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Non-Cooperative Spectrum Access in Cognitive Radio Networks:
 a Game Theoretical Model
 Jocelyne Eliasa, Fabio Martignonb, Antonio Caponec, Eitan Altmand
 aParis Descartes University, France. E-mail: [email protected] of Bergamo, Italy. E-mail: [email protected]
 cPolitecnico di Milano, Italy. E-mail: [email protected] Sophia Antipolis, France. E-mail: [email protected]
 Abstract
 Cognitive radio networks provide the capability to share the wireless channel with licensed(primary) users in an opportunistic manner. Primary users have a license to operate in acertain spectrum band; their access can only be controlled by the Primary Operator andis not affected by any other unlicensed (secondary) user. On the other hand, secondaryusers (SUs) have no spectrum license, and they attempt to exploit the spectral gaps leftfree by primary users.
 This work studies the spectrum access problem in cognitive radio networks from agame theoretical perspective. The problem is modeled as a non-cooperative spectrumaccess game where secondary users access simultaneously multiple spectrum bands leftavailable by primary users, optimizing their objective function which takes into accountthe congestion level observed on the available spectrum bands.
 As a key innovative feature with respect to existing works, we model accurately theinterference between SUs, capturing the effect of spatial reuse. Furthermore, we considerboth non-elastic and elastic user traffic, to model real-time as well as data transfer appli-cations. Finally, we consider an alternative formulation of the spectrum access problem,where players use replicator dynamics to adjust their strategies, and we derive convergenceconditions to Nash equilibrium points.
 We demonstrate the existence of the Nash equilibrium, and derive equilibrium flowsettings. Finally, we provide numerical results of the proposed spectrum access game inseveral cognitive radio scenarios, and study the impact of the interference between SUson the game efficiency. Our results indicate that the congestion cost functions we proposein this paper lead to small gaps between Nash equilibria and optimal solutions in allthe considered network scenarios, thus representing a starting point for designing pricingmechanisms so as to obtain a socially optimal use of the network.
 Keywords:Cognitive Radio Networks, Spectrum Access, Game Theory, Price of Anarchy,Elastic/Non-Elastic Traffic
 Preprint submitted to Computer Networks March 3, 2011
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1. Introduction
 Even though the frequency spectrum is the scarcest resource for wireless communi-cations, it results generally underutilized: in fact, actual spectrum usage measurementsperformed by the FCC’s Spectrum Policy Task Force [1] reveal that at any given timeand location, much of the prized spectrum lies idle. Such underutilization has stimulateda huge research effort in several domains (e.g., engineering, economics and regulationcommunities) to propose better spectrum management policies and techniques. For thisreason, several dynamic spectrum access techniques have been recently proposed to betterutilize the available spectrum, reducing its wastage.
 Cognitive radio networks (CRNs) are envisioned to deliver high bandwidth to mobileusers via heterogeneous wireless architectures and dynamic spectrum access techniques [2].Such networks provide the capability to share the wireless channel with primary users inan opportunistic manner. In CRNs, a primary (or licensed) user has a license to operatein a certain spectrum band; his access is generally controlled by the Primary Operator(PO) and should not be affected by the operations of any other unlicensed user. On theother hand, unlicensed (secondary) users have no spectrum license, and they implementadditional functionalities to share the licensed spectrum band without interfering withprimary users.
 In this work, we focus on the dynamic spectrum access problem in cognitive radionetworks from a game theoretical perspective1. We consider multiple secondary users(SUs) competing in a non-cooperative way for a limited set of frequencies left availableby primary users. As a consequence, game theory is the natural framework to study theinteractions among such users.
 Non-cooperative games for competitive spectrum access in cognitive radio networkshave been recently considered in [4, 5, 6, 7, 8, 9, 10]. The works in [9, 10], which proposestatic and dynamic spectrum sharing schemes as well as spectrum pricing techniques, aresomehow close to our work, but they do not model explicitly the interference betweensecondary users.
 This paper overcomes this limitation by proposing a novel game theoretic model thatsolves the spectrum access problem in cognitive radio networks considering multiple POsand a given set of secondary users. More specifically, we consider a non-cooperativespectrum access game where secondary users access simultaneously multiple spectrumbands left available by primary users, optimizing their objective function which dependsboth on the total flow transmitted on each link (congestion cost) and the amount of flowthat such user transmits on it.
 The proposed game model is studied considering both non-elastic and elastic trafficdemands (to model real-time as well as data transfer applications) that can be shippedover one or multiple frequency spectrum bands owned by different POs.
 As a key innovative feature with respect to existing works, our spectrum access gamemodels explicitly the interference between secondary users as well as the spatial reuse of
 1Preliminary results of this work have been presented in [3].
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frequencies. This is achieved introducing user-specific parameters that specify, for eachavailable spectrum band, who are the interferers that contribute to the perceived linkcongestion.
 We demonstrate the existence of the Nash Equilibrium Point (NEP), and derive equi-librium spectrum access settings. Furthermore, we perform a thorough numerical analysisof the proposed game in several CRN scenarios, measuring the efficiency of the equilibriaof our game and discussing the causes that lead to efficiency loss. More in detail, weinvestigate systematically the impact of several parameters (like the number of SUs andwireless channels, as well as the interference between SUs) on the system performance,determining the Price of Anarchy (PoA) of the proposed spectrum access game. The PoAquantifies the loss of efficiency as the ratio between the cost of the worst Nash equilibriumand that of the optimal solution, which could be designed by a central authority. ThePoA, therefore, indicates the maximum degradation due to distributed secondary usersdecisions (anarchy) [11].
 We further model the dynamic spectrum access of SUs in cognitive radio networks asa population game [12] where players use replicator dynamics to adapt their strategies(i.e., the transmitted flows) to the congestion perceived on the available channels. Weshow that, under some conditions, the spectrum access game admits a potential functionand replicator dynamics converges to Lyapunov stable Nash equilibrium points.
 In summary, the numerical results indicate that:
 • the congestion cost functions adopted in this paper lead to small gaps betweenNash equilibria and optimal solutions in all the considered network scenarios, espe-cially for non-elastic traffic, thus representing a starting point for designing pricingmechanisms that foster a socially optimal use of cognitive radio networks.
 • The PoA depends significantly on the interference between SUs, and increases withboth the number of SUs and that of wireless channels.
 • For non-elastic traffic, the PoA is higher with partial interference between usersthan with full interference. An opposite result holds for elastic traffic, since in thiscase the solution which maximizes the social welfare is quite unfair, and hence farfrom the Nash Equilibrium solutions which generally provide more fair spectrumallocations.
 • Under replicator dynamics, non-elastic SUs’ flows always converge to the Nash equi-librium points of the spectrum access game.
 The main contributions of this paper can therefore be summarized as follows:
 • a novel non-cooperative spectrum access game where secondary users access simul-taneously multiple spectrum bands left available by primary users, optimizing theirobjective function which depends on the total flow transmitted on a link (congestioncost) and the amount of flow that such user transmits on it. This game is studiedtaking into account the interference between SUs and considering both non-elasticand elastic traffic demands.
 3
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• The determination of the existence conditions for Nash equilibrium points.
 • The proposition of an alternative formulation of the spectrum access game basedon population games and replicator dynamics.
 • A thorough performance analysis of the competitive spectrum access game underdifferent system parameters.
 The paper is structured as follows: Section 2 discusses related work. Section 3 in-troduces the network model, including users’ objective functions, as well as the proposedcost functions. Section 4 demonstrates the existence of at least one Nash EquilibriumPoint and illustrates a procedure to compute all equilibria for both non-elastic and elastictraffic demands. Section 5 illustrates an alternative formulation of the spectrum accessgame based on population games, and shows how replicator dynamics converges to Nashequilibrium points. Section 6 analyzes and discusses numerical results for the proposedmodel in several CRN scenarios. Finally, Section 7 concludes this paper.
 2. Related Work
 A survey on the different functionalities in cognitive radio networks and the relatedresearch challenges is presented in [13]. Specifically, the key issues related to spectrummanagement, spectrum mobility and spectrum sharing are discussed.
 A game theoretical overview of dynamic spectrum sharing in cognitive networks isprovided in [4], where several aspects are considered: analysis of network users’ behaviors,efficient dynamic distributed design, and optimality analysis. Furthermore, an overviewof different approaches to dynamic spectrum sharing is presented in [5].
 In [6] the authors consider the following scenario: a set of K groups of users coexistin the same area, competing for the same unlicensed spectrum band. Each group consistsof a single transmitter-receiver pair. The distributed spectrum access problem is modeledas a repeated game, and a self-enforcing truth-telling mechanism is proposed: if anygreedy user deviates from cooperation, punishment will be triggered. Through Bayesianmechanism design, users have no incentive to reveal false channel conditions, and thecompeting users are enforced to cooperate with each other honestly.
 A joint power/channel allocation scheme is proposed in [14] to improve the networkperformance using a distributed pricing approach. In this scheme, the spectrum allocationproblem is modeled as a non-cooperative game, with each cognitive radio (CR) pair actingas a player. Each player is interested in maximizing his own achievable rate. A price-basediterative water-filling algorithm is proposed, which enables CR users to reach a good Nashequilibrium.
 The previous work is extended in [7] by maximizing the sum-rate achieved by allcognitive radios over all channels. The coordinated channel access problem is formulatedunder a multi-level spectrum opportunity framework, and is solved with a centralizedpolynomial-time approximate algorithm.
 4
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An oligopoly pricing framework for dynamic spectrum allocation is presented in [8], inwhich primary users sell available spectrum to secondary users for monetary return. Fur-thermore, two approaches (called “strict constraints” and “QoS penalty”) are presentedto model primary users with limited resources. In the first approach, a low-complexitysearching method is proposed to obtain the Nash Equilibrium and prove its uniqueness.In the “QoS penalty” based oligopoly model, a variable transformation method is devel-oped to derive the unique Nash Equilibrium. Moreover, when the market information islimited, three myopically optimal algorithms are provided to enable price adjustment forduopoly primary users.
 Both static and dynamic spectrum sharing schemes are introduced in [9] for a cognitiveradio network consisting of one primary user and multiple secondary users sharing thesame frequency spectrum. First, the authors model the spectrum sharing as an oligopolymarket, and a static game is used to obtain the Nash equilibrium for the optimal al-located spectrum size for the secondary users. Then, the authors present a dynamicgame in which each secondary user adapts his spectrum sharing strategy based on theobserved marginal profit, which is a function of the spectrum price offered by the primaryuser. Finally, the performance of the proposed scheme is evaluated under different systemparameters (e.g., radio channel quality, revenue function and learning rate for dynamicstrategy adaptation).
 In [10] the authors address the problem of spectrum pricing in a cognitive radio net-work where multiple primary operators compete with each other to offer spectrum accessopportunities to the secondary users. Each of the primary operators aims to maximize itsprofit under quality of service constraints for primary users. Such situation is formulatedas an oligopoly market consisting of a few firms and a consumer; secondary users areinfinitesimally small, and they are represented by a utility function from which a demandfunction is derived. A Bertrand game model is considered and distributed algorithms areproposed to obtain the solution for this game.
 These two previous works [9, 10] are quite similar to our problem; however, in [9], theauthors consider only one primary operator and a set of secondary users, while it is moreinteresting to study the general case with multiple primary operators. Differently from ourwork, the authors do not take into account the interference between secondary users whileexpressing their objective functions. The work in [10] differs from ours by consideringinfinitesimally small secondary users: the authors assume that secondary users form asecondary service as a whole, and such service is represented by a given utility functionand as a consequence by a demand function. However, in our work, we study a moregeneral scenario, where multiple primary operators coexist and provide spectrum accessto a finite set of secondary users characterized by non-elastic/elastic traffic demands.
 Competitive routing games have been the focus of several works like those in [15, 16],where the network is shared by several users, each one having a non-negligible amountof flow to transmit. These two papers have presented conditions for the existence anduniqueness of the Nash equilibrium point considering general [15] and parallel links net-works [16] with special link cost functions (polynomial or M|M|1).
 We observe that the spectrum access game proposed in this paper extends the classical
 5
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routing games considered in [15, 16], which represent a particular case of our game whenfull interference exists between all users. In fact, in our proposed game, the congestioncost perceived by each user depends both on the set of users that are transmitting on agiven channel (link) and on the interference matrix. This feature captures the essence ofspatial reuse in wireless systems in general (and in CRNs, in particular), and complicatesconsistently the analysis with respect to routing games. In fact, it has been demonstratedthat the routing games studied in [15, 16] are characterized by a unique Nash equilibriumwhen polynomial cost functions (like those we consider in our work) are used. On theother hand, our spectrum access game is characterized by an infinite number of Nashequilibria, as we will show in Section 6.
 3. The Interference-aware Spectrum Access Game
 We consider a cognitive radio wireless system with a set V = {1, . . . , N} of PrimaryOperators (POs), each operating on a separate frequency spectrum, Fn, and having itsown primary users, and a set U = {1, . . . , I} of secondary users (SUs), willing to sharethe frequency spectrums {F1, . . . , FN} with the primary users. The basic notation usedin this paper is summarized in Table 1.
 Table 1: Basic NotationV Set of Primary Operators (POs) (or frequency spectrum bands)
 N Number of available wireless channels (N = |V |)
 U Set of Secondary Users (SUs)
 I Number of SUs (I = |U |)
 ri Traffic demand of non-elastic SU i
 M i Upper bound on the demand of elastic SU i
 mi Lower bound on the demand of elastic SU i
 αin Utility value per flow unit of elastic SU i on channel n
 gi, hi Parameters of logarithmic utility of SU i
 f in Flow transmitted by SU i on wireless channel n
 fPUn Total flow sent by primary users on channel n
 f i Spectrum access strategy of SU i (i.e., flow vector of SU i)
 f i∗ Optimal flow vector of SU i
 f−i∗ Optimal flows of all SUs, except SU i
 Si Spectrum access strategy space of SU i
 S Product strategy space
 F it,n Total amount of flow observed by SU i on wireless channel n
 An Interference matrix on wireless channel n
 ani,k Interference parameter between SU i and k on wireless channel n
 an, bn, βn Channel-specific cost parameters
 λin, δi, µ
 in, ηi, νi Lagrangian multipliers
 6

Page 7
                        

Each SU can transmit simultaneously over multiple spectrum bands, splitting histraffic over the set of available channels, thus choosing which primary operators willtransport his traffic. Two different traffic types are considered:
 • Non-Elastic traffic: each SU i ∈ U has a fixed amount of flow (ri) to transmit,and aims at minimizing his objective function OF i
 N , which represents the totalcongestion cost perceived on all the used channels.
 • Elastic traffic: in this case, users’ demands are elastic, in the sense that they arefunction of the costs due to channel congestion, as well as of the utility perceivedin transmitting the traffic over the available channels. Without loss of generality,we assume that each elastic SU is characterized by an upper bound (M i) and alower bound (mi) on his demand, which represent his maximum and minimumtraffic requirements, respectively. Therefore, in this case each SU i ∈ U maximizeshis degree of satisfaction (his objective function OF i
 E), which depends on boththroughput (utility) and costs (disutility).
 Let f in denote the amount of flow that SU i sends on wireless channel n, and let
 fPUn be the total flow sent by primary users on such channel. The secondary user flow
 configuration f i = {f i1, . . . , f
 iN} is called a spectrum access strategy of SU i, and the set of
 strategies Si = {f i ∈ RN : f in ≥ 0, n ∈ V } is called the spectrum access strategy space of
 SU i. The system flow configuration f = {f 1, . . . , f I} is called a spectrum access strategyprofile and takes values in the product strategy space S. Furthermore, let f−i representthe flow configuration of all users except SU i.
 We denote by An (which needs not be symmetric) the interference matrix associatedwith channel n, and by an
 i,k, element of An, the interference parameter between secondaryusers i and k on wireless channel n. More specifically, an
 i,k, i, k ∈ U, n ∈ V is defined asfollows:
 ani,k =
 {
 1 if SU i interferes with SU k on channel n0 otherwise
 Figure 1 illustrates an example scenario with one primary operator (POn) and 3 sec-ondary users (SU1, SU2 and SU3): SU1 and SU2 interfere with each other on channel n,while SU3 does not interfere with any other user. Therefore, in this scenario the interfer-ence matrix An has the following form:
 An =
 1 1 01 1 00 0 1
 Note that An can be also represented using an interference graph, which is still depictedin Figure 1.
 In the following we present the objective functions of both elastic and non-elasticsecondary users, as well as the cost functions we propose to adopt for wireless channels.
 7
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n
 SU 32SU
 SU 1
 PO
 Figure 1: Example CRN scenario with one primary operator (POn) and 3 secondary users (SU1, SU2
 and SU3). SU1 and SU2 interfere with each other on channel n, while SU3 does not interfere with anyother user.
 3.1. Non-Elastic Secondary User Objective Function
 We associate to SU i ∈ U the objective function OF iN , which is a function of the flow
 transmitted over the wireless channels:
 OF iN(f i, f−i) =
 ∑
 n∈V
 f in · J i
 n(f i, f−i). (1)
 The term J in(f i, f−i) represents the cost on channel n per unit of flow, and OF i
 N is thetotal cost perceived by SU i over all available channels.
 The solution concept adopted is the Nash Equilibrium, i.e., we seek a feasible multi-policy f ∗ = f i∗, i ∈ U such that OF i
 N(f ∗) = OF iN(f i∗, f−i∗) = minf i
 nOF i
 N(f i, f−i∗),i ∈ U , where the minimum is taken over all policies f i that lead to a feasible multi-policytogether with f−i∗, which are the optimal flows of all secondary users j ∈ U with j 6= i.Hence, each SU i aims to minimize his cost function OF i
 N :
 minf i
 n
 ∑
 n∈V
 f in · J i
 n(f i, f−i∗) (2)
 s.t.∑
 n∈V
 f in = ri ∀i ∈ U (3)
 f in ≥ 0 ∀i ∈ U, n ∈ V. (4)
 3.2. Elastic Secondary User Objective Function
 In this case, we associate to SU i ∈ U the objective function OF iE:
 OF iE(f i, f−i) = Qi(f i) −
 ∑
 n∈V
 f in · J i
 n(f i, f−i). (5)
 The first term, Qi(f i), represents the utility for transmitting a total amount of flow
 8
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equal to∑
 n∈V f in, and we assume that Qi(f i) is continuous, concave and continuously
 differentiable in f in,∀n ∈ V . The second term,
 ∑
 n∈V f in · J i
 n(f i, f−i), is the disutility dueto the costs incurred for spectrum bands occupation.
 As in the non-elastic case, for elastic SUs the solution concept adopted is the NashEquilibrium, i.e., we consider a feasible multi-policy f ∗ = f i∗, i ∈ U such that OF i
 E(f ∗) =OF i
 E(f i∗, f−i∗) = maxf inOF i
 E(f i, f−i∗), i ∈ U , where the maximum is taken over all poli-cies f i which lead to a feasible multi-policy together with f−i∗.
 As a consequence, elastic SU i aims to maximize his objective function OF iE:
 maxf i
 n
 {Qi(f i) −∑
 n∈V
 f in · J i
 n(f i, f−i∗)} (6)
 s.t. mi ≤∑
 n∈V
 f in ≤ M i ∀i ∈ U (7)
 f in ≥ 0 ∀i ∈ U, n ∈ V. (8)
 3.3. Cost Function
 In this work, we assume that the cost function is related to the total amount of flowthat is transmitted on channel n. More specifically, the cost (or disutility) per flow unitperceived by SU i on channel n has the following form:
 J in(f) = an(F i
 t,n)β(n) + bn,∀n ∈ V, (9)
 where F it,n =
 ∑
 k∈U ank,if
 kn +fPU
 n is the total amount of flow observed by SU i over wirelesschannel n, taking into account the interference produced by all other secondary users aswell as fPU
 n , which is the total amount of flow sent by primary users on wireless channel n.Parameters an, bn and β(n) are positive, and β(n) ≥ 1. In this way, the cost perceivedby SU i on channel n is polynomial (and hence convex) in the users’ transmitted flows.
 We will demonstrate that such cost function has appealing properties and ensures goodNash equilibria, which are, even in the worst cases, close to socially optimal solutions.We observe that, for β(n) = 1, J i
 n(f) assumes an affine form; in this case, a possibleinterpretation for this type of secondary user cost in the context of telecommunicationnetworks is that it is the expected delay of a packet in a light traffic regime [15]. Finally,this cost function can be also interpreted as a pricing function, which is used by theprimary operator to charge the secondary users and gain some profit [9].
 3.4. Utility Function
 In the following, we will consider both affine and logarithmic utility functions forelastic Secondary Users. More specifically, we will consider SUs having the followingutility Qi(f i) in their objective function:
 • (Affine utility) Qi(f i) =∑
 n∈V αinf i
 n, where αin represents the utility value of SU i
 per unit of flow, on frequency spectrum band n.
 9
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• (Logarithmic utility) Qi(f i) = gilog(1 + hif i), where gi and hi are the parametersof the logarithmic utility function of SU i. This is the same utility function usedin [9, 17] to model elastic traffic. Note that with a logarithmic utility function, therate of increase in utility Qi(f i) decreases with increasing transmission rate f i.
 4. Existence and Computation of Nash Equilibria
 Having defined our proposed interference-aware spectrum access game, in this sectionwe first demonstrate that such game indeed admits at least a Nash equilibrium, and thenwe illustrate a procedure for computing its Nash Equilibrium Points (NEPs).
 To this aim, we consider the cost function (9) and the utility functions introducedbefore. The objective function of SU i ∈ U assumes therefore the following expression
 OF iN(f i, f−i) =
 ∑
 n∈V
 f in[an(F i
 t,n)β(n) + bn] (10)
 for non-elastic traffic and
 OF iEA(f i, f−i) =
 ∑
 n∈V
 αinf i
 n −∑
 n∈V
 f in[an(F i
 t,n)β(n) + bn] (11)
 OF iEL(f i, f−i) = gilog(1 + hif i) −
 ∑
 n∈V
 f in[an(F i
 t,n)β(n) + bn] (12)
 for elastic traffic with affine (OF iEA) and logarithmic (OF i
 EL) utility function, respectively.Non-elastic/elastic SUs’ objective functions (10), (11) and (12) are continuous in f =
 {f 1, . . . , f I} and, respectively, convex and concave in f in. These properties ensure the
 existence of the Nash equilibrium according to the Kakutani fixed point theorem [18].
 4.1. Computing the Nash equilibria for Non-Elastic Secondary Users
 We now turn to the computation of the equilibrium solutions of our spectrum accessgame, starting from non-elastic secondary users.
 In this case, each SU i aims at minimizing his objective function OF iN . By definition,
 a Nash equilibrium is the solution to the individual utility optimization problem foreach user given all other users’ actions. In our formulation, each individual optimizationproblem is a nonlinear convex problem with the linear constraints (3) and (4). So theLagrangian function for user i can be written as:
 LiN(f i, f−i) =
 ∑
 n∈V
 f in[an(F i
 t,n)β(n) + bn] −∑
 n∈V
 λinf
 in + δi(
 ∑
 n∈V
 f in − ri) (13)
 where λin and δi are the Lagrangian multipliers (non negative real numbers). Based on
 nonlinear convex programming theory [19], the following Karush-Kuhn-Tucker (K.K.T.)
 10
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conditions are necessary and sufficient for a solution f = {f in} to be a Nash equilibrium:
 an(F it,n)β(n) + anβ(n)f i
 n(F it,n)β(n)−1 + bn = λi
 n − δi if f in > 0, ∀i ∈ U, n ∈ V (14)
 an(F it,n)β(n) + bn ≥ λi
 n − δi if f in = 0, ∀i ∈ U, n ∈ V (15)
 ∑
 n∈V
 f in = ri ∀i ∈ U (16)
 f in ≥ 0, λi
 n ≥ 0, δi ≥ 0 ∀i ∈ U, n ∈ V. (17)
 4.2. Computing the Nash equilibria for Elastic Secondary Users
 We first consider elastic SUs characterized by affine utility functions, and then moveto logarithmic utility functions.
 Each elastic SU i with an affine utility function aims at maximizing his objectivefunction OF i
 EA. In this case, the Lagrangian function of the i−th user is the following:
 LiEA(f i, f−i) =
 ∑
 n∈V
 αinf
 in −
 ∑
 n∈V
 f in[an(F i
 t,n)β(n) + bn] +
 +∑
 n∈V
 µinf
 in + ηi(
 ∑
 n∈V
 f in − mi) − νi(
 ∑
 n∈V
 f in − M i) (18)
 where µin, ηi and νi are the Lagrangian multipliers. The K.K.T. conditions (19)-(22)
 reported hereafter give the Nash equilibrium solution.
 αin − an(F i
 t,n)β(n) − anβ(n)f in(F i
 t,n)β(n)−1 − bn + µin + ηi − νi = 0 ∀i ∈ U, n ∈ V (19)
 f inµ
 in = 0, ηi(
 ∑
 n∈V
 f in − mi) = 0, νi(
 ∑
 n∈V
 f in − M i) = 0 ∀i ∈ U, n ∈ V (20)
 f in ≥ 0,
 ∑
 n∈V
 f in ≥ mi,
 ∑
 n∈V
 f in ≤ M i ∀i ∈ U, n ∈ V (21)
 µin ≥ 0, ηi ≥ 0, νi ≥ 0 ∀i ∈ U, n ∈ V. (22)
 As for elastic SU i with a logarithmic utility function, he aims at maximizing hisobjective function OF i
 EL.The Lagrangian function of the i−th user is in this case the following:
 LiEL(f i, f−i) = gilog(1 + hif i) −
 ∑
 n∈V
 f in[an(F i
 t,n)β(n) + bn] +
 +∑
 n∈V
 µinf
 in + ηi(
 ∑
 n∈V
 f in − mi) − νi(
 ∑
 n∈V
 f in − M i) (23)
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where µin, ηi and νi are the Lagrangian multipliers. The K.K.T. conditions (24)-(27)
 reported hereafter give the Nash equilibrium solution.
 gihi
 1 + hif i− an(F i
 t,n)β(n) − anβ(n)f in(F i
 t,n)β(n)−1 − bn + µin + ηi − νi = 0 ∀i ∈ U, n ∈ V
 (24)
 f inµ
 in = 0, ηi(
 ∑
 n∈V
 f in − mi) = 0, νi(
 ∑
 n∈V
 f in − M i) = 0 ∀i ∈ U, n ∈ V
 (25)
 f in ≥ 0,
 ∑
 n∈V
 f in ≥ mi,
 ∑
 n∈V
 f in ≤ M i ∀i ∈ U, n ∈ V
 (26)
 µin ≥ 0, ηi ≥ 0, νi ≥ 0 ∀i ∈ U, n ∈ V.
 (27)
 4.3. Comments
 As we will show in Section 6, our game can admit infinite Nash equilibria for bothnon-elastic and elastic traffic (i.e., the systems (14)-(17), (19)-(22) and (24)-(27) can haveinfinite solutions). Therefore, in the case of non-elastic traffic, to determine the highest-cost Nash equilibrium necessary to compute the Price of Anarchy, we further look forthe feasible solution of (14)-(17) that maximizes the sum of all users’ costs,
 ∑
 i∈U OF iN .
 On the other hand, to compute the Price of Anarchy for elastic traffic, we look for thefeasible solution of (19)-(22), for affine utilities, or (24)-(27), for logarithmic utilities, thatminimizes the sum of all users’ utilities (i.e.,
 ∑
 i∈U OF iEA and
 ∑
 i∈U OF iEL, respectively).
 The SNOPT 7.2 solver [20], a software package for solving large-scale optimizationproblems, has been used to this end.
 5. Replicator Dynamics for the Spectrum Access Game
 In this section, we propose an alternative formulation of the dynamic spectrum accessgame, which we model as a population game [12] where the replicator dynamics is used tomodel the evolution of Secondary Users’ strategies. This allows us to study a situation inwhich Secondary Users adjust their strategies, adapting their choices dynamically to thecongestion perceived on each wireless channel.
 To this aim, we first provide a background on population games, which represent asimple framework for describing strategic interactions among a large number of players.Then, we briefly illustrate the replicator dynamics, which permits to model the behaviorof the agents that play such games.
 5.1. Population Games
 A population game G, with Q non-atomic classes of players is defined by a mass anda strategy set for each class, and a payoff function for each strategy. By a non-atomic
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population of players, we mean that the contribution of each member of the populationis infinitesimal. The set of classes is denoted by Q = {1, . . . , Q}, and each class hasassociated a mass denoted by mq > 0. Let Sq be the set of strategies available for playersof class q, where Sq = {1, . . . , sq}.
 During the game play, each player of class q selects a strategy from Sq. The mass ofplayers of class q that choose the strategy n ∈ Sq is denoted by xq
 n, where∑
 n∈Sq xqn = mq.
 We denote the vector of strategy distributions being used by the entire population byx = {x1, . . . , xQ}, where xi = {xi
 1, . . . , xisi}. The vector x can be thought of as the state
 of the system.The marginal payoff function (per mass unit) of players of class q who play strategy n
 when the state of the system is x is denoted by F qn(x), usually referred to as fitness
 in evolutionary game theory, which is assumed to be continuous and differentiable. Thetotal payoff of the players of class q is therefore
 ∑
 n∈Sq F qn(x)xq
 n.
 5.2. Replicator Dynamics
 The replicator dynamics describes the behavior of a large population of agents whoare randomly matched to play normal form games. It was first introduced in biologyby Taylor and Jonker [21] to model the evolution of species, and it is also used in theeconomics field. Recently, such dynamics has been applied to many networking problems,like routing and resource allocation [22, 23].
 Given xqn, which represents the proportion of players of class q that choose strategy n,
 as illustrated before, the replicator dynamics can be expressed as follows:
 xqn = xq
 n
 (
 F qn(x) −
 1
 mq
 ∑
 n∈Sq
 F qn(x)xq
 n
 )
 ,
 where xqn represents the derivative of xq
 n with respect to time.In fact, the ratio xq
 n/xqn measures the evolutionary success (the rate of increase) of
 a strategy n. This ratio can be also expressed as the difference in fitness F qn(x) of the
 strategy n and the average fitness 1mq
 ∑
 n∈Sq F qn(x)xq
 n of the class q.
 5.3. Summary of results related to Replicator Dynamics
 We now summarize the most notable results for the replicator dynamics (derivedfrom [22, 24]), which help establishing the convergence of such dynamics to stable (Nashequilibrium) points.
 Definition 1 The dynamics x = V (x) is said to be positive correlated (PC) if∑
 q∈Q
 ∑
 n∈Sq F qn(x)V q
 n (x) > 0, whenever V (x) 6= 0.
 Definition 2 A function Φ : X → R is a potential for a game G if for every i ∈ Uand for every x−i ∈ X−i
 Φ(x, x−i) − Φ(z, x−i) = ui(x, x−i) − ui(z, x−i),∀x, z ∈ X i,
 where ui represents the objective function (utility/cost) of user i.
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G is called a potential game if it admits a potential function Φ [25].
 Result 1 If V(x) satisfies PC, all equilibria of G are stationary points of x = V (x).
 Result 2 The replicator dynamics is PC.
 Result 3 A potential game G, with dynamics V (x) that is PC, has asymptoticallystable stationary points.
 5.4. Replicator Dynamics for the Spectrum Access GameWe now use replicator dynamics to model and analyze the behavior of Secondary Users
 in the spectrum access game, focusing on non-elastic traffic.In such formulation, a non-elastic SU i with traffic demand ri can be considered as a
 class of population i with a global mass ri of infinitesimal users; this is in line with theassumption made in [23]. The proportion of population i who uses strategy n (wireless
 channel n) is xin = f i
 n
 ri .The cost perceived by infinitesimally small SUs in population i who use channel n is
 given by:
 Cin(xn) = (xi
 nri)[an(
 ∑
 k∈U
 ank,ix
 knr
 k + fPUn )β(n) + bn], (28)
 where xn = {x1n, . . . , xI
 n}.The replicator dynamics is then given by:
 xin = xi
 n[V i(x) − vin(xn)], (29)
 where vin(xn) is the marginal congestion cost, which assumes the following form:
 vin(xn) =
 ∂Cin
 ∂f in
 = an(∑
 k∈U
 ank,ix
 knr
 k + fPUn )β(n) + anβ(n)xi
 nri(∑
 k∈U
 ank,ix
 knr
 k + fPUn )β(n)−1 + bn,(30)
 while V i(x) =∑
 n∈V xinv
 in(xn) is the mean population cost.
 The rationale behind equation (29) is the following: when player i observes a (marginal)congestion cost on channel n which is higher than the average cost experienced on allavailable channels, he decreases the amount of flow transmitted on such channel. In theopposite case, he reacts by increasing such amount.
 If we consider the special case with β(n)=1 and fPUn = 0,∀n ∈ V , then vi
 n(xn) becomes:
 vin(xn) = an
 ∑
 k∈U
 ank,ix
 knr
 k + anrixi
 n + bn, (31)
 and the following proposition holds.
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Proposition 1. Our proposed spectrum access game admits a potential function Φ whichis given by the following expression:
 Φ =1
 2
 ∑
 i∈U
 OF iN +
 1
 2
 (
 ∑
 i∈U
 ∑
 n∈V
 [an(f in)2 + bnf
 in]
 )
 . (32)
 Proof: See Appendix A.Since we demonstrated that the proposed spectrum access game is a potential game,
 and knowing that replicator dynamics is positive correlated (see Result 2 in Section 5.3),we can conclude that:
 • all Nash equilibria of the spectrum access game are rest points of the replicatordynamics, and
 • the potential function Φ (32) acts as a Lyapunov function [24, 26] for xin = xi
 n[V i(x)−vi
 n(xn)], and as a consequence, Nash equilibria of the spectrum access game are Lya-punov stable.
 We will provide numerical examples that illustrate the convergence of the replicatordynamics towards Nash equilibrium points in Section 6.5.
 6. Numerical Results
 We now measure the sensitivity of the proposed spectrum access game to differentparameters like the number of secondary users and wireless channels, the interferencebetween SUs as well as the traffic demands. Furthermore, we study the efficiency ofthe Nash equilibria by comparing them to the socially optimal solutions, through thedetermination of bounds to the Price of Anarchy (PoA). Socially optimal solutions fornon-elastic users minimize the sum of all users’ costs, i.e., they minimize
 ∑
 i∈U OF iN
 subject to constraints (3)-(4); the PoA is defined as the ratio between the cost of theworst Nash equilibrium and that of the socially optimal solution. On the other hand,socially optimal solutions for elastic users maximize the sum of all users’ utilities, i.e.,they maximize
 ∑
 i∈U OF iEA subject to constraints (7)-(8), for affine utility functions, while
 they maximize∑
 i∈U OF iEL subject to the same constraints (7)-(8), for logarithmic utility
 functions; in this case, the PoA is defined as the ratio between the utility of the sociallyoptimal solution and that of the worst Nash equilibrium.
 Several CRN scenarios have been considered. Some, very simple, have been studied todiscuss preliminarily the main features of our proposed game. Then, more realistic randomtopologies with a large number of users and wireless channels are used to investigate thesystem performance.
 All the results reported hereafter are the Nash equilibria and optimal solutions of theconsidered scenarios obtained, respectively, by formalizing the spectrum access modelsin AMPL, a modeling language for mathematical programming [27], and solving themwith SNOPT 7.2 [20]. The computing time needed to solve each network instance wasvery small in all the considered scenarios, and in all cases it was smaller than 5 seconds.
 15

Page 16
                        

However, in average, only fractions of a second are needed to solve our proposed modelto the optimum.
 In the following we discuss the numerical results obtained with an interference ma-trix An that is both symmetric and identical for all frequencies (An = Am,∀n,m ∈ V ).If not specified differently, we consider cognitive radio scenarios with affine cost functions(β(n) = 1,∀n ∈ V ), and we set the cost parameters as follows: an = 1, fPU
 n = bn =0,∀n ∈ V .
 Obviously, our proposed model is general and can be applied also to asymmetricinstances and with any parameters setting.
 6.1. Non-Elastic Secondary Users: Simple CRN Scenarios
 Hereafter we consider some simple Cognitive Radio Network topologies with differ-ent interference patterns, namely a 4-user and a chain network scenarios, discussing thequality of the Nash equilibria reached by secondary users through the determination ofbounds to the Price of Anarchy.
 6.1.1. 4-User CRN Scenarios
 We first consider a cognitive radio network with two primary operators (2 wirelesschannels) and 4 secondary users (SU1, SU2, SU3 and SU4), all having the same trafficdemand ri = 1. To evaluate the impact of the interference matrix on the efficiency of ourspectrum access game, we study 2 different scenarios: full interference (see Figure 2(a))and partial (cyclic-like) interference (Figure 2(b)) between the SUs.
 2SU1SU
 3SU4SU
 2SU1SU
 3SU4SU
 (a) (b)
 Figure 2: 4-User CRN scenarios: interference graphs. (a) Full interference and (b) partial (cyclic-like)interference between the SUs.
 In the full interference case, the PoA is equal to 1, since both in the Nash equilibriumand in the optimal solution all SUs split their traffic equally on the available channels. Onthe other hand, in the partial interference scenario, there exist infinite Nash equilibriumpoints, i.e. those where SU1 and SU3 transmit p and 1 − p traffic units on channels 1and 2, respectively, while SU2 and SU4 transmit 1−p and p traffic units on these channels(p ∈ [0, 1]). The total cost of these equilibria is equal to −8p2 + 8p + 4, which assumesits maximum value, 6, for p = 1/2; on the other hand, at the optimum, SU1-SU3 send all
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their traffic on one channel, and SU2-SU4 on the other, with a total cost of 4, thus leadingto a PoA = 3/2.
 Hence, it can be observed that the quality of the equilibria reached by cognitive radiousers depends significantly on the specific interference scenario, and counter-intuitively,with full interference, we obtain a PoA which is lower than that obtained for the partialinterference scenario.
 If we consider quadratic cost functions (i.e., β(n) = 2,∀n ∈ V ), the PoA is equalto 1 in the full interference scenario, exactly as in the β(n) = 1 case discussed above; inthe partial interference scenario, on the other hand, at least 3 equilibria exist, i.e. thosewhere SU1 and SU3 transmit p and 1 − p traffic units on channels 1 and 2, respectively,while SU2 and SU4 transmit 1− p and p traffic units on these channels, with p equal to 0,1 or 1/2. The first two equilibria (p = 0 and p = 1) coincide with the social optimum,which has an overall cost of 4, while for p = 1/2 the total cost of the Nash equilibriumpoint is 9, leading to a PoA = 9/4. Hence, increasing β(n) leads to a higher Price ofAnarchy, as we will quantify more precisely in Section 6.2.1.
 Finally, we consider a variation of the β(n) = 1 scenario, where SU1 and SU3 have arate ri equal to 3/2 while the other two users have ri = 1/2. As for the homogeneoustraffic case, in the full interference scenario we again have PoA = 1, while for the partialinterference scenario we have an infinite number of Nash equilibria: SU1 and SU3 transmitp and 3/2− p traffic units on channels 1 and 2, respectively, while SU2 and SU4 transmit1 − p and p − 1/2 traffic units on these channels (p ∈ [1/2, 1]). The total cost at theNEP is in this case equal to −8p2 + 12p + 1, which is maximum for p = 3/4, where itsvalue is 5.5. At the optimum, SU1 and SU3 send 5/4 and 1/4 traffic units on channels 1and 2, respectively, while SU2 and SU4 send all their traffic on channel 2, with a socialcost of 4.75, thus leading to a PoA = 5.5/4.75 = 1.158, which is lower than the onedetermined in the homogeneous traffic case (i.e., 3/2).
 This result confirms on the one hand the behavior already observed for the homoge-neous traffic case, where the PoA with partial interference is higher than the one withfull interference. However, this effect is mitigated by the presence of heterogeneous trafficdemands, as we will discuss more in detail for random CRN scenarios.
 6.1.2. Chain-like Interference CRN Scenario
 We now consider a chain-like interference scenario, illustrated in Figure 3, with 2wireless channels and I secondary users. All users have ri = 1.
 1SU 2SU 3SU I−1SU ISU
 Figure 3: Chain CRN scenario: interference graph.
 The socially optimal solution sees in this case users SU1, SU3, SU5, . . . transmit alltheir traffic on one channel, while users SU2, SU4, SU6, . . . transmit exclusively on theother, with a total cost of I. At the Nash equilibrium, instead, all users split their trafficequally on the available channels, thus leading to a cost equal to 3/2 for players SU2, SU3,
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. . . , SUI−1, and equal to 1 for external users SU1 and SUI . Therefore, the PoA has inthis case the following expression:
 PoA =3/2(I − 2) + 2
 I=
 3I − 2
 2I(33)
 which increases with I, and is upper bounded by 3/2 for I → ∞. Hence, increasing thenumber of secondary users leads to more inefficient network behaviors.
 6.2. Non-Elastic Secondary Users: Random CRN Scenarios
 Random cognitive radio network scenarios are obtained using a custom generatorwhich considers a square area with edge equal to 1000, and randomly extracts the positionof I nodes, each corresponding to a SU. A SU i interferes with SU k only if this latter isat a distance not greater than R, the interference range of i. We assume for simplicitythat such range is the same for all secondary users.
 For each random CRN scenario, the results are obtained averaging each point on 3000instances, thus obtaining very small 95% confidence intervals, which are not shown in thefigures for the sake of clarity.
 6.2.1. Effect of the number of SUs (I)
 We first evaluate the effect of the number of SUs on the Price of Anarchy in randomCRN scenarios with N = 2 wireless channels; all SUs are characterized by the sametraffic demand ri = 1,∀i ∈ U . We consider several R values, in the 0 to 1500 range, thusincreasing the interference between SUs.
 Figure 4 shows the average PoA in function of the interference range for different Ivalues (I ∈ [2, 20]). It can be observed that for both small and high interference ranges,the PoA is very small (i.e., close to 1). These two scenarios correspond, respectively,to complete absence of interference and full interference between SUs. In the first case,obviously, the Nash equilibrium coincides with the social optimum; the same happens forthe full interference case, as we have discussed before for the square interference pattern ofFigure 2(a). Partial interference (i.e., intermediate R values) leads to larger gaps betweenNash equilibria and optimal solutions, as it was already observed for the correspondingscenario of Figure 2(b), even though the average PoA is in all cases quite small (alwaysless than 1.16).
 Furthermore, the PoA increases when the number of secondary users becomes larger,as in the chain-like interference scenario. We can therefore argue that it is more difficultto coordinate several secondary users, thus leading to more inefficient network equilibria.However, we must further observe that the worst PoA we could measure in all the con-sidered instances, and for all I values, was equal to 1.606, which is still an acceptable lossof efficiency with respect to the achievable network optimum.
 Quadratic Cost Functions. A variation of the previous CRN scenario is considered, withquadratic cost functions (β(n) = 2,∀n ∈ V ); all other parameters are set as in the affinecost function scenario. Figure 5 shows the average PoA as a function of R, for I ranging
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0 250 500 750 1000 1250 15001
 1.02
 1.04
 1.06
 1.08
 1.1
 1.12
 1.14
 1.16
 1.18
 Range R
 Po
 A
 I=2, N=2I=3, N=2I=4, N=2I=5, N=2I=10, N=2I=20, N=2
 Figure 4: Non-Elastic Demands: average PoA measured in CRN scenarios with N = 2 available wirelesschannels and different numbers of SUs (I ∈ [2, 20]).
 from 2 to 20. It can be observed that the PoA obtained with quadratic cost functionsexhibits a trend similar to that illustrated in Figure 4 for affine cost functions. However,absolute values are higher (up to 1.4 in the Figure); as we already observed in the 4-userscenario of Section 6.1, in fact, increasing β(n) leads to a higher Price of Anarchy.
 0 250 500 750 1000 1250 15001
 1.05
 1.1
 1.15
 1.2
 1.25
 1.3
 1.35
 1.4
 1.45
 Range R
 PoA
 I=2, N=2I=3, N=2I=4, N=2I=5, N=2I=10, N=2I=20, N=2
 Figure 5: Non-Elastic Demands: average PoA measured in CRN scenarios with N = 2 available wirelesschannels, different numbers of SUs (I ∈ [2, 20]) and quadratic cost functions (β(n) = 2).
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6.2.2. Effect of the number of wireless channels (N)
 We then increase the number of wireless channels from 2 to 5, fixing the number ofSUs to 10; the interference range R varies from 0 to 1500.
 Figure 6(a) illustrates the average PoA obtained in such scenarios. It can be observedthat such performance figure increases with the number of wireless channels. Intuitively,this is due to the fact that when N increases, the strategy space of the SUs also increases,thus leading to potentially worse Nash equilibria. Therefore, the availability of a largernumber of wireless channels further amplifies the loss of efficiency, which can be observedespecially for intermediate R values (i.e., 250 ≤ R ≤ 750).
 0 250 500 750 1000 1250 15001
 1.05
 1.1
 1.15
 1.2
 1.25
 1.3
 1.35
 Range R
 PoA
 I=10, N=2I=10, N=3I=10, N=4I=10, N=5
 (a) ri = 1
 0 250 500 750 1000 12500 15001
 1.05
 1.1
 1.15
 1.2
 1.25
 1.3
 1.35
 Range R
 Po
 A
 I=10, N=2I=10, N=3I=10, N=4I=10, N=5
 (b) ri = {1/2, 3/2}
 Figure 6: Non-Elastic Demands: average PoA measured in CRN scenarios with I = 10 users and differentnumbers of available wireless channels (N ∈ [2, 5]); (a) 10 SUs all having ri = 1, and (b) 10 heterogeneousSUs (5 SUs have ri = 1/2 and the others have ri = 3/2).
 6.2.3. Effect of the transmission rate (ri)
 We now consider a variation of the previous scenario, assuming that 5 users offer arate equal to 1/2, while the other 5 have ri = 3/2, thus maintaining the same total offeredtraffic (equal to 10), for the sake of comparison.
 If we compare the results measured in this scenario, reported in Figure 6(b), withthose obtained for homogeneous traffic demands (Figure 6(a)), we observe that the PoAis always smaller when traffic demands are different. This is essentially due to the factthat the quality of the equilibria is more influenced by the choices of “elephant” users(those who offer ri = 3/2), and less by those of “mouse” users (ri = 1/2). Hence, thenetwork behavior is closer to that of a cognitive radio network with a smaller number ofSUs and, as we observed before, when the number of such users decreases, the PoA alsodecreases (see Figure 4).
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6.3. Elastic Secondary Users: 4-User CRN Scenarios
 We now consider secondary users with elastic traffic demands. To illustrate the effectof the interference on the PoA with elastic traffic demands, we consider the same squareinterference patterns of Figures 2(a) and 2(b), first assuming that all SUs have affineutilities of the form Qi(f i) =
 ∑
 n∈V αinf
 in, where the utility value per flow unit, αi
 n, is thesame for each frequency band (αi
 n = αi = 4,∀i ∈ U, n ∈ V ). Moreover, mi = 0 and M i issufficiently large not to limit the transmitted flow.
 For the full interference scenario, we have now a PoA = 1.562, while for the partialinterference scenario we have PoA = 1. Hence, differently from the non-elastic case, thePoA increases consistently when the interference between secondary users increases.
 This is due to the fact that, with full interference, the solution which maximizes thesocial welfare is very unfair in the presence of elastic users: it allocates the availablespectrum bands to a few SUs, while assigning the rest no bandwidth at all. This solutionmaximizes the overall users utility, but it is far from the one given by the Nash equilibrium,which distributes the network capacity more fairly among secondary users.
 More specifically, in the full interference scenario, the socially optimal solution allo-cates 2 bandwidth units to SU1 on both channels 1 and 2, while all other three players donot send any traffic at all. This maximizes the total utility (equal to 8), which coincideswith the utility of SU1; at the same time, such spectrum allocation is evidently unfairsince all network resources are allocated to a single user. We observe that such behaviordoes not occur for non-elastic traffic, since in that case each user i must transmit all ri
 bandwidth units.On the other hand, at the Nash equilibrium all players send 0.8 bandwidth units on
 both available channels, thus leading to a perfectly fair spectrum allocation with totalutility equal to 5.12. Hence, the PoA is in this case equal to 8
 5.12= 1.56.
 The same behavior can be observed also for logarithmic utility functions, even if thePoA is in this case very close to 1 for all the considered parameter values. We consideredseveral settings for the gi parameter in the logarithmic utility function Qi(f i) = gilog(1+hif i), fixing hi = 10,∀i ∈ U , and Table 2 reports the PoA measured for the partial andfull interference scenarios.
 Table 2: 4-User CRN Scenarios: PoA measured for elastic users with logarithmic utility function fordifferent values of the gi parameter. Both full and partial interference between SUs are considered (seeFigures 2(a) and 2(b), respectively)
 gi Partial Interference Full Interference100 1.013 1.01950 1.015 1.02125 1.016 1.024
 6.4. Elastic Secondary Users: Random CRN Scenarios
 Random cognitive radio network scenarios are obtained by the same generator usedin the case of non-elastic traffic instances. As for non-elastic scenarios, the results are
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obtained with very small 95% confidence intervals, which are not shown in the figures forthe sake of clarity.
 6.4.1. Affine Utility: Effect of the Utility value αin
 To gauge the impact of the utility value on the efficiency of our game, we first considera homogeneous case in which all SUs have affine utility functions with identical utilityvalues per unit of flow (αi
 n = 4,∀i ∈ U, n ∈ V ); then, we analyze a CRN where 50% of theSUs have αi
 n = 2 and the rest has αin = 6, so that the average utility value is the same as
 in the homogeneous case. The number of wireless channels is equal to 2, and we vary thenumber of SUs in the 2 to 10 range.
 Figure 7 shows that the PoA of the homogeneous SUs (Figure 7(a)) is always greaterthan that measured in the heterogeneous case (Figure 7(b)), in line with what alreadyobserved for non-elastic scenarios (see Figure 6). Furthermore, the loss of efficiency canin this case be larger than for non-elastic traffic, especially when a large number of SUsare transmitting.
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 (a) α = 4
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 2.5
 3
 3.5
 Range R
 PoA
 I=2, N=2
 I=4, N=2
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 (b) α ∈ {2, 6}
 Figure 7: Elastic demands with affine utility: average PoA measured in a CRN scenario with 2 availablechannels and different numbers of SUs (I ∈ [2, 10]); (a) all SUs have the same utility value (α = 4), and(b) 50% of the SUs have αi
 n= 2 and the rest has αi
 n= 6.
 6.4.2. Affine Utility: Effect of the Cost Parameter an on the individual SU utility
 We now examine the behavior of the SUs under different values of an, the per flowunit cost parameter for wireless channel n. To this aim, we consider a random cognitiveradio scenario with 3 SUs and 2 wireless channels, increasing the interference range ofsecondary users.
 Figure 8 reports the average SUs’ utility (i.e., the objective function value maximizedby each elastic user) as a function of the interference range for an = 1, 2 and 4. Asexpected, elastic SUs send less traffic and have lower utilities as an increases. Furthermore,
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the utility decreases consistently with increasing an values (that is, with increasing linkcosts).
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 I=3, N=2, an=2
 I=3, N=2, an=4
 Figure 8: Elastic Demands with affine utility: average user’s profit measured in a CRN scenario with 3SUs and 2 wireless channels, with different an values (viz., an = 1, 2 and 4).
 6.4.3. Logarithmic Utility: Effect of the Utility value gi
 We then consider logarithmic utility functions, starting with a homogeneous case inwhich all SUs have identical gi values, and then analyzing a CRN where 50% of the SUshave gi = 50 and the rest has gi = 150, so that the average utility value is the same asin the homogeneous case. Figure 9 shows that also for logarithmic utility functions thePoA of the homogeneous SUs (Figure 9(a)) is always greater than that measured in theheterogeneous case (Figure 9(b)), thus confirming what already observed for affine utilityfunctions. However, the PoA measured in this scenario is considerably smaller (alwaysless than 1.04) than that observed for affine utility functions. Hence we can affirm that,in this case, the performance degradation due to the increasing interference level is almostnegligible.
 6.4.4. Logarithmic Utility: Effect of the Number of SUs (I)
 We now consider the same CRN scenario of Section 6.2.1, with elastic SUs havinglogarithmic utility functions (gi = 100 and hi = 10 for all users). Figure 10 illustrates theaverage PoA measured for all the considered transmission ranges, for a number of users Iin the 2 to 20 range.
 The PoA increases with increasing I values, but remains always below 1.06, thus con-firming that, in such case, the network configuration reached by SUs in a fully distributedway is very close to the optimum that could be planned in a centralized way.
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 Figure 9: Elastic demands with logarithmic utility: average PoA measured in a CRN scenario with 2available channels and different numbers of SUs (I ∈ [2, 10]); (a) all SUs have the same utility value(gi = 100), and (b) 50% of the SUs have gi = 50 and the rest has gi = 150.
 0 250 500 750 1000 1250 15001
 1.02
 1.04
 1.06
 1.08
 1.1
 1.12
 Range R
 Po
 A
 I=2, N=2
 I=3, N=2
 I=4, N=2
 I=5, N=2
 I=10, N=2
 I=20, N=2
 Range R
 Figure 10: Elastic demands with logarithmic utility: average PoA measured in a CRN scenario with 2available channels and different numbers of SUs (I ∈ [2, 20]).
 6.4.5. Logarithmic Utility: Effect of the Number of Wireless Channels (N)
 We further consider a scenario with 10 elastic SUs with logarithmic utility, having thesame configuration parameters reported before, and increasing the number of availablechannels n from 2 to 5. Figure 11 reports the PoA measured in such case.
 As already observed for non-elastic traffic, increasing the number of available channels(and consequently the strategy space) leads to higher PoA values. This degradation,however, is very limited for elastic users, and the PoA always assumes very small values,close to 1 for all the considered scenarios.
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 Figure 11: Elastic demands with logarithmic utility: average PoA measured in a CRN scenario with 10SUs and different numbers of available channels (N ∈ [2, 5]).
 6.5. Replicator Dynamics: 4-User CRN scenarios
 Finally, we investigate in this section the stability of the Nash equilibria of the spec-trum access game illustrated in Section 5.4, where SUs adapt their strategies using repli-cator dynamics, based on the congestion level measured on each link. To this end, weconsider the 4-User CRN scenarios with full interference (Figure 2(a)) and partial inter-ference (Figure 2(b)), described in Section 6.1.1, and we assume that SUs use replicatordynamics. We recall that in such scenario, each non-elastic user i must transmit a totalamount of flow ri = 1 on the 2 available channels.
 Figures 12(a) and 12(b) illustrate the convergence of SUs’ flows to a Nash equilibrium,under replicator dynamics, in the case of partial and full interference between SUs, re-spectively. For sake of clarity, the Figures report only the amount of traffic sent by eachuser on wireless channel 1, since all the rest of the traffic is transmitted on channel 2.
 In the partial interference scenario, we consider an example case in which, at thestarting point, SU1, SU2, SU3 and SU4 send respectively 90%, 80%, 70% and 60% of theirtraffic on channel 1 and the rest on channel 2. It can be observed that SU1 and SU3
 flows converge to an equilibrium point of approximately 0.58 on channel 1 and 0.42 onchannel 2, while the flows of SU2 and SU4 converge to 0.42 and 0.58 on channels 1 and 2,respectively. Such users’ behavior was already observed in Section 6.1.1, where at theequilibrium, SU1 and SU3 send p traffic units on channel 1 and 1− p on channel 2, whileSU2 and SU4 do the opposite, sending 1 − p on channel 1 and p on channel 2.
 If we consider now the full interference scenario (Figure 12(b)), we observe that theSUs’ flows always converge to the equilibrium point (0.5, 0.5) on channels 1 and 2, splittingequally their traffic on the 2 available channels, and this happens independently of thestarting point chosen for such flows.
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 Figure 12: Non-Elastic Demands: Convergence of SUs’ flows (transmitted on wireless channel 1) to a Nashequilibrium point under replicator dynamics in the 4-User CRN scenarios with (a) partial interferenceand (b) full interference between secondary users.
 7. Conclusion
 This paper addressed the spectrum access problem in cognitive radio networks from agame theoretical perspective. The problem has been modeled as a non-cooperative gamewhere secondary users access simultaneously multiple spectrum bands left available byprimary users, optimizing their objective function which takes into account the congestion-dependent cost functions.
 As a key innovative feature with respect to existing works, we modeled accurately theinterference between SUs, capturing the effect of spatial reuse, and we also used effectivecongestion cost functions that ensure good Nash equilibria. We considered both elas-tic and non-elastic traffic demands, modeling data transfers and real-time applications.Furthermore, we demonstrated the existence of the Nash equilibrium, and we computedequilibrium flow settings. We considered an alternative formulation of the dynamic spec-trum access problem based on population games and replicator dynamics. Finally, weperformed a thorough numerical analysis of the proposed model, studying the impact ofseveral parameters, like the number of SUs and wireless channels as well as the interferencebetween SUs, on the game efficiency. Our results indicate that:
 • the cost functions adopted in this paper enable good Nash equilibria, thus represent-ing a good starting point for designing pricing mechanisms that foster cooperationin cognitive radio networks.
 • The PoA depends significantly on the interference between SUs and increases withboth the number of SUs and that of wireless channels.
 • For non-elastic traffic, the PoA is higher with partial interference between usersthan with full interference. An opposite result holds for elastic traffic since, in this
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case, the solution which maximizes the social welfare is generally quite unfair, andhence far from the Nash Equilibrium solutions that provide more fair spectrumallocations.
 • Under replicator dynamics, non-elastic SUs’ flows converge always to the Nash equi-librium points of the spectrum access game.
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 Appendix A. Proof of Proposition 1
 In this appendix, we demonstrate that the spectrum access game proposed in Sec-tion 5.4 (with β(n) = 1, fPU
 n = 0, ∀n ∈ V , and ank,i = an
 i,k, ∀i, k ∈ U, n ∈ V , i.e., theinterference matrix is symmetric), belongs to the class of potential games [25], and admitsthe following potential function Φ:
 Φ =1
 2
 ∑
 i∈U
 OF iN +
 1
 2
 (
 ∑
 i∈U
 ∑
 n∈V
 [an(f in)2 + bnf
 in]
 )
 . (A.1)
 We recall that the function Φ is a potential function if it satisfies (for each player i,each multi-strategy z and each strategy f i) the following condition:
 Φ(f i, f−i) − Φ(zi, f−i) = OF iN(f i, f−i) − OF i
 N(zi, f−i). (A.2)
 Let Φn(fn) and OF iNn(fn) be the potential function and the user cost function, respec-
 tively, per wireless channel n. Hence, Φ =∑
 n∈V Φn(fn) and OF iN =
 ∑
 n∈V OF iNn(fn).
 The function Φn has the following expression:
 Φn(f in, f
 −in ) =
 1
 2
 (
 ∑
 i∈U
 ∑
 k∈U
 anank,if
 inf
 kn +
 ∑
 i∈U
 [an(f in)2 + bnf
 in]
 )
 (A.3)
 =an
 2
 ∑
 j∈U,j 6=i
 ∑
 k∈U,k 6=i
 ank,jf
 jnfk
 n +an
 2
 ∑
 k∈U,k 6=i
 ank,if
 knf i
 n +an
 2
 ∑
 K∈U,k 6=i
 ani,kf
 knf i
 n+
 an
 2an
 i,ifinf
 in +
 an
 2
 ∑
 k∈U,k 6=i
 (fkn)2 +
 an
 2(f i
 n)2 +bn
 2
 ∑
 k∈U,k 6=i
 fkn +
 bn
 2f i
 n.
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Recall that ank,i = an
 i,k,∀i, k ∈ U, n ∈ V , and ani,i = 1,∀i ∈ U, n ∈ V (since each SU i
 obviously “interferes” with himself on each wireless channel n).If we focus on a generic channel n, we can verify that any unilateral deviation of SU i
 on such channel is exactly equal to the difference in function Φn(fn). In fact, the followingequality holds:
 Φn(f in, f
 −in ) − Φn(zi
 n, f−in ) =an
 ∑
 k∈U,k 6=i
 ank,if
 kn(f i
 n − zin) + an((f i
 n)2 − (zin)2) + bn(f i
 n − zin)
 (A.4)
 =an((f in)2 − (zi
 n)2) + (an
 ∑
 k∈U,k 6=i
 ank,if
 kn + bn)(f i
 n − zin)
 =OF iNn(f i
 n, f−in ) − OF i
 Nn(zin, f
 −in ).
 Then, by summing up over all wireless channels n, we prove that Equation (A.2) holds,and therefore that the spectrum access game admits Φ as a potential function.
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