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EXISTENCE AND NONEXISTENCE RESULTS FOR CRITICAL

GROWTH BIHARMONIC ELLIPTIC EQUATIONS

FILIPPO GAZZOLA, HANSCHRISTOPH GRUNAU, MARCO SQUASSINA

Abstract. We prove existence of nontrivial solutions to
semilinear fourth order prob-lems at critical growth in some
contractible domains which are perturbations of smallcapacity of
domains having nontrivial topology. Compared with the second order
case,some difficulties arise which are overcome by a decomposition
method with respect topairs of dual cones. In the case of Navier
boundary conditions, further technical prob-lems have to be solved
by means of a careful application of concentration
compactnesslemmas. Also the required generalization of a Struwe
type compactness lemma needs asomehow involved discussion of
certain limit procedures.

A Sobolev inequality with optimal constant and remainder term is
proved, which maybe of interest not only as a technical
tool.Finally, also nonexistence results for positive solutions in
the ball are obtained, ex-

tending a result of Pucci and Serrin on so called critical
dimensions to Navier boundaryconditions.

1. Introduction

We consider the following biharmonic critical growth problem

(1) 2u= u + |u|22u ineither with Navier boundary conditions

(2) u= u = 0 on

or with Dirichlet boundary conditions

(3) u=u= 0 on .Here Rn (n 5) is an open bounded smooth domain, 0
and 2 = 2nn4 is thecritical Sobolev exponent for the embedding
H2(Rn) L2(Rn). We are interested inexistence and nonexistence of
nontrivial solutions of (1) with one of the above
boundaryconditions.

We consider first the case where = 0, namely the equation

(4) 2u=

|u

|8/(n4)u in .

It is well known that (4)(2) and (4)(3) admit
nopositivesolutions ifis star shaped (see[24, Theorem 3.3] and [26,
Corollary 1]). Clearly, these are not exhaustive
nonexistenceresults as they only deal with positive solutions, see
also Section 3 below for furthercomments. On the other hand, by
combining the Pohozaev identity [28] with the uniquecontinuation
property [19, Section 3], it is known that one indeed has
nonexistence results
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ofanynontrivial solution for the correponding second order
equationu=|u|4/(n2)uin star shaped domains. This suggests that, in
order to obtain existence results for (4), oneshould either add
subcritical perturbations or modify the topology or the geometry of
thedomain. For general subcritical perturbations we refer to [4,
11] and references therein.

Domains with nontrivial topology are studied in [3] for
Dirichlet and in [9] for Navierboundary conditions. Here we are
interested in topologically simple but geometricallycomplicated
domains. As far as we are aware, the case of strange contractible
domainshas not been tackled before and this is precisely the first
scope of the present paper. Weshow that (4)(2) admits a positive
solution in a suitable contractible domain . Thisresult is the
exact counterpart of [24, Theorem 3.3] where it is shown that
(4)(2) admitsno positivesolution if is star shaped. For the
Dirichlet boundary condition we obtaina weaker result: we show that
(4)(3) admits a nontrivial solution in the same kindof contractible
domain. Clearly, this still leaves open some problems concerning
Dirichletboundary conditions, see Section 3. On one hand our proof
is inspired by strong argumentsdeveloped by Passaseo [27], on the
other hand we have to face several hard difficulties,

especially (and somehow unexpectedly) under Navier boundary
conditions. One of thecrucial steps in the approach by Passaseo is
to prove that sign changing solutions of (4)double the energy of
the associated functional. For the second order problem this maybe
shown by the usual technique of testing the equation with the
positive and negativeparts of the solution. Of course, this
technique fails for (4) where higher order derivativesare involved
and we overcome this difficulty thanks to the decomposition method
in dualcones developed in [12]. This method enables us to bypass
the lack of nonexistence resultsfor nodal solutions of (4) in star
shaped domains. Moreover, when dealing with Navierboundary
conditions, the required generalization of the Struwe compactness
lemma [33]turns out to be very delicate because of the second
boundary datum and the lack of auniform extension operator for H2
H10 functions in families of domains. See Lemma5.4 and its proof in
Section 8. The same problem arises in Lemma 6.1 where a
uniformlower bound for an enlarged optimal Sobolev constant has to
be found in a suitable classof domains.

Next, we restrict our attention to the case where > 0 and =
B, the unit ballin Rn. We are interested in positive radially
symmetric solutions. Let 1 > 0 be thefirst eigenvalue of 2 with
homogeneous Dirichlet boundary conditions. A celebratedresult by
PucciSerrin [30] shows that (1)(3) admits a nontrivial radially
symmetricsolution for all (0, 1) if and only ifn 8 (n is the space
dimension). Ifn = 5, 6, 7the range 0 < < 1 is no longer
correct since there exists (0, 1) such that(1)(3) admits no
nontrivial radial solution whenever (0, ]; moreover, there exists
[, 1) (presumably = ) such that (1)(3) admits even a positive
radiallysymmetric solution for all (, 1). In other words, the well
known [6] nonexistenceresult for radially symmetric solutions of
the second order problem for small in dimensionn = 3 bifurcates for
(1)(3) to the dimensions n = 5, 6, 7: PucciSerrin call
thesedimensionscritical. Furthermore, the space dimensions n for
which one has nonexistenceofpositive radially symmetric solutions
of (1)(3) for in some (right) neighborhood of0 are called weakly
critical. This latter notion was introduced in [15] in order to
studyhigher order polyharmonic equations for which critical
dimensions seem more difficult tohandle; clearly, critical
dimensions are also weakly critical. In Theorem 3.1 below we
provethat the dimensions n = 5, 6, 7 are weakly critical also for
Navier boundary conditions.Therefore, critical dimensions seem not
to depend on the boundary conditions. This resultis perhaps related
to the fact that critical dimensions may have an explanation in
terms
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of the summability of the fundamental solution corresponding to
the differential operator2, see [17, 23].

Finally, when = B we show that (4)(3) admits no nontrivial
radially symmetricsolution; note that no positivity assumption on
the solution is made. This result was

already obtained in [14, Theorem 3.11]; we give here a different
(and simpler) proof.

2. Existence results

By D2,2(Rn) we denote the completion of the space Cc (Rn) with
respect to the norm

f22,2=Rn

|f|2; this is a Hilbert space when endowed with the scalar
product

(f, g)2,2 =

Rn

fg dx.

Bysolutionof (1) we mean here a function uH2 H10 () (when
dealing with (2)) or afunction uH20 () (when dealing with (3))
which satisfies

u dx= u + |u|8/(n4)u dx

for allH2 H10 () (resp. H20 ()). For Dirichlet boundary
conditions this variationalformulation is standard, while for
Navier boundary data we refer to [4, p.221]. By wellknown
regularity results (see [22, Theorem 1] and [38, Lemma B3]), if
C4,, thenthe solutions u of (1) satisfy uC4,() and solve (1) in the
classical sense.Definition 2.1. LetK Rn bounded. We say that
uD2,2(Rn) satisfiesu 1 onK inthe sense ofD2,2(Rn) if there exists a
sequence (uh) inC

2c (R

n) such that uh 1 onK foreach h N and uhu in D 2,2(Rn).
Analogously, u 1 andu = 1 on K are defined.Definition 2.2. We
define the (2, 2)

capacity ofK (cap K) as

cap K= inf

Rn

|u|2 dx: u= 1 on K in the D2,2(Rn) sense .We set cap := 0.

Since the nonempty setuD2,2(Rn) : u= 1 on K in the D2,2(Rn)
sense

is closed and convex, there exists a unique function zK D
2,2(Rn) such that zK= 1 onK and

Rn|zK|2 dx= cap K.

Finally we make precise what we mean by set deformations:

Definition 2.3. Let Rn and let H, . We say that H cannot be
deformed in into a subset ofif there exists no continuous functionH
:H [0, 1]

such that H(x, 0) =x and H(x, 1) for all xH.Our first result
states the existence of positive solutions for the critical growth
equation

(4) with Navier boundary conditions. Combined with the already
mentioned nonexis-tence result in star shaped domains [24], this
shows that the existence of positive solutionstrongly depends on
the geometry of the domain.
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Theorem 2.4. Letbe a smooth bounded domain ofRn (n 5) and letHbe
a closedsubset contained in. Then there exists > 0 such that if
is a smooth domainwith cap(

\ ) < and such that Hcannot be deformed in

into a subset of then

there exists apositive solution of

(5)

2u= u(n+4)/(n4) in

u= u = 0 on .

We will prove this result in Section 6.Next we turn to Dirichlet
boundary conditions. In this case, we merely show the

existence of nontrivial solutions to (4). The lack of
information about the sign of thesolution is due to the lack of
information about the sign of the corresponding Greenfunction.
Moreover, in general domains sign change has even to be expected.
See [16] fora survey on this feature and for further
references.

Theorem 2.5. Letbe a smooth bounded domain ofRn (n 5) and letHbe
a closedsubset contained in. Then there exists > 0 such that if
is a smooth domainwith cap( \ ) < and such that Hcannot be
deformed in into a subset of thenthere exists anontrivial solution
of

(6)

2u=|u|8/(n4)u in u=u= 0 on .

The proof of this result is simpler than the one of Theorem 2.4.
As we will explainbelow, for (5), one has to study very carefully
the behaviour of suitable sequences uhH2 H10 (h) for varying
domains h. In contrast with the spacesH20 (h), there is notrivial
extension operator intoH

2

(Rn

). Only as positivity of solutions is concerned, thesituation
with respect to Dirichlet boundary conditions is more involved than
with respectto Navier boundary conditions. Here we have no
positivity statement of the solutionbecause Lemma 5.3 below does
not seem to hold.

If is an annulus and if one restricts to radial functions, the
problem is no longercritical and then both (5) and (6) admit a
nontrivial solution. For the second orderproblemu =|u|4/(n2)u in ,
u = 0 on , it was shown with help of very subtlemethods by
BahriCoron [2] that this result extends to domains with nontrivial
topology.Recently, corresponding results have been found also in
the higher order case: see [9]for problem (5) and [3] for the
polyharmonic analogue of (6) under Dirichlet boundaryconditions.
However, the solutions which are constructed in these papers and
here are not

related. To explain this, assume thatsatisfies the assumptions
of [9] or [3]. Ifu is thesolution of (5) or (6), then by exploiting
the proof of Theorem 2.4 one has that u tendsto disappear via
concentration as cap( \ ) 0. Hence, any nontrivial solution inmay
not be obtained as limit of the solutions u in.

To conclude the section, we observe that there are also
contractibledomains , whichsatisfy the assumptions of the preceding
theorems. In the following example we describeprecisely such a
situation. Further examples may be adapted to the biharmonic
settingfrom [27, pp. 3941].

Example 2.6. We consider an annular shaped domain as Rn with n
> 5, wherewe drill a sufficiently thin cylindrical hole along a
straight line in order to obtain thesmooth contractible subdomain
.
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To be more precise: we assume that for small enough,\is
contained in a cylinderwith basis B Rn1 and fixed height. Then by
simple scaling arguments one finds thatcap

\

= O(n5)0 as 0, provided that the dimension satisfies n
>5.

As H, we take a spherical hypersurface in, which can certainly
not be deformed intoa subset of. This can e.g. be seen by looking
at the degree of mapping d(H( . , t), H, 0)for t[0, 1], where H is
assumed to exist according to Definition 2.3.

Instead of the above mentioned segment of fixed length, one may
consider any boundedpiece of a fixed generalized plane, provided
that its codimension is at least 5.

3. Nonexistence results

We collect here a number of known as well as of new nonexistence
results for the equation

(7) 2u= u + |u|8/(n4)u in

under either Navier or Dirichlet boundary conditions. Here, we
include the linear termu.In the borderline case = 0, where the
purely critical equation has to be considered, thebehaviour of
boundary value problems for (7) switches and, in contrast with the
secondorder case where the principal part is the Laplacian, it is
indeed difficult to decide to whichof the two cases 0 it is more
similar.

3.1. Under Navier boundary conditions. It turns out that
nonexistence questions inthis case are relatively hard and that
only restricted results are available.

The case= 0

In this case, no positive solution to (5) may exist, provided is
star shaped. See [37,

Theorem 3.10] and also [24, Theorem 3.3].The key ingredient is a
Pohozaev type identity [29], which reads in this case:

(8)

u

(u)

x dS= 0.

Here / denotes the directional derivative with respect to the
exterior unit normal= (x). From the assumptionu >0, by applying
twice the maximum principle for,one gets (u)< 0 as well as u
0

In Section 7 we prove the following result.
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Theorem 3.1. Let n {5, 6, 7} and assume that = B Rn is the unit
ball. Thenthere exists a number> 0 such that a necessary
condition for apositive solution to

(9) 2u= u + u(n+4)/(n4) inu= u = 0 onwith >0 to exist is >
.

By [36], positive solutions to (9) are radially
symmetric.Theorem 3.1 answers a question which was left open by van
der Vorst in [39, Theorem

3]. Moreover, in [39, Theorem 1] complementary existenceresults
were shown implyingthat such a nonexistence result can hold at
mostin the dimensions 5, 6, 7.

These are the critical dimensions for problem (9), at least,
when restricting to positivesolutions in the ball. Theorem 3.1 can
also be shown just for nontrivial radial solutions:here one has to
combine methods of [30] with some techniques, which appear in the
proof

of Theorem 3.2 below.Again one observes an unsymmetry between
existence and nonexistence results: allnonexistence results are
restricted to the class of positive or at least radial
functions.Nevertheless, one would expect nonexistence ofany
nontrivial solution. A proof, however,seems to be out of reach.

The case 0 in . But when
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Let n {5, 6, 7} and assume that is the unit ball B. Then there
existsa number > 0 such that a necessary condition for a
nontrivial radialsolution to (6) to exist is > .

As this special behaviour of the critical growth Dirichlet
problem (6) may be observed onlyin space dimensions 5, 6 and 7,
Pucci and Serrin call these dimensionscritical. For the crit-ical
dimension phenomenon for general polyharmonic problems with
Dirichlet boundaryconditions we refer to [15].

The case= 0

Also in this case, the nonexistence of any nontrivial solution
to (6) has to be left open,only more restricted results are
available. Oswald [26] proved the nonexistence ofpositivesolutions
in strictly star shaped domains. His proof is based on a Pohozaev
type identity(see e.g. [24, (2.6)]) and gives, after integration by
parts

(10)

(u)2(x )dS= 0.

Since x >0 on , (10) entails u = 0 on and therefore

(11) 2u

2 = 0 on .

As the solution is assumed to be positive and to satisfy
homogeneous Dirichlet boundaryconditions, one directly concludes
thatu > 0 in and obtains a contradiction withthe Hopf boundary
point lemma for superharmonic functions. For nodal solutionsof
thebiharmonic problem (6), the second order boundary condition (11)
is not enough to apply

the unique continuation property [31]; one would also need

(12) 3u

3 = 0 on .

Therefore, if one could prove that any solution u of (6)
satisfies (12), then we would havethe desired nonexistence result
in star shaped domains.

Moreover, we can also exclude nontrivial radial solutions:

Theorem 3.2. LetB Rn (n 5) be the unit ball. Then problem

(13) 2u=|u|8/(n4)u inB,u=u= 0 onB

admits no nontrivial radial solution.

This result can be found in [14, Theorem 3.11]. The proof there
is based on a refinedintegral identity of Pucci and Serrin [30] and
some Hardy type embedding inequalities. InSection 7 we will give a
more elementary and geometric proof.

Unfortunately neither this proof nor the one given in [14,
Theorem 3.11] carry over to thegeneral polyharmonic problem, where
the discussion of nonexistence of nontrivial radialsolutions in the
borderline case = 0 remains essentially open.
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4. A Sobolev inequality with optimal constant and remainder
term

Sobolev embeddings with critical exponents and the corresponding
optimal Sobolevconstants will play a crucial role in the proof of
our existence results.

Let us set

S= inf uD2,2(Rn)\{0}

u22u22

.(14)

When working in the whole Rn, this optimal Sobolev constant is
attained and concerningthe minimizers the following result is
known.

Lemma 4.1. The constantS in (14) is a minimum and (up to
nontrivial real multiples)it is attained only on the functions

u,x0(x) =[(n 4)(n 2)n(n + 2)](n4)/8(n4)/2

(2 + |x x0|2)(n4)/2 ,(15)

for any x0 Rn and each > 0. Moreover, the functions u,x0 are
the only positivesolutions of the equation

2u= u(n+4)/(n4) in Rn.(16)

Proof. See [10, Theorem 2.1], [34, Theorem 4] and [20, Theorem
1.3].

Similarly one can defineS() for any Rn. It is well known thatS()
is not attainedif is bounded [10] and that it does not depend
neither on the boundary conditions [38]nor on the domain. The
following extension of the embedding inequality corresponding
to(14) with optimal constant S gives a quantitative formulation for
its nonattainment.

Theorem 4.2. Let

Rn be open and of finite measure and p

[1, nn4 ). Then there

exists a constantC= C(n,p, ||)> 0, such that for everyuH2 H10
(), one has

(17)

|u|2 dx Su22 + 1

Cu2p.

Here,|| denotes the n-dimensional Lebesgue measure of .
Moreover, if > 0, then(17) holds with a constantC=C(n,p,) for
all with|| .

For the smaller class H20 () a more refined result can be found
in [12]. The proof therebases on an extension and decomposition
method (see also Section 5 below), by means ofwhich analogues to
(17) for the spaces Hm0 () of any order can be also obtained.
Thisproof, however, does not seem to carry over directly to the
space H2 H10 due to the lackof information at the boundary. In
Section 7 we sketch a technical proof of Theorem 4.2,which is based
on nonexistence results like in Theorem 3.1 and on Talentis
symmetrizationresult.

5. Preliminary results

In the previous section we have briefly discussed energy
minimizing solutions of (16).These are necessarily of one sign
(this is obtained as a byproduct of the following lemma)and of the
form given in Lemma 4.1. The next results show that nodal solutions
of (4)double the energy level of the corresponding free energy
functional (observe that here,we are working with a constrained
functional). This will allow us to bypass the lack ofnonexistence
results for nodal solutions of (4) in star shaped domains.
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Lemma 5.1. Let= Rn anduD2,2(Rn) be a nodal solution of the
equation2u=|u|8/(n4)u in Rn.(18)

Thenu22 2

4/n

Su22.

Proof. Consider the convex closed cone

K =

uD2,2(Rn) : u 0 a.e. in Rn ,and its dual cone

K =

uD2,2(Rn) : (u, v)2,2 0 vK

.

Let us show that K K. For each hCc (Rn) Kconsider the solution
uh of theproblem

2uh= h in Rn.

Then by the positivity of the fundamental solution of2 inRn,
there resultsuhK andthus ifvK,

hCc (Rn) K :Rn

hv dx=

Rn

2uhv dx= (uh, v)2,2 0.

By a density argument one obtains v 0 a.e. inRn, i.e. v K. Now,
by a result ofMoreau [25], for each u D2,2(Rn) there exists a
unique pair (u1, u2) in KK suchthat

(19) u= u1+ u2, (u1, u2)2,2= 0.

Let u be a nodal solution of (18) and let u1 K and u2 K be the
components ofuaccording to this decomposition. It results that ui0
and

|u(x)|22u(x)ui(x) |ui(x)|2, i= 1, 2,(20)for a.e. xRn. Indeed,
ifi = 1 andu(x) 0 then (20) is trivial, while ifu(x) 0, sinceu2 K
one has u(x) =u1(x) +u2(x) u1(x) and again (20) holds. The case i=
2 issimilar. By combining the Sobolev inequality with (19) and
(20), we get for i = 1, 2

Sui22 ui22,2=Rn

uui dx=

Rn

2uui dx=

=

Rn

|u|22uui dx Rn

|ui|2 dx=ui22 ,

which impliesui22 S

(n4)/4

for i = 1, 2. Hence, again by (19), one obtains

u22u22

=

Rn

|u|2 dx

Rn|u|2 dx

2/2=

Rn

|u|2 dx4/n

=

=

Rn

|u1|2 dx +Rn

|u2|2 dx4/n

Su122 + Su1224/n

24/nS ,

which concludes the proof.

In the case of the half space we have a similar result.
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Lemma 5.2. Let={xn> 0} be the half space and assume
thatuD2,2() solves theequation

(21) 2u=|u|8/(n4)u in{xn> 0}with boundary data either (2) or
(3). Thenu22 24/nSu22.Proof. Notice first that by [24, Theorem
3.3], equation (21) with (2) does not admitpositive solutions. A
similar nonexistence result holds for boundary conditions (3),
see[26, Corollary 1] which may be easily extended to unbounded
domains.

Therefore, any nontrivial solution of (21) (with (2) or (3))
necessarily changes sign.We obtain the result if we repeat the
argument of the proof of Lemma 5.1. With Navierboundary conditions
this is straightforward, while with Dirichlet boundary data one
mayinvoke Boggios principle [5] in the half space.

In a completely similar fashion, one may extend the previous
result to any domain incase of Navier boundary conditions. For
Dirichlet boundary conditions this seems notpossible due to the
lack of information about the positivity of the corresponding
Greenfunction.

Lemma 5.3. Letbe a bounded domain ofRn and assume thatu solves
(5) and changes

sign. Thenu22 24/nSu22.As pointed out in the introduction, the
H2 H10 framework is more involved than the

H20 case. Therefore, from now on we restrict our attention to
the first situation.Consider the functionalf : V() R

(22) f(u) =

|u|2 dxconstrained on the manifold

(23) V() = uH2 H10 () :

|u|2 dx= 1 .We say that (uh) V() is a PalaisSmale sequence for
fat level c if

limh

f(uh) =c, limh

f(uh)(TuhV())0whereTuhV() denotes the tangent space to the
manifold V() at uh.

We can now state a global compactness result for the biharmonic
operator, in the spiritof [33]. Even if the proof is on the lines
of that of Struwe, some difficulties arise. In theappendix we give
an outline of the proof emphasizing the main differences with
respect tosecond order equations.

Lemma 5.4. Let(uh) V()be a PalaisSmale sequence forfat levelc R.
Then, fora suitable subsequence, one has the following alternative:
either(uh) is relatively compactinH2 H10 () or there existk nonzero
functionsu1,...,ukD2,2, solving either (18) or(21) and a
solutionu0H2 H10 () of (5) such that

uhu0 kj=0

|uj|2 dx

1/2 inH2 H10 ()(24)and

limh

f(uh) =

k

j=0

|

uj|2 dx

k

j=0

|

uj|2 dx

2/2

.(25)
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The domain of integration foru0 is just, while foru1,...,uk, it
is either a half space orthe wholeRn.

We believe that nontrivial solutions of (21) do not exist and
that the previous lemma

may be strengthened (see Section 3.1). Nevertheless, Lemma 5.4
is sufficient to prove thefollowing compactness property in the
second critical energy range.

Lemma 5.5. Let (uh) V() be a PalaisSmale sequence forf at
levelc(S, 24/nS).Then, up to a subsequence, (uh) strongly converges
inH

2 H10 ().Proof. Assume by contradiction that the sequence (uh)
is not relatively compact in H

2 H10 (). Then, by Lemma 5.4 one finds functionsu0 H2 H10 ()
andu1, ...,uk D2,2(Rn) satisfying (24) and (25). Assume first that
allu1, . . . ,uk are positive solutions of(18). Then, by Lemma 4.1
eachuj is of type (15) and attains the best Sobolev
constant,i.e.

Rn |uj|2 dx= Rn |uj|2 dx= SRn |uj|2 dx2/2

, j = 1, . . . k ,(26)

which impliesRn

|uj|2 dx= Sn/4 for j = 1,...,k. In particular, one
obtainslimh

f(uh) =

|u0|2 dx + kSn/44/n .Ifu00, it results f(uh)k4/nS, while ifu00
for eachk 1 one has

|u0|2 dx + kSn/44/n >(k+ 1)4/nS.

In any case we have a contradiction with S 0}. By Lemmas 5.1 and
5.2 we then have for theseuj:Rn

|uj|2 dx= Rn

|uj|2 dx 24/nSRn

|uj|2 dx2/2 ,(27)and hence

Rn

|uj|2 dx 2Sn/4 , while for the remaininguj, (26) holds true. In
any case,we have lim

hf(uh)

2 Sn/4

4/n= 24/nS, again a contradiction.

6. Proof of Theorems 2.4 and 2.5

The proof of Theorem 2.4 is by far more involved than the proof
of Theorem 2.5, becausethe trivial extension of any function u

H2

H1

0() by 0 does not yield a function in

H2(Rn). In particular, for the space H20 () Lemma 6.1 easily
follows by this extensionargument. A further difference is that the
positivity conclusion of Lemma 5.3 does nothold in the Dirichlet
boundary value case. But in the latter case, one simply has to
dropthis argument. Therefore we only deal with the proof of Theorem
2.4.

For all smooth let : V() Rn be the barycenter map(u) =

x|u(x)|2 dx.

Since is smooth one findsr >0 such thatis a deformation
retract of

+=

x Rn : d(x,

) S.

Proof. Assume by contradiction that for each > 0 there exists
a smooth anduH2 H10 C() such that(28)

|u|2 dx= 1

(29)

|u|2 dx S+

(30) (u)+.Let U H2(Rn) be any entire extension ofu. As is
smooth, the existence of suchan extension is well known. We
emphasize that the quantitative properties ofU outside will not be
used (and are expected to blow up for 0). Further, let 1 be
thecharacteristic function of.

Step I. We claim that 1U0 inL2(Rn) as 0.By Lemma 4.2 there
exists C >0 independent of such that

(31) uH2 H10 () : u22 Su22 + 1

Cu21.

Putting together (28), (29) and (31), for each >0 it
results

S+

|u|2 dx Su22 + 1

Cu21= S+

1

C1U21

so that1U1 0 as 0. By (28) and classical Lpinterpolation, we
also get1U20 as 0.Step II. The weak* limit (in the sense of
measures) of 1 |U|2 is a Dirac mass.Integration by part shows
thatu2L2() uL2() uL2(). Then by Step Iand (29), we infer that

1

U

L2(Rn)=

u

L2()

0.

Therefore, taking any Cc (Rn), as 0 it results that(32)

Rn

1 |(U)|2 dx=Rn

1 ||2|U|2 dx + o(1) .

Now, by theL1(Rn) boundedness of the sequences (1 |U|2) and (1
|U|2) there existtwo bounded non negative measures , on Rn such
that

(33) 1 |U|2 , 1 |U|2 in the sense of measures. By the Sobolev
inequality in we have

>0 : S

Rn

1 |U|2||2 dx2/2

Rn

1 |(U)|2 dx
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and therefore, by (32) and (33), letting 0 yields

S

Rn||2 d

2/2

Rn||2 d.

By (28) and (29) we also know that

S

Rn

d

2/2=

Rn

d.

Hence by [21, Lemma I.2] there exist x and > 0 such that = x.
Again from(28) we finally see that = 1.

The contradiction follows by Step II, since(u)x, against (30).
This completes theproof.

According to the previous lemma, we may choose such that S <
< min{24/nS, }.Let

C

c

(B1(0)) be such that

(34)B1(0)

||2 dx= 1,B1(0)

||2 dx < .

Define for each >0 andy Rn the function,y : Rn R by
setting

,y(x) =

x y

where is set to zero outside B1(0) . It is readily seen that
there exists >0 such that

B(y)and hence ,yCc ( ) for eachyH. For all letzD2,2(Rn) besuch
thatz= 1 in

\and

Rn

|z|2

dx= cap( \),see what follows Definition 2.1. Note that one
has

(1 z)Ty()H2 H10 () yH,whereTy() :=

,y,y2

. Moreover, for each >0 there exists >0 with

supyH

zTy()H2H10 ()<

whenever cap( \)< . Then one gets(1 z)Ty()L2()= 0 yH,

if is sufficiently small. So, if we define the map :H V() by(y)
=

(1 z) Ty()(1 z) Ty()2

.

Taking into account (34), we find >0 such that

(35) sup{f((y)) : yH}< provided that cap( \)< . From now
on is fixed subject to the previous restrictions.Let be such that
cap( \) < and r (0, r) be such that is a deformationretract
of

+= x Rn : d(x, )< r.
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As in Lemma 6.1, one obtains

(36) inf {f(u) : u V(), (u)+}> S.Notice that

(37) inf {f(u) : u V(), (u)+} sup {f((y)) : yH}otherwise the map
R: H [0, 1]given by

R(y, t) = (1 t)y+ t((y)) yH, t[0, 1]would deformeH ininto a
subset of+and then into a subset of(is a deformationretract of+)
contradicting the assumption. Here, in order to see R(y, t), we
usedthat supp (y)B(y) and, as 0, that((y))B(y).

Therefore, by combining (35), (36) and (37) one gets

S Sbe such that

c1< inf{f(u) : u V(), (u)+} ,c2= sup{f((y)) : yH}.

Assume by contradiction that there exists a deformation offc2
into fc1 , i.e.

: fc2 [0, 1]fc2 , ( . , 0) =I dfc2 and (fc2 , 1)fc1 .

We defineH

:H [0, 1]by setting for each xHH(x, t) =

(1 3t)x + 3t((x)) if t[0, 1/3]((((x), 3t 1))) if t[1/3, 2/3] (
((((x), 1)) , 3t 2)) if t[2/3, 1]

where :+ is a retraction and : +[0, 1] + is a continuous map
with(x, 0) =x and (x, 1) for all x+. In order to see that H(x, t),
one shouldobserve thatc2< and ((x), 3t 1)fc2 , hence (((x), 3t
1))+.

As ((x), 1)fc1 for eachxH andc1< inf{f(u) : u V(), (u)+}
,

then for each xH (((x), 1))+and His a deformation ofHininto a
subset of, in contradiction with our assumption.Then the sublevel
set

fc2 ={u V() : f(u) c2}cannot be deformed into

fc1 ={u V() : f(u) c1} .Hence, by combining Lemma 5.5 with the
standard deformation lemma one obtains aconstrained critical point
u such that

S < f(u) sup{f((y)) : yH}<
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Finally, udoes not change sign by Lemma 5.3.

7. Proof of Theorems 3.1, 3.2 and 4.2

Proof of Theorem 3.1. We assume that = B = B1(0) is the unit
ball and that (9)with > 0 has a positive solution u. As we have
already mentioned above, the resultby Troy [36, Theorem 1] shows
that u is radially symmetric. As the right hand side in(9) is
positive, an iterated application of the maximum principle
foryields thatuand u are strictly positive and strictly radially
decreasing. We will exploit the followingPohozaev type identity,
which may be taken e.g. from [37, Lemma 3.9]:

(39) 2

B

u2 dx=

B

u

r

r(u)

dS.

As u is radially symmetric we may proceed as follows with the
term on the right handside; here, en denotes the n-dimensional
volume of the unit ball B and c(n) denotes a

generic positive constant which may vary from line to line:B

u

r

r(u)

dS=n en u

r(1)

r(u)(1)

= 1

n en

B

u

r

dS

B

r(u)

dS

=

1

n en

B

(u) dx

B2u dx

.(40)

The first integral needs some further consideration. First of
all, by making use of homo-geneous Navier boundary conditions, we
find:

B

1 |x|22u dx= nj=1

B

(2xj)(u)xjdx = 2 nB

(u) dx.

Furthermore, as we have already mentioned,uand by (9) also2uare
positive and strictlyradially decreasing. This fact can be used to
get rid of the degenerate weight factor 1|x|2in the previous
term:

B2u dx

|x|1/2

2u dx +

1/2|x|1

2u dx

|x|1/2

2u dx + c(n)2u

1

2

|x|1/22u dx + c(n)

|x|1/22u dx

c(n)

B

1 |x|22udx.

Combining this estimate with the previous identity, we obtain
from (39) and (40):

(41)

B

u2 dx c(n)

B

2u dx

2=c(n)2u21.

By a duality argument and using elliptic estimates, we find

(42) u2 c(n)2u1, provided n
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Observe thatL2estimates for the biharmonic operator under
homogeneous Navier bound-ary conditions follow immediately from the
L2estimates for the Laplacian.

Combining (41) and (42), we see that for any positive radial
solution u of (9), we have

B

u2 dx c(n)B

u2 dx;

where the constant c(n) is in particular independent ofu. As u
>0, we have necessarily c(n).

Proof of Theorem 3.2. Assume by contradiction thatu is a
nontrivial radial solution of(13). According to the remarks in
Section 3.2 on the nonexistence of positive solutions, wemay assume
that u is sign changing. Further, u cannot have infinitely many
oscillationsnear B , because in this case, as u C4(B) we would also
have ddru = 0 onB andcould extend u by 0 to the whole ofRn as a
solution of the differential equation. Theunique continuation
property [31] would give the desired contradiction (see also
(12)).

As one may replace u withu if necessary, we may thus assume that
there exists anumber a(0, 1) such that

u(x) = 0 for|x|= a, u(x)> 0 for a v ina 0

and hence a contradiction with (43).

Proof of Theorem 4.2. We keep p [1, nn4 ) fixed as in the
theorem. LetB = B1(0)denote the unit ball, centered at the origin.
By scaling and Talentis comparison principle[35, Theorem 1] it
suffices to prove that there exists CB >0 with

(45) u22 Su22 + 1

CBu2p
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for eachuH2 H10 (B), which is radially symmetric and radially
decreasing with respectto the origin (and hence positive). Let us
set

S,p= inf uH2H10(B)

u radially decreasing

u22 u2pu22

.

If by contradiction (45) does not hold, one gets

(46) >0 : S,p< S.Let us fix some (0, 1,p), where

(47) 1,p:= inf uH2H10 (B)\{0}

u22u2p

is the first positive eigenvalue of

2u= u2pp |u|p2u inBu= u = 0 on B.Arguing along the lines of [6]
and [13], one finds a smooth positive radial strictly
decreasingsolution of

(48)

2u= u(n+4)/(n4) + u2pp |u|p2u inBu= u = 0 on B.

On the other hand, for any positive radially decreasing solution
of (48) one has the fol-lowing variant of Pohozaevs identity:

(49) 2 n(p 2)

2p u2p= B

u

r

r(

u) dS.

As above in the proof of Theorem 3.1, we conclude that

(50) u2p c(n, p)2u21 c(n, p)u2p,as we have assumed that p <
n/(n4). For > 0 sufficiently close to 0, we obtain
acontradiction.

8. Appendix: Proof of Lemma 5.4

We prove the corresponding statement for the free functional

E(u) = 1

2 |u|2 dx 1

2 |u|2 dx

which is defined on the whole space H2 H10 (). More precisely,
we haveLemma 8.1. Let(uh)H2 H10 () be a PalaisSmale sequence forE
at levelcR.Then either(uh)is relatively compact inH

2H10 ()or there existk >0 nonzero functionsujD2,2(0,j), j= 1,
. . . , k, with0,j either the wholeRn or a half space, solving
either(18) or (21) and a solutionu0H2 H10 () of (5) such that, ash
:

uhu0 inH2 H10 (),uh22

u022+

kj=1

uj22, E(uh)E(

u0) +

kj=1

E0,j(

uj).
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Step I. Reduction to the case uh 0.By well known arguments [6]
we know that there exists u H2 H10 () such that

uh u (up to a subsequence) and E(u) = 0, namely u solves (5).
Moreover, by the

BrezisLieb lemma we infer that (uh

u) is again a PalaisSmale sequence forE. Therefore

we may assume that

uh 0, E(uh)c 2n

Sn/4.(51)

Indeed, ifc < 2nSn/4, then we are in the compactness range
ofEand by arguing as in [6],

uh0 up to a subsequence. In this case the statement follows with
k = 0.Assuming (51) and arguing as for the proof of [33, (3.2),
p.187] we deduce

(52)

|uh|2 dx Sn/4 + o(1).

LetL Nbe such that B2(0) is covered by L balls of radius 1. By
continuity of the mapsRsup

y

BR1(y)

|uh|2 dx, yBR1(y)

|uh|2 dx

and (52), for h large enough one finds Rh> 2/diam() andxh
such that

(53)

BR1h

(xh)|uh|2 dx= sup

y

BR1h

(y)|uh|2 dx= 1

2LSn/4.

When passing to a suitable subsequence, three cases may now
occur:

Case I. Rh

+

and (Rhd(x

h, )) is bounded;

Case II. (Rhd(xh, ))+;

Case III. (Rh) is bounded.

Step II. Preliminaries for Case I.For every x Rn let us denote
by x its projection onto Rn1, so that x = (x, xn).

Since d(xh, ) 0, up to a subsequence xh x0 and h := Rhd(xh, )
.Moreover, for sufficiently large h (say h h) there exists a unique
yh such thatd(xh, ) =|yh xh|.

For all h h, up to a rotation and a translation, we may assume
that yh = 0 and thatthe tangent hyperplane H to at 0 has equation
xn = 0 so that x

h yh H. Then,by the smoothness of, there exist an (n
1)dimensional ball B(0) of radius >0(independent of h) and
smooth maps h : B(0) R such that in local orthonormalcoordinate
systems over the tangent hyperplanes at yh, we have:

(54) B(0) [, ]= (x, h(x)) : x B(0).Furthermore, there exists C
>0 (independent ofh) such that

(55) |h(x)| C|x|2, |h(x)| C|x|, |D2h(x)| C x B(0).We now rescale
the domain by setting

h= Rh

xh

,
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so that xh is mapped into the origin 0 while the origin is
mapped into (0, h) and (54)becomes

h

BRh(0) [Rh h, Rh h]=x, Rhh

xRh

h: x BRh(0) .Let us set

h=

(x, x) Rn : x BRh(0),

Rhh

x

Rh

h< xn< Rhh

x

Rh

h+ Rh

where >0 and sufficiently small to have hh. Consider the
injective map

h: BRh(0) [Rh, Rh] Rn(x, xn)

x, Rhh

x

Rh

+ xn h

and its inverse1h . We observe thath

BRh(0) [0, Rh]

= hand thathis bijective

on these sets. Thanks to (55), after some computations, one sees
that (h) converges inC2loc({xn 0}) to the translation by the vector
(0, ). Therefore,

0=

(x, xn) Rn : xn>

is the local uniform limit of (h). In particular, for every Cc
(0) we also have that

Cc (h) for sufficiently large h. This will be used below. Let us
now set

(56) vh(x) =R4n2

h uh

xh +

x

Rh

,

so that vhH2 H10 (h). By boundedness of (uh) we infer that there
exists C >0 suchthatvhH2(h) C. Let 1h denote the characteristic
function ofh, then the sequence(1hvh) is bounded inD

1,2n/(n2)(Rn) (and inL2(Rn)) so that, up to a subsequence,
wehave

(57) 1hvh v0 inD1,2n/(n2) L2(Rn)

where supp(v0)0 and v0|xn= = 0. Moreover, as (1hD2vh) is bounded
in L2(Rn),by weak continuity of distributional derivatives, we
deduce

h

D2ijvh dx0

D2ijv0 dx

for all Cc (0) and i, j = 1, . . . , n. In particular, v0 has in
0 second order weakderivatives.

Step III. The limiting function v0 in (57) solves (5) in 0.Fix
Cc (0), then for h large enough we have supp()h. Define hCc ()

by setting

h(x) =Rn42

h Rh(x xh)

.
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Therefore, (D2h) being bounded in L2() and taking into account
(56), one obtains

o(1) =E(uh)(h) =Rn2h

uh

Rh(x xh)

dx

Rn

42h

|uh|22uhRh(x xh)dx=

Rn

vhdx Rn

|vh|22vh dx

=

Rn

v0dx Rn

|v0|22v0 dx + o(1).

Thenv0H10 H2(0) solves (5) in distributional sense. The delicate
point is to see thatv0= 0 on0. To this end, let C2c (Rn) with = 0
on 0 and define

h(x) =

1h (x) (0, )

.

Notice that for h large enough, also h C2

c(Rn

) with h = 0 on h. Taking intoaccount that (1h ) tends to the
translation by (0, ), it results h in C2(Rn) and0

(v0 |v0|22v0) dx= limh

h

(vhh |vh|22vhh) dx

= limh

uh

R

n42

h h(Rh(x xh))

|uh|22uhRn42

h h(Rh(x xh))

dx

= limh

E(uh)

R

n42

h h(Rh(x xh))

= 0.

Therefore, by extending any given H10 H2 (0) oddly with respect
to xn as afunction ofH2(Rn) and then by approximating it by a
sequence ofC2 functions (k) with

k = 0 on 0, we get

H10 H2(0) :0

v0dx=

0

|v0|22v0dx,

which, as pointed out in [4, p. 221] implies that v0 is also a
strong solution of (5) in 0.

Step IV.The limiting function v0 in (57) is nontrivial.LetCc
(Rn) such that 0 supp=; then for h large enough, we may definev0,h:
h supp() R, v0,h(x) =v0 1h (x) (0, ) .(58)

Since v0 C2(0), v0 = v0 = 0 on 0 and (h) converges to the
translation by thevector (0,

), we get as h

+

10v0 1hv0,hL2(supp())= o(1), 10v0 1hv0,hL2(supp())= o(1)10v0
1hv0,hL2(supp())= o(1), 10v0 1hv0,hL2(supp())= o(1).(59)

To symplify the notations, in what follows we omit the 1h in
front ofvh, vh, vhand 10in front ofv0, v0, v0. Then by (59) and
some computations, one obtains, as h+

Rn

|(v0 vh)|2 dx=hsupp()

|(v0,h vh)|2 dx + o(1) S

hsupp()

|(

v0,h v0)|2 dx

2/2+ o(1) S

Rn

|(v0 vh)|2 dx2/2

+ o(1).
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By compact embedding one has vhv0in L2loc(Rn) and thanks to an
integration by partsone gets

((vh v0))2 (vh v0)2((vh v0))2

and thereforevh v0 in L2

loc(Rn

). Hence the previous inequality yieldsRn

2|(v0 vh)|2 dx S

Rn||2|v0 vh|2 dx

2/2+ o(1),

which implies Rn

2 d S

Rn

||2 d2/2

,

where d and ddenote respectively the weak limits of|(v0 vh)|2
and|v0 vh|2 inthe sense of measures. By Lions principle, there
exists an at most countable setJ, points

(xj)jJ0, nonnegative real numbers (j) and (j) withj S2/2j such
that

h

|vh|2 dx 0

|v0|2 dx + jJ

j(xj)(60) h

|vh|2 dx0

|v0|2 dx +jJ

j(xj)(61)

for everyCc (Rn). Let Cc (Rn) and computeEh(vh)(vh). Thanks to
(56), weobtain

Eh(vh)(vh) =

(|uh(x)|2 |uh(x)|2)(Rh(x xh)) dx

+ 2

uh(x)uh(x) ((Rh(x xh))) dx

+

uh(x)uh(x)((Rh(x xh))) dx.

In particular, puttingh = (Rh(xxh)), it results Eh(vh)(vh) =
E(uh)(huh).Then, taking into accont thatuh hH2H10 =o(1), by (60)
and (61) we get as h+

o(1) =Eh(uh)(huh) = 0

|v0|2 dx 0

|v0|2 dx + 20

v0v0 dx

+

0

v0v0dx +jJ

j(xj) jJ

j(xj) + o(1).

By arguing as in the proof of [4, Lemma 3.3] one then infers
that the set Jis finite.

Assume by contradiction that v00. Choose 0< 12 such
thatxjB1+(0) \ B1(0), jJ.

Then, for any Cc (0) with supp()B1+(0) \ B1(0) it results, as
h+hB1+(0)\B1(0)

|vh|2 dx= o(1),hB1+(0)\B1(0)

|vh|2 dx= o(1).

LetCc (Rn), 0 1 with

=

1 onB1+/3(0)

0 on Rn \ B1+2/3(0)
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and put h= vh. Then one has

(62)

hB1+2/3(0)\B1+/3(0)

|h|2 dx= o(1).

With the same computations as in the proof of [1, Lemma 2], it
follows

(63)

1 S nn4

h

|h|2 dx 4

n4

h

|h|2 dx o(1).

On the other hand, in view of (62) and (53), it resultsh

|h|2 dx=hB1+2/3(0)

|h|2 dx=hB1+/3(0)

|h|2 dx + o(1)

B3/2(0)

|vh|2 dx + o(1) =B3/2R1

h(xh)

|uh|2 dx + o(1)

B2R1

h(xh)

|uh|2 dx + o(1) LBR1h

(xh)|uh|2 dx + o(1) =

1

2 Sn/4 + o(1).

Therefore, by (63) we infer that, as h+h

|h|2 dx= o(1).

But then we immediately get, again exploiting (53)

o(1) =

hB1+/3(0)

|vh|2 dx=B

(1+/3)R1h

(xh)|uh|2 dx

BR1h (xh) |uh|2 dx=

1

2L

Sn/4,

a contradiction. Then it has to be v0= 0.Step V.In Case II, a
solution of (18) appears.

This follows by arguing as in [1], see also [33]. After
rescaling as in (56), (vh) convergesto a solution of (18).

Step VI.Case III cannot occur.By contradiction, assume that (Rh)
is bounded. Then, beingRh> 2/diam(), we may

assume that, up to a subsequence,

xh x0, RhR0> 0.Let us set 0= R0(

x0) and

vh= R4n2

0 uh

x0+ x

R0

.

Therefore,vhH2 H10 (0) and0

|vh|2 dx=

|uh|2 dx,0

|vh|2 dx=

|uh|2 dx

so that, up to a subsequence, vh v0 H2 H10 (0). Moreover, it is
readily seen that(vh) is a PalaisSmale sequence for the
functional

E0(u) =1

2

0

|u|2 dx 12

0

|u|2 dx
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at the same level c. By weak continuity ofE0 we get E0(v0) = 0,
namely v0 solves (5) in

0. Arguing as in Step IV, we infer thatv0= 0 which is absurd
since uh 0.Step VII. Conclusion.

If (uh) is a PalaisSmale sequence for E, then by Step I its weak
limitu0 solves (5).By Steps III, IV and V the remaining part (uhu0)
suitably rescaled gives rise to anontrivial solution v0 of (18) (if
Case II occurs) or (21) (if Case I occurs). With help ofthis
solution, we construct from (uhu0) a new PalaisSmale sequence (wh)
for E inH2 H10 () at a strictly lower energy level. In the case
where we find the solutionv0 inthe whole space, one proceeds
precisely as in [33], cf. also [1]. In the case that v0 is
asolution of (21) in a half space 0 we again have to use the
locally deformed versionsv0,hin h ofv0. These have been defined in
(58). Let Cc (Rn) be any cutoff functionwith 0 1, = 1 in B1(0) and
= 0 outside B2(0). We put

wh(x) := (uh

u0)(x) R(n4)/2h

v0,h

Rh(x xh)

Rh(x xh)

.

First we remark thatwh is indeed well defined as = 0 for
Rh|x

xh

| 2

Rh and as the

domain of definition ofv0,hgrows at rateRh. Further we notice
thathand1h convergeuniformly to translations even on BRh(0). For
this reason we have

v0,h() Rh

v0 inD2,2(0)

and, of course, also inD 1,2n/(n2)(0) and in L2(0). Hence, we
have

E(wh) =E(uh) E(u0) E0(v0) + o(1)and E(wh)0 strongly in

H2 H10 ()

. Now, the same procedure from Steps II to

VI is applied to (wh) instead of (uh

u0). As v00 and hence

E0

(v0) 2

nSn/4,

this procedure stops after finitely many iterations.
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