ñ GQA
 iÝÑ Gppq Ñ G1
 Ñ 0,
 where G1 is an etale p-divisible group of height h ´ n (Proposition 2.5.6). SetΛ “ pQp Zpq
 h´n and let C “ SplitΛpiq be a splitting algebra of f (Definition 2.7.12).Then C is a faithfully flat A-algebra (Proposition 2.7.15), so A can be realized asthe totalization TotpC‚q of the cosimplicial A-algebra C‚ given by the iterated tensorpowers of C over A. It will therefore suffice to show that C is good. Using ourinductive hypothesis again, we can replace A by LKpnqpCq and thereby reduce tothe case where A is Kpnq-local and the p-divisible group Gppq splits as a direct sumG0 ‘ Λ, where G0 “ GQ
 A is the Quillen p-divisible group of A. In this case, Remark7.4.9 supplies a commutative diagram
 A0GpY q
 trY X //
 A0GpXq
 A0G0pY
 BpΛqtrY B
 pΛXB pΛ// A0
 G0pXBpΛq,
 where the vertical maps are the character isomorphisms of Theorem 4.3.2. UsingLemma 4.4.17 and Theorem 4.2.5, we deduce that Atiyah-Segal comparison map
 A0G0pX
 BpΛq Ñ A0
 pXBpΛq
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is an isomorphism. Consequently, an element of the tempered cohomology ringA0
 G0pXBpΛq is invertible if and only if it is invertible when evaluated at any point u
 of the mapping space XBpΛ, which we can represent by a map of spaces u : BpΛ Ñ X.Using Remark 7.4.8, we are reduced to showing that the transfer map associated to theprojection Y BpΛ ˆ
 XB pΛ tuu Ñ tuu carries the identity element 1 P A0G0pY
 BpΛ ˆXB pΛ tuuq
 to an invertible element in A0G0ptuuq » π0pAq. By virtue of Proposition 7.4.12, this is
 equivalent to the assertion that the mass of the π-finite space Z “ Y BpΛ ˆXB pΛ tuu is
 an invertible element of the commutative ring π0pAq. Note that Z can be identifiedwith the homotopy fixed point space for an action of pΛ on the homotopy fiberF “ fibpX Ñ Y q. Applying Variant 7.6.11 and Remark 7.6.14, we deduce thatMasspZq ” MasspF q pmod pq is an invertible element of the local ring Zppq, andtherefore also invertible in the commutative ring π0pAq.
 Proof of Theorem 7.6.8. We proceed as in the proof of Theorem 7.6.3, with a fewmodifications. Let G be an oriented P-divisible group over a p-local E8-ring A, letX be a π-finite space, and let S be the (finite) collection of all prime numbers otherthan p which divide the order of some homotopy group πnpX, xq. Without loss ofgenerality, we may assume that for each ` P S, the `-divisible group Gp`q has somefixed height h`. Let Λ be the colattice
 À
 `PSpQ` Z`qh` and let pΛ »
 ś
 `PS Zh`` denote
 its Pontryagin dual. Let Z denote the mapping space XBpΛ. Then Z is also a π-finitespace, which decomposes into connected components
 š
 iPI Zi where I denotes thefinite set π0pZq “ HomhSpBpΛ, Xq. For each i P I, we have an evaluation map
 evi : BpΛˆ Zi Ñ X,
 which we can identify with a map ei : BpΛ Ñ XZi . Since XZi is also a π-finite space,each of the maps ei factors as a composition BpΛ Ñ BxMi
 e˝iÝÑ XZi for some finite
 subgroup Mi Ď Λ (Proposition 3.4.7). It follows that the evaluation maps evi admit acorresponding factorization as
 BpΛˆ Zi Ñ BxMi ˆ Ziev˝iÝÝÑÑ X.
 For each i P I, choose a p-Sylow map Yi Ñ Zi (Lemma 7.6.15). Let gi denote thecomposite map YiˆBxMi Ñ ZiˆBxMi
 ev˝iÝÝÑ X. We will complete the proof by showing
 that the transfer maps trpBxMiˆYiqX
 induce a surjectionà
 iPI
 A0GpB
 xMi ˆ Yiq Ñ A0GpXq.
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Let G1 denote the sumÀ
 `PS Gp`q and let C “ SplitΛpG1q be a splitting algebrafor G1 (Definition 2.7.7). Then C is a direct limit of finite etale A-algebras, and thereis an isomorphism ρ : Λ Ñ G1
 C of P-divisible groups over C. The restriction of ρto each Mi is then classified by a map of A-algebras ui : ABxMi
 G Ñ C. We can thenfactor the unit map AÑ C as a composition AÑ B Ñ C, where B is a finite etaleA-algebra (of nonzero degree), C is faithfully flat over B, and each of the maps uifactors through some map of A-algebras ABxMi
 G Ñ B, which we can identify with a mapof B-algebras vi : BBxMi
 G Ñ B. Since BBxMiG is an etale B-algebra, this map decomposes
 the commutative ring B0GpB
 xMiq as a Cartesian product of π0pBq with some auxiliarycommutative ring Ri (so that vi is given by projection onto the first factor). Letξi P B
 0GpB
 xMiq be the element which corresponds to the pair p1, 0q under this productdecomposition. We will prove the following:
 paq The sumř
 iPI trpBxMiˆYiqX
 pξiq is an invertible element of the tempered cohomol-ogy ring B0
 GpXq.
 Note that if paq is satisfied, then the transfer mapÀ
 iPI B0GpB
 xMiq Ñ B0GpXq is
 surjective (since its image is automatically an ideal). Since B is finite flat (andfaithfully flat) over A, it will then follow from Remark 4.7.4 that the transfer mapÀ
 iPI A0GpB
 xMi ˆ Yiq Ñ A0GpXq is also surjective, completing the proof of Theorem
 7.6.8.Let C‚ denote the cosimplicial B-algebra given by the iterated tensor powers of
 C over B. Since C is faithfully flat over B, the canonical map B Ñ TotpC‚q is anequivalence. It then follows from Lemma 4.2.11 that the map of tempered functionspectra BX
 G Ñ TotpC‚XG q is also an equivalence. Consequently, to show that theelement
 ř
 iPI trpBxMiˆYiqX
 pξiq is an invertible element of the tempered cohomology ringB0
 GpXq “ π0pBXGq is invertible, it will suffice to show that its image in C0
 GpXq “
 π0pCXGq is invertible. Set G0 “
 À
 `RS Gp`q, so that the P-divisible group GC splits asa direct sum G0C ‘ Λ. We then have a commutative diagram
 À
 iPI C0GpB
 xMi ˆ YiqtrBxMiX //
 χ
 C0GpXq
 χ
 À
 iPI C0G0ppB
 xMi ˆ YiqBpΛq // C0
 G1pXBpΛq,
 where the vertical maps are the character isomorphisms supplied by Theorem 4.3.2.Since each Yi is p-finite, the mapping spaces pBxMi ˆ Yiq
 BpΛ can be identified with a
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disjoint unionž
 αPHomppΛ,Miq
 pBxMi ˆ Yiq
 By construction, the image of ξ under the character map can be identified with theelement of the tempered cohomology ring
 C0G0ppB
 xMi ˆ YiqBpΛq »
 ź
 αPHomppΛ,Miq
 C0G0pB
 xMi ˆ Yiq
 which takes the value 1 on the connected component corresponding to the homomor-phism pΛ Ñ xMi which is Pontryagin dual to the inclusion map, and 0 on all otherconnected components. We are therefore reduced to showing that each of the transfermaps
 trYiˆBxMiZi: C0
 G0pBxMi ˆ Yiq Ñ C0
 G0pZiq
 carries 1 to an invertible element of the tempered cohomology ring C0G0pZiq. In
 fact, we claim that trpBxMiˆYiqZi
 p1q “ trYiZi p1q|Mi|
 (which will imply the desired result,by virtue of Lemma 7.6.17). Using the functoriality of the transfer (Proposition7.4.5), we are reduced to verifying the identity trYipBxMiˆYiq
 p1q “ |Mi| in the temperedcohomology ring C0
 G0pBxMi ˆ Yiq. Using the push-pull identity of Proposition 7.4.4,
 we are reduced to showing that transfer along the base point inclusion teu ãÑ BxMi
 satisfies trteuBxMi
 p1q “ |Mi|, which is a special case of Proposition 7.4.12.
 7.7 Proof of Tempered AmbidexterityLet G be an oriented P-divisible group over an E8-ring A, which we regard as fixed
 throughout this section. Our goal in this section is to prove Theorem 7.2.10, whichasserts that every n-truncated relatively π-finite morphism of orbispaces f : X Ñ Y isυG-ambidextrous. Our proof will proceed by induction on n. The case n “ ´1 followsfrom Proposition 7.5.3 (and Corollary 7.3.16). To carry out the inductive step, wewill prove the following:
 Proposition 7.7.1. Let n be a nonnegative integer, and let f : X Ñ Y be a morphismof orbispaces which is relatively π-finite and n-truncated. Assume that every pn´ 1q-truncated, relatively π-finite morphism of orbispaces is υG-ambidextrous. Then f isυG-ambidextrous.
 The proof will make use of the following:
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Lemma 7.7.2. Let f : X1 Ñ X be a υG-ambidextrous morphism of orbispaces. Supposethat the transfer map trX1X : A0
 GpX1q Ñ A0GpXq is surjective. Then every G-tempered
 local system F on X can be realized as a direct summand of f!pG q, for some G-temperedlocal system G on X1.
 Proof. By virtue of the projection formula (Theorem 7.3.1), it will suffice to treat thecase F “ AX. Let u : AX1 Ñ f˚pAX1q and v : f!pAXq Ñ AX1 be the unit and counitmaps. For any element t P A0
 GpX1q, the composite map
 AXuÝÑ f˚pAX1q
 f˚ptqÝÝÝÑ f˚pAX1q
 Nm´1f
 ÝÝÝÑ f!pAX1qvÝÑ AX
 is given by multiplication by the element trX1Xptq P A0GpXq. Choosing t such that
 trX1Xptq “ 1, we see that this diagram exhibits AX1 as a retract of f!pAXq.
 Proof of Proposition 7.7.1. Let f : X Ñ Y be a map of orbispaces which is n-truncatedand relatively π-finite; we wish to show that f is υG-ambidextrous. By virtue ofCorollary 7.3.16, we may assume without loss of generality that Y “ Y p´q whereY P T is the classifying space of a finite abelian group. Our assumption that f isrelatively π-finite then implies that X is representable by a π-finite space X. UsingProposition 7.5.3, we can assume that X is connected. If n “ 0, then X is a connectedcovering space of Y P T , and is therefore also the classifying space of a finite abeliangroup. In this case, we can identify f with a finite product of maps fppq : Xppq Ñ Yppqbetween p-finite spaces, so that the desired result follows from Theorem 7.5.1. Wewill therefore assume that n ą 0, so that the space X is n-truncated. Note thatthe relative diagonal map δ : X Ñ X ˆY X is pn ´ 1q-truncated, and is thereforeυG-ambidextrous by virtue of our inductive hypothesis. It follows that f is weaklyυG-ambidextrous. In particular, for every G-tempered local system F on X, we canassociate a norm map Nmf : f!pF q Ñ f˚pF q (Notation 7.2.3).
 Let AFormpfq : rXY sb rXY s Ñ AY denote the ambidexterity form of Construc-tion 7.3.13. Then f is υG-ambidextrous if and only if AFormpfq is a duality datumin the 8-category LocSysGpY q (Proposition 7.3.15). Let S be the (finite) set of allprime numbers which divide the order of some homotopy group of X, and let N bethe product of all the numbers which belong to S. Then Ar 1
 Ns and tAppqupPS comprise
 a faithfully flat covering of A. By virtue of Proposition 6.2.6, the ambidexterity formAFormpfq is a duality datum in LocSysGpY q if and only if its image is a duality datumin each of the symmetric monoidal 8-categories
 Ar1Ns bA LocSysGpY q Appq bA LocSysGpY q.
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It will therefore suffice to show that f is υG-ambidextrous after extending scalarsfrom A to the localizations Ar 1
 Ns and Appq for p P S. We now break into two cases:
 • Suppose that A “ Ar 1Ns: that is, every prime number p P S is invertible in A.
 To complete the proof, it will suffice to show that the norm map Nmf : f!pF q Ñ
 f˚pF q is an equivalence for every G-tempered local system F on X. UsingTheorem 7.6.3, we can choose a map of spaces g : X 1 Ñ X, where X 1 is a finitedisjoint union of objects of T and the transfer map trX 1X : A0
 GpX1q Ñ A0
 GpXq
 is surjective. Moreover, we can assume that the map g is pn´ 1q-truncated (thisis automatic for n ě 2, and for n “ 1 it follows from Remark 7.6.4). InvokingLemma 7.7.2, we deduce that F can be written as a direct summand of g!pG q,for some object G on LocSysGpXq. It we are therefore reduced to showing thatthe norm map Nmf : f!pg! G q Ñ f˚pg!pG qq is an equivalence. By assumption,every pn ´ 1q-truncated morphism of π-finite spaces is υG-ambidextrous. Inparticular, we have a norm equivalence Nmg : g!pG q Ñ g˚pG q. Moreover, thecomposition
 f!pg!pG qqNmfÝÝÝÑ f˚pg!pG qq
 f˚pNmgqÝÝÝÝÝÑ f˚pg˚pG qq
 is given by the norm map Nmg˝f associated the composition pg ˝ fq : X 1 Ñ Y
 (Remark Ambi.4.2.4 ). It will therefore suffice to show that the composite mapg ˝ f is υG-ambidextrous. Writing X 1 as a union of connected componentsš
 iPI X1i, we are reduced to showing that each of the composite maps hi : X 1
 i ãÑ
 X 1 gÝÑ X
 fÝÑ Y is υG-ambidextrous (Proposition 7.5.3). This is clear, since hi is
 a map between classifying spaces of finite abelian groups, and therefore factorsas a finite product of maps pX 1
 iqppq Ñ Yppq between p-finite spaces (each of whichis υG-ambidextrous by virtue of Theorem 7.5.1).
 • Suppose that the E8-ring A is p-local, for some prime number p. As before, wewill complete the proof by showing that the norm map Nmf : f!pF q Ñ f˚pF q
 is an equivalence for every G-tempered local system F on X. Using Theorem7.6.8, we can choose a map of spaces g : X 1 “
 š
 iPI X1i Ñ X, where each X 1
 i
 is a product of an object of T with a p-finite space, and the transfer maptrX 1X : A0
 GpX1q Ñ A0
 GpXq is surjective. By virtue of Remark 7.6.6, we canassume without loss of generality that g is pn ´ 1q-truncated. Lemma 7.7.2implies that F can be written as a direct summand of g!pG q, for some objectG on LocSysGpXq. It we are therefore reduced to showing that the norm mapNmf : f!pg! G q Ñ f˚pg!pG qq is an equivalence. As above, we note that g is
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υG-ambidextrous and that the composition
 f!pg!pG qqNmfÝÝÝÑ f˚pg!pG qq
 f˚pNmgqÝÝÝÝÝÑ f˚pg˚pG qq
 can be identified with the norm map Nmg˝f : pg ˝ fq!pG q Ñ pg ˝ fq˚pG q. It willtherefore suffice to show that g ˝ f is υG-ambidextrous. By virtue of Proposition7.5.3, we are reduced to showing that each of the composite maps g ˝ f is υG-ambidextrous. Writing X 1 as a union of connected components
 š
 iPI X1i, we are
 reduced to showing that each of the composite maps hi : X 1i ãÑ X 1 g
 ÝÑ XfÝÑ Y
 is υG-ambidextrous. This again follows from Theorem 7.5.1, since hi can bewritten as a finite product of maps between `-finite spaces (which are classifyingspaces of finite abelian `-groups for ` ‰ p).
 7.8 Applications of Tempered AmbidexterityOur goal in this section is to summarize some of the consequences of tempered
 ambidexterity. Let G be an oriented P-divisible group over an E8-ring A. ThenTheorem 7.2.10 immediately implies the following:
 Proposition 7.8.1. Let f : X Ñ Y be a map of π-finite spaces. Then the functorsf!, f˚ : LocSysGpXq Ñ LocSysGpY q are equivalent.
 Corollary 7.8.2. Let f : X Ñ Y be a map of π-finite spaces. Then the func-tor f˚ : LocSysGpXq Ñ LocSysGpY q preserves small colimits, and the functorf! : LocSysGpXq Ñ LocSysGpY q preserves small limits.
 Fix a prime number p. It follows immediately from the definition that for everymap of spaces f : X Ñ Y , the pullback functor f˚ : LocSysGpY q Ñ LocSysGpXq
 carries LocSysKpmqG pY q into LocSysKpmqG pXq for every nonnegative integer m. Since thecollection of Kpmq-local spectra is closed under the formation of limits, the descriptionof f˚ supplied by Construction 7.1.1 shows that the functor f˚ carries LocSysKpmqG pXq
 into LocSysKpmqG pY q. In particular, for each object F P LocSysGpXq, the canonicalmap f˚F Ñ f˚pLKpmqF q factors through LKpmqf˚F .
 Corollary 7.8.3. Let f : X Ñ Y be a map of π-finite spaces. Then, for everyobject F P LocSysGpXq and every integer m ě 0, the canonical map LKpmqpf˚F q Ñ
 f˚pLKpmqF q is an equivalence in LocSysGpY q.
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Proof. We wish to prove that the map f˚F Ñ f˚pLKpmqF q is a Kpmq-equivalence.Let F 1 denote the fiber of the canonical map F Ñ LKpmqF ; we wish to prove thatf˚F 1 is Kpmq-acyclic: that is, that the mapping space MapLocSysGpY q
 pf˚F 1,G q iscontractible for every object G P LocSysKpmqG pY q. Using Proposition 7.8.1, we obtaina homotopy equivalence
 MapLocSysGpY qpf˚F 1,G q » MapLocSysGpXq
 pF 1, f˚ G q,
 so that the desired result follows from the Kpmq-acyclicity of F 1 (since the pullbackf˚ G is Kpmq-local).
 Remark 7.8.4. Using Corollary 7.8.3, we can deduce Theorem 7.2.10 from TheoremAmbi.5.2.1 . However, we do not know a direct proof of Corollary 7.8.3.
 Proposition 7.8.5. Let f : X Ñ Y be a map of π-finite spaces. Then the functorsf˚ : LocSysGpY q Ñ LocSysGpXq and f˚ : LocSysGpXq Ñ LocSysGpY q preservecompact objects.
 Proof. Proposition 7.8.1 supplies an equivalence f˚ » f!; it will therefore suffice toshow that f˚ and f! preserve compact objects. By virtue of Proposition HTT.5.5.7.2 ,it will suffice to prove that the right adjoint functors f˚ and f˚ preserve filteredcolimits. In the second case this is obvious, and in the first case it follows fromCorollary 7.8.3.
 If F is a G-tempered local system on a space X, then the A-module ΓpX; F q isgiven by the direct image q˚F , where q is the projection map from X to a point (andwe identify LocSysGp˚q with the 8-category ModA). We therefore have the followingconsequence of Corollary 7.8.2 and Proposition 7.8.5:
 Corollary 7.8.6. Let X be a π-finite space. Then the tempered global sections functor
 ΓpX; ‚q : LocSysGpXq Ñ ModA F ÞÑ ΓpX; F q
 commutes with small colimits, and carries compact objects of LocSysGpXq to compactobjects of ModA.
 Notation 7.8.7. For every space X, we view LocSysGpXq as an A-linear 8-category.For every pair of objects F ,G P LocSysGpXq, we write MappG ,F q for the A-moduleclassifying morphisms from F to G (so that we have canonical homotopy equivalencesMapModApM,MappG ,F qq » MapLocSysGpXq
 pM bA G ,F q, depending functorially onM P ModA).
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Proposition 7.8.8. Let X be a π-finite space and let F P LocSysGpXq. The followingconditions are equivalent:
 p1q The object F is a compact object of LocSysGpXq
 p2q The object F is dualizable (with respect to the tensor product introduced in §5.8.
 Proof. If F is dualizable, then the functor
 G ÞÑ MappF ,G q
 » MappAX ,F_bG q
 » ΓpX; F_bG q
 commutes with small colimits, since the functors G ÞÑ F_bG and ΓpX; ‚q commute
 with small colimits (Corollary 7.8.6). This shows that p2q ñ p1q.We now prove that p1q ñ p2q. Let C Ď LocSysGpXq be the full subcategory
 spanned by the dualizable objects. Then C is a stable subcategory of LocSysGpXq,and the first part of the proof shows that every object of C is compact in LocSysG.Applying Proposition HTT.5.3.5.11 , we obtain a fully faithful embedding f : IndpCq ÑLocSysGpXq which preserves filtered colimits. We will show that f is an equivalenceof 8-categories. It will then follow that every compact object of LocSysGpXq is aretract of an object of C; since C is closed under retracts, the implication p1q ñ p2qfollows.
 Using Corollary HTT.5.5.2.9 , we see that f admits a right adjoint g. To provethat f is an equivalence of 8-categories, it will suffice to show that g is conservative.Fix an object F P LocSysGpXq such that gpF q » 0; we wish to show that F » 0.Choose any object T P TX . Then we have an equivalence F pT q » Mappf!AT ,F q “
 MapprT Xs,F q. This spectrum vanishes, since rT Xs “ f!AT is a self-dual object ofLocSysGpXq.
 Corollary 7.8.9. Let X be a π-finite space. Then LocSysGpXq is a proper A-linear8-category. That is, for every pair of compact objects F ,G P LocSysGpXq, theA-module MappF ,G q is perfect.
 Proof. Since F and G are compact, they are dualizable (Proposition 7.8.8). We thenhave a equivalences
 MappF ,G q » MappAX ,F_bG q » ΓpX; F_
 bG q.
 We now observe that the tensor product F_bG is dualizable and therefore compact,
 and the functor ΓpX; ‚q preserves compact objects by virtue of Corollary 7.8.6.
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Recall that if X and Y are π-finite spaces, then Corollary 4.7.11 guarantees thatthe multiplication map AXG bA A
 YG Ñ AXˆYG is an equivalence of A-modules. We now
 establish a relative version of this result.Notation 7.8.10 (External Tensor Products). Let G be an oriented P-divisiblegroup over an E8-ring A, let X and Y be spaces, and let qX : X ˆ Y Ñ X andqY : X ˆ Y Ñ Y denote the projection maps. Then the pullback functors
 LocSysGpXqq˚XÝÑ LocSysGpX ˆ Y q
 q˚YÐÝ LocSysGpY q
 determine an A-linear functor
 λ : LocSysGpXq bA LocSysGpY q Ñ LocSysGpX ˆ Y q.
 In particular, we obtain an external tensor product functor
 b : LocSysGpXq ˆ LocSysGpY q Ñ LocSysGpX ˆ Y q,
 which is A-linear separately in each variable, given concretely by the formula
 F b G “ q˚X F bq˚Y G .
 Proposition 7.8.11 (Kunneth Formula). Let G be an oriented P-divisible groupover an E8-ring A. Let X and Y be π-finite spaces. Then, for every pair of objectsF P LocSysGpXq and G P LocSysGpY q, the canonical map
 θ : ΓpX; F q bA ΓpY ; G q Ñ ΓpX ˆ Y ; F b G q
 is an equivalence in ModA.Proof. Form a pullback diagram of spaces
 X ˆ YqX //
 qY
 X
 pY
 Y
 pX // ˚.
 Using Theorem 7.3.10 (and Theorem 7.1.6), we see that θ factors as a composition ofequivalences
 ΓpX; F q bA ΓpY ; G q “ ppY ˚F q bA ppX˚ G q„ÝÑ pY ˚pF bp˚Y pX˚ G q„ÝÑ pY ˚pF bqX˚q
 ˚Y G q
 „ÝÑ pY ˚pqX˚pq
 ˚X F bq˚Y G qq
 “ ΓpX ˆ Y ; F b G q.
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Corollary 7.8.12. Let G be an oriented P-divisible group over an E8-ring A. LetX and Y be π-finite spaces. Then the A-linear functor
 λ : LocSysGpXq bA LocSysGpY q Ñ LocSysGpX ˆ Y q
 of Notation 7.8.10 is fully faithful.
 Proof. For every pair of objects F P LocSysGpXq and G P LocSysGpY q, we let F b G
 denote the image of pF ,G q in the tensor product LocSysGpXqbALocSysGpY q. We alsodefine F b G P LocSysGpX ˆ Y q as in Notation 7.8.10, so that F b G » λpF b G q.
 Since LocSysGpXq and LocSysGpY q are compactly generated A-linear8-categories,the tensor product LocSysGpXq bA LocSysGpY q is also compactly generated. Toprove that λ is fully faithful, it will suffice to prove the following (see PropositionHTT.5.3.5.11 ):
 paq The functor λ carries compact objects of LocSysGpXqbALocSysGpY q to compactobjects of LocSysGpX ˆ Y q.
 pbq The functor λ is fully faithful when restricted to compact objects.
 Let C denote the full subcategory of LocSysGpXqbModALocSysGpY q spanned by thecompact objects, and let C0 denote the full subcategory of LocSysGpXqbALocSysGpY q
 spanned by objects of the form F b G , where F P LocSysGpXq and G P LocSysGpY q
 are compact. Then C is generated by C0 under colimits and retracts. Consequently,to prove paq, it will suffice to show that λpF b G q » F b G is a compact object ofLocSysGpXˆY q whenever F P LocSysGpXq and G P LocSysGpY q are compact. Thisfollows immediately from Corollary 7.8.8, since it is clear that F b G is dualizablewhenever F and G are dualizable.
 To prove pbq, it will suffice to show that for every pair of objects C,C 1 P C, thecanonical map
 θ : MapLocSysGpXqbALocSysGpY qpC,C 1q Ñ MappλpCq, λpC 1qq
 is an equivalence of A-modules If we regard C 1 as fixed, then the collection of thoseobjects C P C for which θ is an equivalence is closed under retracts and finite colimits;we may therefore assume without loss of generality that C has the form F b G , whereF P LocSysGpXq and G P LocSysGpY q are compact. By a similar argument, we maysuppose that C 1 “ F 1
 b G 1 where F 1P LocSysGpXq and G 1
 P LocSysGpY q. In thiscase, the θ can be identified with the canonical map
 ΓpX; F_bF 1
 q bA ΓpY ; G _bG 1
 q Ñ ΓpX ˆ Y ; pF_bF 1
 qb pG _bG 1
 qq,
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which is an equivalence by virtue of Proposition 7.8.11.
 In the situation of Corollary 7.8.12, the embedding
 λ : LocSysGpXq bA LocSysGpY q Ñ LocSysGpX ˆ Y q
 is generally not essentially surjective. However, we have the following partial result:
 Proposition 7.8.13. Let p be a prime number and let G be an oriented p-divisiblegroup over an E8-ring A. Let X and Y be π-finite spaces, and let
 λ : LocSysGpXq bA LocSysGpY q ãÑ LocSysGpX ˆ Y q
 be the fully faithful embedding of Corollary 7.8.12. Then the essential image of λincludes all p-nilpotent objects of LocSysGpX ˆ Y q.
 Proof. Let F be a p-nilpotent object of the 8-category LocSysGpX ˆ Y q; we wishto show that F belongs to the essential image of λ. Let λR : LocSysGpX ˆ Y q Ñ
 LocSysGpXq bA LocSysGpY q be a right adjoint to λ. Then we have a canonical fibersequence F 1
 Ñ F uÝÑ F 2 where F 1
 » pλ ˝λRqpF q belongs to the essential image of λand F 2 is annihilated by the functor λR. We will complete the proof by showing that uis nullhomotopic, so that F is equivalent to a direct summand of F 1 and therefore alsobelongs to the essential image of λ. By virtue of our assumption that F is p-nilpotent,it will suffice to show that the multiplication map p : F 2
 Ñ F 2 is an equivalence.Assume otherwise. Then we can choose an object T P TXˆY such that for whichthe map p : F 2
 pT q Ñ F 2pT q is not an equivalence. Choose a connected covering
 space T0 P CovpT q for which the fundamental group of T0 is the p-local summand ofthe fundamental group of π1pT q. Our assumption that G is a p-divisible group thenguarantees that the pullback map ATG Ñ AT0
 G is an equivalence, so that IpT0T q is thezero ideal of A0
 GpT q. Invoking the fact that F 2 is a tempered local system, we see thatthe canonical map F 2
 pT q Ñ F 2pT0q
 hAutpT0T q is an equivalence. It follows that themap p : F 2
 pT0q Ñ F 2pT0q is not an equivalence: in other words, the cofiber F 2
 pF 2
 does not vanish on T0. is nonzero. Set f0 “ f |T0 and g0 “ g|T0 , and regard the productT0 ˆ T0 as an object of TXˆY via the product map f0 ˆ g0 : T0 ˆ T0 Ñ X ˆ Y. UsingCorollary 5.5.5, we deduce that pF 2
 pF 2qpT0q can be identified with the tensor
 product AT0G ˆAGT0ˆT0
 pF 2pF 2
 qpT0 ˆ T0q. It follows that the spectrum F 2pT0 ˆ T0q
 does not vanish, contradicting our assumption that F 2 is annihilated by the functorλR.
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Remark 7.8.14. Assume that G is an oriented p-divisible group (for some primenumber p) and let X and Y be π-finite spaces. Proposition 7.8.13 is equivalent to theassertion that the embedding
 λ : LocSysGpXq bA LocSysGpY q ãÑ LocSysGpX ˆ Y q
 becomes an equivalence after extending scalars along the p-completion functor ModA ÑModCplppq
 A . More precisely, λ induces an equivalence of 8-categories
 pλ : LocSysCplppqG pXq bModCplppq
 ALocSysCplppq
 G pY q » LocSysCplppqG pX ˆ Y q.
 7.9 Dualizability of Tempered Local SystemsLet G be an oriented P-divisible group over an E8-ring A. For any π-finite space
 X, the 8-category LocSysGpXq is compactly generated 8-category (Corollary 5.3.3),whose compact objects are the dualizable tempered local systems on X (Proposition7.8.8). In this section, we study the condition of dualizability in more detail.
 Proposition 7.9.1. Let G be an oriented P-divisible group over an E8-ring A, andlet F be a G-tempered local system on an orbispace X. If F is a dualizable (as anobject of LocSysGpXq, then F pT q is a perfect A-module for each object T P TX.
 Proof. Let T be an object of T equipped with a map f : T Ñ X. Then f˚pF q is adualizable object of LocSysGpT q and therefore compact as an object of LocSysGpT q
 (Proposition 7.8.8). Applying Corollary 7.8.6, we conclude that F pT q » ΓpT ; f˚pF qqis a perfect A-module.
 Proposition 7.9.1 has a partial converse.
 Theorem 7.9.2. Let G be an oriented P-divisible group over an E8-ring A, let F
 be a G-tempered local system on an orbispace X, and let p be a prime number. Thefollowing conditions are equivalent:
 p1q For each object T P TX, the cofiber of the map p : F pT q Ñ F pT q is perfectwhen regarded as an A-module.
 p2q The cofiber F pF “ cofibpp : F Ñ F q is dualizable when regarded as an objectof LocSysGpXq (with respect to the tempered tensor product of Construction5.8.7).
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Remark 7.9.3. Let G be an oriented P-divisible group over an E8-ring A and letp be a prime number. Let X be an orbispace and let LocSysCplppq
 G pXq denote the fullsubcategory of LocSysGpXq spanned by the p-complete tempered local systems. Thenthe symmetric monoidal structure on tempered local systems (Construction 5.8.7)induces a symmetric monoidal structure
 pb : LocSysCplppqG pXq ˆ LocSysCplppq
 G pXq Ñ LocSysCplppqG pXq F pbG “ pF bG q^ppq.
 Using Theorem 7.9.2, we see that the following conditions on p-complete temperedlocal system F P LocSysGpXq are equivalent:
 p1q For each object T P TX, the spectrum F pT q is dualizable as an object of the8-category ModCplppq
 A (with respect to the completed tensor product).
 p2q The tempered local system F is a dualizable object of LocSysCplppqG pXq.
 Remark 7.9.4. Let G be an oriented P-divisible group over an E8-ring A, let p bea prime number, and let F be a G-tempered local system on an orbispace X whichsatisfies the equivalent conditions of Remark 7.9.3. Then, for every object T P TX, thespectrum F pT q is dualizable as an object of the 8-category ModCplppq
 ATG(with respect to
 the completed tensor product). When π1pT q is a p-group, this follows from Corollary5.5.5 (and the general case follows from a similar argument).
 Example 7.9.5. Let G be an oriented P-divisible group over a p-complete E8-ringA and let f : T 1 Ñ T be any morphism in T . It follows from Proposition 7.8.5 thatthe direct image f˚pAT 1q is dualizable as an object of the 8-category LocSysGpT q,and therefore also with respect to the completed tensor product on the subcategoryLocSysCplppq
 G pT q. Applying Remark 7.9.4, we deduce that the tempered functionspectrum AT
 1
 G is dualizable as an object of the 8-category of p-complete modulesover ATG. In other words, the cofiber AT 1GpA
 T 1
 G » cofibpp : AT 1G Ñ AT1
 G q is a perfectATG-module. Beware that AT 1G itself is usually not perfect as an ATG-module (unlessthe map f : T 1 Ñ T has connected homotopy fibers, in which case AT 1G is a projectivemodule of finite rank over ATG).
 Remark 7.9.6. Let G be an oriented P-divisible group over an E8-ring A, and letF be a G-tempered local system on an orbispace X. Suppose that, for every objectT P TX, the spectrum F pT q is perfect as an A-module. Using Remark 7.9.3), weconclude that for every prime number p, the completion F^
 ppq is dualizable with respectto the completed tensor product on the 8-category LocSysCplppq
 G pXq. One can also
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show (by a much easier argument) that the rationalization QbS F is dualizable asan object of the symmetric monoidal 8-category QbA LocSysGpXq. However, it doesnot follow formally that F is a dualizable as an object of LocSysGpXq (it unlikelythat this is true in general: see Warning 7.9.12).
 Our proof of Theorem 7.9.2 will make use of some auxiliary constructions whichmay be of independent interest.
 Construction 7.9.7 (Integral Transforms). Let G be an oriented P-divisible groupover an E8-ring A. Let X and Y be orbispaces, and let
 πX : X ˆ Y Ñ X πY : X ˆ Y Ñ Y
 denote the projection maps. Let K be a G-tempered local system on the productX ˆ Y. We let TK : LocSysGpXq Ñ LocSysGpYq denote the functor given by theformula
 TK pF q “ πY!pK bπ˚X F q.
 We refer to TK as the integral transform associated to the G-tempered local systemK .
 Example 7.9.8 (The Functor f! as an Integral Transform). Let f : X Ñ Y be amorphism of orbispaces, let Γpfq : X Ñ X ˆ Y denote its graph, and set K “
 Γpfq!pAXq P LocSysGpX ˆ Yq. Then the integral transform TK is given by theconstruction
 TK pF q “ πY!pK bπ˚XpF qq
 » πY!pΓpfq!pAXq b π˚XpF qq
 » πY!pΓpfq!pAX b Γpfq˚π˚XpF qq» pπY ˝ Γpfqq!ppπX ˝ Γpfqq˚pF qq» f!pF q.
 where the second equivalence is provided by the projection formula of Theorem 7.3.1.
 Example 7.9.9 (The Functor f˚ as an Integral Transform). Let f : Y Ñ X bea morphism of orbispaces, let Γpfq : Y Ñ X ˆ Y denote its graph, and set K “
 Γpfq!pAXq P LocSysGpX ˆ Yq. Then the integral transform TK is given by the
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construction
 TK pF q “ πY!pK bπ˚XpF qq
 » πY!pΓpfq!pAYq b π˚XpF qq
 » πY!pΓpfq!pAY b Γpfq˚π˚XpF qq» pπY ˝ Γpfqq!ppπX ˝ Γpfqq˚pF qq» f˚pF q
 where the second equivalence is provided by the projection formula of Theorem 7.3.1.
 Example 7.9.10. Let X and Y be π-finite spaces, and consider the pullback diagram
 X ˆ YπX //
 πY
 X
 q
 Y
 q1 // ˚.
 Suppose we are given tempered local systems G P LocSysGpXq and H P LocSysGpY q,where G is dualizable. Set K “ G _
 b H P LocSysGpX ˆ Y q. The the integraltransform TK is given by the construction
 TK pF q “ πY !pK bπ˚XpF qq
 » πY !pπ˚XpG
 _q b π˚Y pH q b π˚XpF qq
 » πY !pπ˚XpG
 _bF qq bH
 » q1˚q!pG_bF q bH
 » q1˚q˚pG_bF q bH
 » HompG ,F q bA H .
 Here the second equivalence is given by the projection formula of Theorem 7.3.1,the third by the Beck-Chevalley property of Corollary 7.1.7, and the fourth fromambidexterity for the projection map q : X Ñ ˚ (Proposition 7.8.1).
 Remark 7.9.11. Let G be an oriented P-divisible group over an E8-ring A, and letX and Y be π-finite spaces. It follows from Proposition 7.8.8 that LocSysGpXq iscanonically self-dual as an A-linear 8-category. Consequently, we can identify thetensor product LocSysGpXqbALocSysGpY q with the 8-category of colimit-preservingA-linear functors from LocSysGpXq to LocSysGpY q. Under this identification, theformation of integral transforms K ÞÑ TK corresponds to a functor
 λR : LocSysGpX ˆ Y q Ñ LocSysGpXq bA LocSysGpY q.
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Unwinding the definitions, we see that λR can be identified with the right adjoint ofthe functor
 λ : LocSysGpXq bA LocSysGpY q Ñ LocSysGpX ˆ Y q.
 classifying the external tensor product of G-tempered local systems (Notation 7.8.10).It follows from Corollary 7.8.12 that the functor λR is essentially surjective: in otherwords, every colimit-preserving A-linear functor from LocSysGpXq to LocSysGpY q
 is equivalent to the integral transform TK for some G-tempered local system K P
 LocSysGpX ˆ Y q. Beware that K is not unique: it can be chosen canonically bydemanding that it belongs to the essential image of the functor λ, but this choicemight not be desirable (see Warning 7.9.12).
 Proof of Theorem 7.9.2. Let F be a G-tempered local system on an orbispace X withthe property that, for every object T P TX, the cofiber F pT qpF pT q “ cofibpp :F pT q Ñ F pT qq is a perfect A-module. We wish to show that F pF is a dualizableobject of LocSysGpXq (the converse follows from Proposition 7.9.1). By virtue ofRemark 5.2.11, we may assume that X “ Xp´q is representable by an object X P T .Without loss of generality, we can replace A by Appq and thereby reduce to the casewhere A is p-local. Let S be the collection of all prime numbers ` ‰ p which dividethe order of the fundamental group π1pXq. Note that replacing G by the orientedP-divisible group G1 “ Gppq‘
 À
 `PS Gp`q does not change the 8-category LocSysGpXq
 (see Proposition 5.4.2). We may therefore replace G by G1 and thereby reduce to thecase where the `-divisible groups Gp`q vanish for ` R S Y tpu. By virtue of Proposition6.2.6, it will suffice to test the dualizability of F pF after faithfully flat base change.We may therefore assume without loss of generality that the P-divisible group G splitsas a direct sum G0 ‘ Λ, where G0 “ Gppq is a p-divisible group and Λ is the constantP-divisible group associated to a colattice with Λppq » 0. In this case, Theorem 6.4.1supplies a fully faithful symmetric monoidal embedding
 Φ : LocSysGpXq Ñ LocSysG0pLΛpXqq,
 whose essential image is spanned by the isotropic objects of LocSysG0pLΛpXqq (Theo-
 rem 6.5.13). It is not difficult to see that if the isotropic G0-tempered local systemΦpF pF q is dualizable, then the dual ΦpF pF q_ is also isotropic and can thereforebe written as ΦpG q, where G is a dual of F pF in the 8-category LocSysGpXq. Wemay therefore replace F by ΦpF q, X by LΛ
 pXq, and G by G0, thereby reducing tothe case where G is a p-divisible group and X is a π-finite space (which might nolonger belong to T ).
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Let δ : X Ñ X ˆ X be the diagonal map and set K 0 “ δ!AX . Then TK 0 isthe identity functor (see Example 7.9.8 or 7.9.9), so we can identify F pF withthe G-tempered local system TK 0 pK 0pF q. It follows from the above analysis thatK 0 pK 0 belongs to C0. Let us say that an object K P LocSysGpX ˆXq is good ifthe integral transform TK pF q is a dualizable object of LocSysGpXq. It will thereforesuffice to show that K 0 pK 0 is good. In fact, we will prove something stronger:every compact p-nilpotent object of LocSysGpX ˆXq is good.
 Given a pair of objects T, T 1 P TX , let K T,T 1 denote the external tensor productrT Xs b rT 1Xs, which we view as a G-tempered local system on X ˆ X Let C0
 be the smallest stable subcategory of LocSysGpX ˆ Xq which contains the objectsK T,T 1 pK T,T 1 and is closed under retracts, let C1 Ď LocSysGpX ˆXq be the sub-category generated by C0 under small colimits, and let C2 Ď LocSysGpX ˆXq be thesmallest subcategory which contains the objects K T,T 1 and is closed under shifts andsmall colimits. Then we have inclusions
 C0 Ď C1 Ď C2 Ď LocSysGpX ˆXq
 with the following properties:
 • The 8-category C2 is the essential image of the functor λ appearing in Corollary7.8.12. Consequently, C2 contains all p-nilpotent objects of LocSysGpX ˆ Xq
 (Proposition 7.8.13).
 • For every object G P C2, the fiber of the rationalization map G Ñ G rp´1s belongsto C1. Consequently, C1 also contains all p-nilpotent objects of LocSysGpX ˆXq.
 • The 8-category C1 is equivalent to IndpC0q. Consequently, if a compact objectof LocSysGpX ˆXq is contained in C1, then it is also contained in C0.
 We will complete the proof by showing that every object of C0 is good. Since thecollection of good objects of LocSysGpX ˆ Xq is closed under shifts, suspensions,and retracts, it will suffice to show that each of the G-tempered local systemsK T,T 1 pK T,T 1 is good. Using the self-duality of rT Xs and Example 7.9.10, weobtain an equivalence
 TK T,T 1 pK T,T 1pF q » pF pT qpF pT qq bA rT
 1Xs,
 which is dualizable by virtue of our assumption that F pT qpF pT q is perfect as anA-module (together with the dualizability of the object rT 1Xs).
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Warning 7.9.12. For every π-finite space X, the 8-category of tempered localsystems LocSysGpXq is a proper A-linear 8-category (Corollary 7.8.9). However, it isusually not a smooth A-linear 8-category: that is, the identity functor idLocSysGpXq :LocSysGpXq Ñ LocSysGpXq need not be compact as an object of the 8-categoryEndApLocSysGpXqq of A-linear endofunctors of LocSysGpXq. In essence, this is dueto the failure of the embedding
 λ : LocSysGpXq bA LocSysGpXq Ñ LocSysGpX ˆXq
 of Corollary 7.8.12 to be an equivalence of 8-categories. By virtue of Remark 7.9.11,the smoothness of LocSysGpXq is equivalent to the compactness of λRpδ!AXq, whereδ : X Ñ X ˆX is the diagonal map and λR denotes the right adjoint of the functor
 λ : LocSysGpXq bA LocSysGpXq Ñ LocSysGpX ˆXq.
 The G-tempered local system δ!AX is compact when viewed as an object of the8-category LocSysGpX ˆXq but usually does not belong to the essential image ofthe functor λ, so that λRpδ!AXq need not be compact.
 Note that when G is a p-divisible group, then the functor λ induces an equivalenceon p-nilpotent objects. One can use this to show that the 8-category LocSysCplppq
 G pXq
 is “p-adically smooth”: that is, it is fully dualizable when viewed as an object of thesymmetric monoidal p8, 2q-category of ModCplppq
 A -linear 8-categories (this smoothnesswas implicitly used in our proof of Theorem 7.9.2).
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