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Ogr. Gor. Volkan OGER FBA 1021 Calculus 1/ 40
 Exponential and Logarithmic Functions
 Exponential FunctionsThe functions of the form f(x) = bx, for constant b, are importantin mathematics, business, economics, science and other areas ofstudy.
 Definition
 The function f defined by
 f(x) = bx
 where b > 0, b 6= 1, and the exponents x is any real number; iscalled an Exponential function with base b.
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 2/ 40
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When you work with exponential functions, it may be necessary toapply rules for exponents. These rules are as follows, where x andy are real numbers and b and c are positive.
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 3/ 40
 Some functions that do not appear to have the exponential formbx can be put in that form by applying the preceding rules. Forexample,
 2−x =1
 2x= (
 1
 2)x and 33x = (32)x = 9x
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 4/ 40
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Example
 Bacteria Growth: The number of bacteria present in a cultureafter t minutes is given by
 N(t) = 300
 (4
 3
 )tNote that N(t) is a constant multiple of the exponential function(43
 )t
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 5/ 40
 1 How many bacteria are present initially? Here we want to findN(t) when t = 0. We have
 N(0) = 300
 (4
 3
 )0
 = 300(1) = 300
 Thus, 300 bacteria are initially present.
 2 Approximately how many bacteria are present after 3 minutes?
 N(3) = 300
 (4
 3
 )3
 = 300(64
 27) =
 6400
 9≈ 711
 Hence, approximately 711 bacteria are present after 3 minutes.
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 6/ 40
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Graphs of Exponential Functions
 Example
 Graph the exponential functions f(x) = 2x and f(x) = 5x
 By plotting points and connecting them, we obtain the graphs inFigures 1 and 2
 Figure 1:
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 7/ 40
 Figure 2:
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 8/ 40
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We can make some observations about these graphs.
 The domain of each function consists of ail real numbers, and therange consists of all positive real numbers.
 Each graph has y-intercept (0, 1).
 Moreover, the graphs have the same general shape. Each risesfrom left to right. As x increases, f(x) also increases. In fact f(x)increases without bound.
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 9/ 40
 However, in quadrant I, the graph of f(x) = 5x rises more quicklythan that of f(x) = 2x because the base in 5x is greater than thebase in 2x (that is, 5 > 2).
 Looking at quadrant II, we see that as x becomes very negative,the graphs of both functions approach the x-axis. This impliesthat the function values get very close to 0.
 These observations are true for all exponential functions whosebase b is greater than 1. Next example will examine the case for abase between 0 and 1 (0 < b < 1).
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 10/ 40
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Example
 Graph the exponential functions f(x) =(12
 )x.
 Figure 3:
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 11/ 40
 Compared to the graphs in previous example, the graph here fallsfrom left to right.
 That is, as x increases f(x) decreases.
 Notice that as x becomes very positive, f(x) takes on values closeto 0 and the graph approaches the x-axis.
 However, as x becomes very negative, the function values areunbounded.
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 12/ 40
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In general, the graph of an exponential function has one of twoshapes, depending on the value of the base b. This is illustrated inFigure 4.
 Figure 4:
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 13/ 40
 It is important to observe that in either case the graph passes thehorizontal line test. Thus all exponential functions are one-to-one.The basic properties of an exponential function and its graph aresummarized in Table 1
 Table 1: properties of an exponential function
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 14/ 40
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Example
 Transformations of Exponential Functions Use the graphof y = 2x to plot y = 2x − 3.
 The function has the form f(x)− c, where f(x) = 2x and c = 3.Thus its graph is obtained by shifting the graph of f(x) = 2x threeunits downward.
 Figure 5:Ogr. Gor. Volkan OGER FBA 1021 Calculus 15/ 40
 Example
 Transformations of Exponential Functions Use the graphof y =
 (12
 )xto plot y =
 (12
 )x−4.
 The function has the form f(x− c), where f(x) =(12
 )xand
 c = 4. Thus its graph is obtained by shifting the graph off(x) =
 (12
 )xfour units to the right.
 Figure 6:
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 16/ 40
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Compound Interest
 Exponential functions are involved in compound interest, wherebythe interest earned by an invested amount of money (or principal)is reinvested so that it, too, earns interest. That is, the interest isconverted (or compounded) into principal, and hence, there is”interest on interest.”
 For example, suppose that $100 is invested at the rate of 5%compounded annually. At the end of the first year, the value of theinvestment is the original principal ($100), plus the interest on theprincipal [100(0.05)]:
 100 + 100(0.05) = $105
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 17/ 40
 This is the amount on which interest is earned for the second year.At the end of the second year, the value of the investment is theprincipal at the end of the first year ($105), plus the interest onthat sum [105(0.05)]:
 105 + 105(0.05) = $110.25
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 18/ 40
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Thus, each year the principal increases by 5%. The $110.25represents the original principal, plus all accrued interest; it iscalled the accumulated amount or compound amount. Thedifference between the compound amount and the originalprincipal is called the compound interest. Here the compoundinterest is 110.25− 100 = 10.25. More generally, if a principal of Pdollars is invested at a rate of lOOr percent compounded annually(for example, at 5%, is 0.05), the compound amount after 1 year isP + Pr, or, by factoring, P (1 + r). At the end of the second year,the compound amount is
 P (1 + r) + [P (1 + r)] = P (1 + r)[1 + r] = P (1 + r)2
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 19/ 40
 This pattern continues. After four years, the compound amount isP (l + r)4 . In general, the compound amount S of the principal Pat the end of n years at the rate of r compounded annually isgiven by
 S = P (1 + r)n (1)
 Notice from Equation (1) that, for a given principal and rate, S isa function of n.In fact, S is a constant multiple of the exponentialfunction with base 1 + r.
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 20/ 40
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Example
 Suppose $1000 is invested for 10 years at 6% compoundedannually.
 a-) Find the compound amount.
 Equation (1) with P = 1000, r = 0.06, and n = 10:
 S = 1000(1 + 0.06)10 = 1000(1.06)10 ≈ $1790.85
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 21/ 40
 Figure 7 shows the graph of S = 1000(1.06)n. Notice thatcompound amount grows dramatically.
 Figure 7:
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 22/ 40
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Example,
 b-) Find the compound interest.
 Using the results from part (a), we have
 compound interest = S|P
 = 1790.85− 1000 = $790.85
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 23/ 40
 On the basis of our discussion, we can generalize Equation (1).The formula
 S = P (1 + r)n
 gives the compound amount S of a principal P at the end ofn interest periods at the periodic rate of r.
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 24/ 40
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Population Growth
 Equation (1) can be applied not only to the growth of money, butalso to other types of growth, such as that of population. Forexample, suppose the population P of a town of 10, 000 isincreasing at the rate of 2% per year. Then P is a function of timer, in years. It is common to indicate this functional dependence bywriting
 P = P (t)
 we have
 P (t) = 10, 000(1 + 0.02)t = 10, 000(1.02)t
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 25/ 40
 Exponential Function with Base e
 The number e ≈ 2.71828 provides the most important base for anexponential function. In fact, the exponential function with base eis called the natural exponential function and even theexponential function to stress its importance.
 Figure 8:
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 26/ 40
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Radioactive Decay
 Radioactive elements are such that the amount of the elementdecreases with respect to time. We say that the element decays. Itcan be shown that, if N is the amount at time t, then
 N = N0 e−λt (2)
 where N0 and λ (a Greek letter read ”lambda”) are positiveconstants. Notice that N involves an exponential function of t.We say that N follows an exponential law of decay. The constantN0 represents the amount of the element present at time t = 0and is called the initial amount. The constant λ depends on theparticular element involved and is called the decay constant.
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 27/ 40
 Example
 A radioactive element decays such that after t days the number ofmilligrams present is given by
 N = 100 e−0.0062 t
 a-) How many milligrams are initially present?
 t = 0 → N = 100 e−0.0062 (0) = 100 e0 = 100
 b-) How many milligrams are present after 10 days?
 t = 10 → N = 100 e−0.0062 (10) = 100 e0.62 ≈ 53.8
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 28/ 40
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Logarithmic Functions
 Since all exponential functions pass the horizontal line test, theyare all one-to-one functions. It follows that each exponentialfunction has an inverse. These functions, inverse to theexponential functions, are called the logarithmic functions.
 More precisely, if f(x) = bx, the exponential function base b(where 0 < b < 1 or 1 < b), then the inverse function f−1(x) iscalled the logarithm function base b and is denoted logb x.
 y = logb x if and only if by = x
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 29/ 40
 and we have the following fundamental equations:
 logb bx = x (3)
 blogb x = x (4)
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 30/ 40
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domain of logarithm function : (0,∞)
 range of logarithm function : (−∞,∞)
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 31/ 40
 The generalities about inverse functions also enable us to seeimmediately what the graph of a logarithmic function looks like.
 Figure 9: Graphs of y = 2x and y = log2 xOgr. Gor. Volkan OGER FBA 1021 Calculus 32/ 40
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In (his sense, a logarithm of a number is an exponent: logb x is thepower to which we must raise b to get x. For example,
 log2 8 = 3 because 23 = 8
 log21
 16= −4 → 2−4 =
 1
 16
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 33/ 40
 Example
 Graph y = log1/2 x
 To plot points, we plot the inverse function y =(12
 )xand reflect
 the graph in the line y = x.
 Figure 10: Graph of y =(12
 )xand y = log1/2 x
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 34/ 40
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Figure 11: General Shapes of y = logb x
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 35/ 40
 Logarithms to the base 10 are called common logarithms. Theywere frequently used for computational purposes before thecalculator age. The subscript 10 is usually omitted from thenotation:
 log x means log10 x
 Important in calculus are logarithms to the base e, called naturallogarithms. We use the notation ”ln” for such logarithms:
 lnx means loge x
 The symbol lnx can be read ”natural log of x.”
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 36/ 40
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Ogr. Gor. Volkan OGER FBA 1021 Calculus 37/ 40
 Ogr. Gor. Volkan OGER FBA 1021 Calculus 38/ 40
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