


	
		×
		

	






    
        
            
                
                    
                        
                    
                

                
                    
                        
                            
                            
                        

                    

                

                
                    
                                                    Log in
                            Upload File
                                            

                

            


            	Most Popular
	Study
	Business
	Design
	Technology
	Travel
	Explore all categories


        

    





    
        
            
                
                    
                

                

                    
                        kullback-leibler designs. jourdan.pdf• the entropy criterion ( dmax) is the maximization of the...

                    


                    
                        
                            	Home
	Documents
	Kullback-Leibler Designs. Jourdan.pdf• The entropy criterion ( Dmax) is the maximization of the determinant of a covariance matrix (Shewry & Wynn, 1987), ENBIS 2009 / Saint -Etienne


                        

                    


                    




    
        
            
                
                    
                        

                        
                        
                    

                    
                        
						1

23
                        
                    

                    
                        
                        100%
Actual Size
Fit Width
Fit Height
Fit Page
Automatic


                        
                    

					
                

            


            
                
                    
                    
                    
                

                
                    

                    

                    
                        
                         Match case
                         Limit results 1 per page
                        

                        
                        

                    

                

            

            
									
    
        
        

        

        

        
        
            Kullback-Leibler Designs ENBIS 2009 / Saint-Etienne Astrid JOURDAN Jessica FRANCO 
        

        
    






				            

        

    









                    
                        
							Upload: others
                            Post on 14-Mar-2021

                            7 views

                        

                        
                            Category:
 Documents


                            0 download

                        

                    


                    
                        
                            Report
                        

                                                
                            	
                                    Download
                                


                        

                                            


                    
                        
                        
                            
                                    
Facebook

                        

                        
                        
                            
                                    
Twitter

                        

                        
                        
                            
                                    
E-Mail

                        

                        
                        
                            
                                    
LinkedIn

                        

                        
                        
                            
                                    
Pinterest

                        
                    


                    
                

                

                    
                    
                        Embed Size (px):
                            344 x 292
429 x 357
514 x 422
599 x 487


                        

                    

                    

                    

                    
                                        
                        TRANSCRIPT

                        Page 1
                        

Kullback-Leibler Designs
 ENBIS 2009 / Saint-Etienne
 Astrid JOURDAN Jessica FRANCO

Page 2
                        

Contents
 � Introduction� Kullback-Leibler divergence
 Estimation by a Monte-Carlo method
 Con
 tent
 s
 ENBIS 2009 / Saint-Etienne
 2
 � Estimation by a Monte-Carlo method� Design comparison� Conclusion

Page 3
                        

Computer experimentsIn
 trodu
 ctio
 n
 Input parameters Outputs
 Physical experimentation is impossible
 Mathematical Models
 ENBIS 2009 / Saint-Etienne
 3
 Computer code
 Outputs
 x y(x)Time-consuming
 Metamodel
 Sensitivity Analysis
 Optimization
 Uncertainty Quantification
 simulations
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Design constraintsIn
 trodu
 ctio
 n
 • No replication, in particular when projecting the design on to a subset of parameters (non-collapsing)
 • Provide information about all parts of the experimental region
 Space filling designs
 ENBIS 2009 / Saint-Etienne
 4
 experimental region
 • Allow one to adapt a variety of statistical models
 Exploratory designs
 Goal: fill up the space in uniform fashion with the design points

Page 5
                        

Kullback-LeiblerDivergence
 ENBIS 2009 / Saint-Etienne
 Divergence
 � Introduction� Kullback-Leibler divergence� Estimation by a Monte Carlo method� Design comparison� Conclusion
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GoalKu
 llbac
 k Le
 ible
 r Div
 erge
 nce
 Suppose that the design points X1,...,Xn, are n independent observations of the random vector X=(X1,...,Xd) with
 absolutely continuous density function f
 select the design points in such a way as to
 ENBIS 2009 / Saint-Etienne
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 ∫
 = dx
 )x()x(
 ln)x(),(Dgf
 fgf
 The Kullback-Leibler (KL) divergence measures the difference between two density functions f and g (with f << g)
 select the design points in such a way as to have the density function “close” to the
 uniform density function.
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KL divergence propertiesKu
 llbac
 k Le
 ible
 r Div
 erge
 nce
 • The KL divergence is not a metric(it is not symmetric, it does not satisfy the triangle inequality)
 • The KL divergence is always non-negative and
 D( f , g ) = 0 ⇒ f = g p.p.
 If {P ,…,P } is a sequence of distributions then
 ENBIS 2009 / Saint-Etienne
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 • The KL divergence is invariant under parameter transformations.
 If {P 1,…,Pn} is a sequence of distributions then
 Minimizing the KL divergence
 Design space = unit cube
 PPPPn
 nn
 n
 variation Totaldivergence KL
 ∞+→∞+→
 →⇒→
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The KL divergence and the Shannon entropyKu
 llbac
 k Le
 ible
 r Div
 erge
 nce
 ( ) [ ]ffff Hdx)x(ln)x()(D −== ∫If g is the uniform density function then
 where H( f ) is the Shannon entropy
 Minimizing the KL divergence ⇔ Maximizing the entropy
 ENBIS 2009 / Saint-Etienne
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 If f is supported by [0,1]d, one always has H(f)≤0 and the maximum value of H(f), zero, being uniquely attained by
 the uniform density.
 Using an exchange algorithm to build an “optimal” design
 Entropy estimation
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Estimation by a Monte Carlo method
 ENBIS 2009 / Saint-Etienne
 � Introduction� Kullback Leibler divergence� Estimation by a Monte Carlo method� Design comparison� Conclusion
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Estimation by a Monte Carlo methodEs
 timat
 ion
 by a
 Mon
 te C
 arlo
 met
 hod
 [ ] ( ) ( )[ ])x(lnEdx)x(ln)x(H P fffff
 −=−= ∫The entropy can be written as an expectation
 The Monte Carlo method (MC) provides a unbiased and consistent estimate of the entropy
 ENBIS 2009 / Saint-Etienne
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 Estim
 atio
 n by
 a M
 onte
 Car
 lo m
 etho
 d
 the unknown density function f is replaced by its kernel density estimate (Ahmad and Lin, 1976)
 estimate of the entropy
 ∑=
 −=n
 1ii )X(ln
 n1
 )X(H f
 where X1,…,Xn are the design points.
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Estimation by a Monte Carlo methodEs
 timat
 ion
 by a
 Mon
 te C
 arlo
 met
 hod
 Joe (1989) obtained asymptotic bias and variance terms for the estimator
 ∑=
 −=n
 1ii )X(ˆln
 n1)X(H f
 where is the kernel estimate,f
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 Estim
 atio
 n by
 a M
 onte
 Car
 lo m
 etho
 d
 ∑=
 −=n
 1i
 id h
 Xxnh1)x(ˆ Kf∀x∈[0,1]d,
 The bias depends on the size n, the dimension d and the bandwidth h
 fix the bias during the exchange algorithm
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The kernel density estimation : the bandwidthEs
 timat
 ion
 by a
 Mon
 te C
 arlo
 met
 hod
 � The bandwidth h plays an important role in the estimation
 h=0.1 h=0.4
 ENBIS 2009 / Saint-Etienne
 12
 Estim
 atio
 n by
 a M
 onte
 Car
 lo m
 etho
 d
 )4d/(1n1
 121
 h +=
 Standard deviation of the uniform
 distribution
 ⇒ Scott’s rule
 )4d/(1jj n1ˆh +σ=
 j=1,…,d
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The kernel density estimation : the kernelEs
 timat
 ion
 by a
 Mon
 te C
 arlo
 met
 hod
 � the choice of the kernel function K is much less important
 −π=−
 2
 2d
 2/d
 zs21
 exps)2(
 )z(K
 Multidimensional Gaussian function
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 Estim
 atio
 n by
 a M
 onte
 Car
 lo m
 etho
 d
 Remark: is no more supported by [0,1]df
 whereh
 XXz ji −
 = i,j=1,…,n
 (d=10 and n=100 : )
 Epanechnikov, uniform,… kernel functions are not desirable
 [ ]22h/d,0∈z
 [ ]7.231;02 ∈z
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ConvergencesEs
 timat
 ion
 by a
 Mon
 te C
 arlo
 met
 hod
 -0.8
 -0.6
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 -0.2
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 Ent
 ropi
 e
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 0-1
 .15
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 Ent
 ropi
 e
 Ent
 ropy
 Ent
 ropy
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 Estim
 atio
 n by
 a M
 onte
 Car
 lo m
 etho
 d
 0 500 1000 1500 2000 2500 3000
 -1.2
 -1.0
 -0.8
 Taille de l'échantillon
 0 100 200 300 400 500
 -1.2
 5
 Nombre d'échanges
 The entropy estimation converges slowly towards 0
 Design size n
 Ent
 ropy
 Ent
 ropy
 Number of exchanges
 The exchange algorithm converges rapidly
 d=3 n=30d=3
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Design comparison
 ENBIS 2009 / Saint-Etienne
 � Introduction� Kullback-Leibler divergence� Estimation by a Monte Carlo method� Design comparison� Conclusion
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Improvement of the initial settingD
 esig
 n co
 mpa
 rison
 0.2
 0.4
 0.6
 0.8
 1.0
 Plan initial
 0.2
 0.4
 0.6
 0.8
 1.0
 Plan final
 d=2 n=20
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 0.0 0.2 0.4 0.6 0.8 1.0
 0.0
 0.0 0.2 0.4 0.6 0.8 1.0
 0.0
 0.0 0.2 0.4 0.6 0.8 1.0
 0.0
 0.2
 0.4
 0.6
 0.8
 1.0
 Plan initial
 0.0 0.2 0.4 0.6 0.8 1.0
 0.0
 0.2
 0.4
 0.6
 0.8
 1.0
 Plan finalInitial design KL design• Quasi-independent of the initial setting
 • Convergence towards quasi-periodical distribution
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Projections0.
 81.
 0
 0.8
 1.0
 the design points will generally lie on the boundary of the design space, especially for small size nD
 esig
 n co
 mpa
 rison
 ENBIS 2009 / Saint-Etienne
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 0 2 4 6 8 10
 0.0
 0.2
 0.4
 0.6
 Axes
 Pro
 ject
 ions
 0.0 0.2 0.4 0.6 0.8 1.0
 0.0
 0.2
 0.4
 0.6
 X1
 X2
 Projections on each dimension Projections on 2D plane X1X2
 d=10 n=100
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Usual space-filling designs
 • The maximin criterion (Maximin) maximizes the minimal distance between the design points (Johnson et al.,1990),
 )x,x(dmin jinji1 ≤<≤
 • The entropy criterion (Dmax) is the maximization of the determinant of a covariance matrix (Shewry & Wynn, 1987),
 ENBIS 2009 / Saint-Etienne
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 −θ−= ∑=
 d
 1k
 pkj
 kikji xxexp)x,x(R
 • Two kind of designs are based on the analogy of minimizing forces between charged particles
 Audze-Eglais (1977) criterion (AE) minimizes
 ∑ ∑−
 = +=
 1n
 1i
 n
 1ij2
 ji )x,x(d1
 Strauss designs (Strauss) built with a MCMC
 method (Franco, 2008)
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Usual criteria (d=10 and n=100)
 Distance criteria quantify how the points fill up the space
 0.10
 0.12
 Cov
 Dmax
 0.9
 1.0
 Maximin
 Maximin
 KL
 Dmax
 Strauss
 Des
 ign
 com
 paris
 on
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 Max
 imin KL
 Dm
 ax
 Stra
 uss
 AE
 0.02
 0.04
 0.06
 0.08
 Maximin
 KL
 Dmax
 Strauss
 AE
 The cover measure calculates the difference between the design and a
 uniform mesh (min)
 Max
 imin KL
 Dm
 ax
 Stra
 uss
 AE
 0.6
 0.7
 0.8 AE
 The Maximin criterion maximizes the minimal distance between the
 design points (max)
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Usual criteria (d=10 and n=100)
 Uniformity criteria Measure how close points being uniformly distributed
 4.8e-06
 5.0e-06
 5.2e-06
 5.4e-06
 DL2
 Des
 ign
 com
 paris
 on
 -2.83105
 -2.83100
 KL
 Maximin
 KLDmax
 Strauss AE
 -2.830994
 KL
 KL
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 Max
 imin KL
 Dm
 ax
 Stra
 uss
 AE
 4.0e-06
 4.2e-06
 4.4e-06
 4.6e-06
 4.8e-06
 MaximinKL
 Dmax
 Strauss
 AE
 The discrepancy measures the difference between the empirical cumulative
 distribution of the design points and the uniform one (min)
 Max
 imin KL
 Dm
 ax
 Stra
 uss
 AE
 -2.83115
 -2.83110
 Ma
 xim
 in KL
 Dm
 ax
 -2.831000
 -2.830999
 -2.830998
 -2.830997
 -2.830996
 -2.830995
 zoom
 Maximin
 KL
 Dmax
 KL divergence (max)
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Conclusion
 ENBIS 2009 / Saint-Etienne
 � Introduction� Kullback-Leibler divergence� Estimation by a Monte Carlo method� Design comparison� Conclusion
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ConclusionC
 oncl
 usio
 n
 Results
 • The KL criterion spread points evenly throughout the unit cube
 • The KL designs outperform the usual space-filling designs
 ENBIS 2009 / Saint-Etienne
 22
 Outlooks
 • Estimation based on the nearest neighbor distances (CPU time
 + support of f)
 • Construction of optimal Latin hypercube (projection)
 • Tsallis entropy (analytic expression) , Rényi entropy (estimated
 by MST)
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