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            CHAPTER 1 PROBLEM SOLVING SPOTLIGHT ON TEACHING Excerpts from NCTM’s Standards for School Mathematics Prekindergarten through Grade 12* Problem solving can and should be used to help students develop fluency with specific skills. For example, consider the following problem, which is adapted from the Curriculum and Evaluation Standards for School Mathematics (NCTM 1989, p. 24): I have pennies, nickels, and dimes in my pocket. If I take three coins out of my pocket, how much money could I have taken? This problem leads children to adopt a trial-and-error strategy. They can also act out the problem by using real coins. Children verify that their answers meet the problem conditions. Follow-up questions can also be posed: “Is it possible for me to have 4 cents? 11 cents? Can you list all the possible amounts I can have when I pick three coins?” The last question provides a challenge for older or more mathematically sophisticated children and requires them to make an organized list, perhaps like the one below. PENNIES NICKELS DIMES TOTAL VALUE 0 0 3 30 0 1 2 25 0 2 1 20 0 3 0 15 1 0 2 21 M M M M Working on this problem offers good practice in addition skills. But the important mathematical goal of this problem—helping students to think systematically about possibilities and to organize and record their thinking—need not wait until students can add fluently. 1 *Principles and Standards for School Mathematics (Reston, VA: National Council of Teachers of Mathemat- ics, 2000), p. 52. 
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C H A P T E R 1
 PROBLEM SOLVING
 SPOTLIGHT ON TEACHINGExcerpts from NCTM’s Standards for SchoolMathematics Prekindergarten through Grade 12*Problem solving can and should be used to help students develop fluency withspecific skills. For example, consider the following problem, which is adaptedfrom the Curriculum and Evaluation Standards for School Mathematics (NCTM1989, p. 24):
 I have pennies, nickels, and dimes in my pocket. If I take three coins out of my pocket,how much money could I have taken?
 This problem leads children to adopt a trial-and-error strategy. They can also actout the problem by using real coins. Children verify that their answers meet theproblem conditions. Follow-up questions can also be posed: “Is it possible for meto have 4 cents? 11 cents? Can you list all the possible amounts I can have whenI pick three coins?” The last question provides a challenge for older or moremathematically sophisticated children and requires them to make an organizedlist, perhaps like the one below.
 PENNIES NICKELS DIMES TOTAL VALUE
 0 0 3 300 1 2 250 2 1 200 3 0 151 0 2 21M M M M
 Working on this problem offers good practice in addition skills. But the importantmathematical goal of this problem—helping students to think systematicallyabout possibilities and to organize and record their thinking—need not wait untilstudents can add fluently.
 1
 *Principles and Standards for School Mathematics (Reston, VA: National Council of Teachers of Mathemat-ics, 2000), p. 52.
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2
 Math Activity 1.1Math Activity 1.1
 T O W E R
 P U Z Z L E PAT T E R N S
 Puzzle: One of thethree towers shown here has 10disks of increasing size. What isthe least number of movesneeded to transfer these 10disks from one tower to a differ-ent tower if only one disk canbe moved at a time and a diskcannot be placed on top of a smaller one?
 1. Use a model by drawing three towers on a sheet of paper and placing a quar-ter, nickel, penny, and dime on one of the towers (or disks can be cut frompaper). Experiment.
 *2. Solve a simpler problem by using fewer disks. What is the smallest numberof moves needed to transfer 2 disks? Then try 3 disks.
 *3. Make a table and record the smallest number of moves for 2, 3, and 4 disks.Try to predict the number of moves for 5 disks.
 *4. Find a pattern in the table and extend the table for up to 10 disks.
 5. You may have noticed a pattern in transferring the disks in the first three ac-tivities. The sequence of four figures below shows 3 disks being transferredfrom one tower to another. Three moves are needed to go from (a) to (b) be-cause it takes 3 moves to transfer the top 2 disks from one tower to another.Then 1 move is used from (b) to (c) to transfer the third disk, and 3 moremoves are needed from (c) to (d) to place the 2 smaller disks on top of thethird disk.
 Notice how these figures show that the number of moves for transferring 2disks can be used to determine the number of moves for transferring 3 disks.Draw a similar sketch, and explain how the number of moves for transferring 3disks can be used to determine the number of moves for transferring 4 disks.
 3 moves 1 move 3 moves
 (a) (b) (c) (d)
 NO. OF NO. OFDISKS MOVES
 1 12 —3 —4 —5 —
 NO. OF NO. OFDISKS MOVES
 6 17 —8 —9 —
 10 —
 *A star indicates an activity is answered or suggestions are given in the Answer Section.
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3
 Introduction to Problem Solving
 S E C T I O N 1 . 1
 Introduction to Problem Solving
 There is no moresignificant privilege thanto release the creativepower of a child’s mind.Franz F. HohnCourtesy of International
 Business Machines Corporation
 P R O B L E M
 O P E N E R Alice counted 7 cycle riders and 19 cycle wheels going past her house. Howmany tricycles were there?
 “Learning to solve problems is the principal reason for studying mathematics.”*This statement by the National Council of Supervisors of Mathematics representsa widespread opinion that problem solving should be the central focus of themathematics curriculum.
 A problem exists when there is a situation you want to resolve but no solutionis readily apparent. Problem solving is the process by which the unfamiliar situ-ation is resolved. A situation that is a problem to one person may not be a prob-lem to someone else. For example, determining the number of people in 3 carswhen each car contains 5 people may be a problem to some elementary schoolstudents. They might solve this problem by placing chips in boxes or by making adrawing to represent each car and each person (Figure 1.1) and then counting todetermine the total number of people.
 You may be surprised to know that some problems in mathematics are un-solved and have resisted the efforts of some of the best mathematicians to solve
 *National Council of Supervisors of Mathematics, Essential Mathematics for the 21st Century (Minneapolis,MN: Essential Mathematics Task Force, 1988).
 Figure 1.1
 Problem solving is thehallmark of mathematicalactivity and a major meansof developing mathematicalknowledge.
 Standards 2000, p. 116.
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them. One such problem was discovered by Arthur Hamann, a seventh-grade stu-dent. He noticed that every even number could be written as the difference of twoprimes.* For example,
 2 � 5 � 3 4 � 11 � 7 6 � 11 � 5 8 � 13 � 5 10 � 13 � 3
 After showing that this was true for all even numbers less than 250, he predictedthat every even number could be written as the difference of two primes. No onehas been able to prove or disprove this statement. When a statement is thought tobe true but remains unproved, it is called a conjecture.
 Problem solving is the subject of a major portion of research and publishing inmathematics education. Much of this research is founded on the problem-solvingwritings of George Polya, one of the foremost twentieth-century mathematicians.Polya devoted much of his teaching to helping students become better problemsolvers. His book How to Solve It has been translated into 18 languages. In thisbook, he outlines the following four-step process for solving problems.
 Understanding the Problem Polya suggests that a problem solver needs to be-come better acquainted with a problem and work toward a clearer understandingof it before progressing toward a solution. Increased understanding can comefrom rereading the statement of the problem, drawing a sketch or diagram toshow connections and relationships, restating the problem in your own words, ormaking a reasonable guess at the solution to help become acquainted with thedetails.
 Devising a Plan The path from understanding a problem to devising a plan maysometimes be long. Most interesting problems do not have obvious solutions. Ex-perience and practice are the best teachers for devising plans. Throughout thetext you will be introduced to strategies for devising plans to solve problems.
 Carrying Out the Plan The plan gives a general outline of direction. Write downyour thinking so your steps can be retraced. Is it clear that each step has beendone correctly? Also, it’s all right to be stuck, and if this happens, it is sometimesbetter to put aside the problem and return to it later.
 Looking Back When a result has been reached, verify or check it by referring tothe original problem. In the process of reaching a solution, other ways of lookingat the problem may become apparent. Quite often after you become familiar witha problem, new or perhaps more novel approaches may occur to you. Also, whilesolving a problem, you may find other interesting questions or variations that areworth exploring.
 Polya’s problem-solving steps will be used throughout the text. The purpose ofthis section is to help you become familiar with the four-step process and to ac-quaint you with some of the common strategies for solving problems: making adrawing, guessing and checking, making a table, using a model, and workingbackward. Additional strategies will be introduced throughout the text.
 4 CHAPTER 1 • Problem Solving
 *M. R. Frame, “Hamann’s Conjecture,” Arithmetic Teacher 23, no. 1 (January 1976): 34–35.
 Doing mathematics involvesdiscoverey. Conjecture—thatis, informed guessing—is amajor pathway to discovery.Teachers and researchersagree that students can learnto make, refine, and testconjectures in elementaryschool.
 Standards 2000, p. 57
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From McGraw-Hill Mathematics, Grade Six, by Macmillan/McGraw-Hill. Copyright © 2002 by The McGraw-Hill Companies, Inc. Reprinted by
 permission of The McGraw-Hill Companies, Inc.
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6 CHAPTER 1 • Problem Solving
 Making a DrawingOne of the most helpful strategies for understanding a problem and obtainingideas for a solution is to draw sketches and diagrams. Most likely you have heardthe expression “A picture is worth a thousand words.” In the following problem,the drawings will help you to think through the solution.
 P R O B L E MFor his wife’s birthday, Mr. Jones is planning a dinner party in a large recreationroom. There will be 22 people, and in order to seat them he needs to borrow cardtables, the size that seats one person on each side. He wants to arrange the tablesin a rectangular shape so that they will look like one large table. What is the small-est number of tables that Mr. Jones needs to borrow?
 Understanding the Problem The tables must be placed next to each other,edge to edge, so that they form one large rectangular table. Question 1: If two ta-bles are placed end to end, how many people can be seated?
 Devising a Plan Drawing pictures of the different arrangements of card tables isa natural approach to solving this problem. There are only a few possibilities. Thetables can be placed in one long row; they can be placed side by side with twoabreast; etc. Question 2: How many people can be seated at five tables if they areplaced end to end in a single row?
 Carrying Out the Plan The following drawings show two of the five possiblearrangements that will seat 22 people. The X’s show that 22 people can be seatedin each arrangement. The remaining arrangements—3 by 8, 4 by 7, and 5 by 6—require 24, 28, and 30 card tables, respectively. Question 3: What is the smallestnumber of card tables needed?
 x x x x x x x xx
 x
 x
 x
 x
 x x x x x x x xx
 x x x x x x x x x x
 x x x x x x x x x x
 xx 10 tables
 18 tables
 One large table
 Of the many descriptions ofproblem-solving strategies,some of the best known canbe found in the work ofPolya (1957). Frequentlysited strategies includeusing diagrams, lookingfor patterns, listing allpossibilities, trying specialvalues or cases, workingbackward, guessing andchecking, creating anequivalent problem, andcreating a simpler problem.
 Standards 2000, p. 53
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Looking Back The drawings show that a single row of tables requires the fewesttables because each end table has places for 3 people and each of the remainingtables has places for 2 people. In all the other arrangements, the corner tables seatonly 2 people and the remaining tables seat only 1 person. Therefore, regardlessof the number of people, a single row is the arrangement that uses the smallestnumber of card tables, provided the room is long enough. Question 4: What is thesmallest number of card tables required to seat 38 people?
 Answers to Questions 1–4 1. 6 2. 12 3. 10 4. There will be 3 people at each end tableand 32 people in between. Therefore, 2 end tables and 16 tables in between will be needed to seat38 people.
 Guessing and CheckingSometimes it doesn’t pay to guess, as illustrated by the cartoon at the left. How-ever, many problems can be better understood and even solved by trial-and-errorprocedures. As Polya said, “Mathematics in the making consists of guesses.” Ifyour first guess is off, it may lead to a better guess. Even if guessing doesn’t pro-duce the correct answer, you may increase your understanding of the problemand obtain an idea for solving it. The guess-and-check approach is especially ap-propriate for elementary school children because it puts many problems withintheir reach.
 P R O B L E MHow far is it from town A to town B in this cartoon?
 Peanuts © UFS. Reprinted by Permission.
 Understanding the Problem There are several bits of information in this prob-lem. Let’s see how Peppermint Patty could have obtained a better understandingof the problem with a diagram. First, let us assume these towns lie in a straightline, so they can be illustrated by points A, B, C, and D, as shown in (a). Next, itis 10 miles farther from A to B than from B to C, so we can move point B closer to
 SECTION 1.1 • Introduction to Problem Solving 7
 A B C D
 (a)
 390 miles
 A B C D
 (b)
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8 CHAPTER 1 • Problem Solving
 point C, as in (b). It is also 10 miles farther from B to C than from C to D, so pointC can be moved closer to point D. Finally, the distance from A to D is given as 390miles. Question 1: The problem requires finding what distance?
 Devising a Plan One method of solving this problem is to make a reasonableguess and then use the result to make a better guess. If the 4 towns were equallyspaced, as in (a), the distance between each town would be 130 miles (390 � 3).However, the distance from town A to town B is the greatest. So let’s begin with aguess of 150 miles for the distance from A to B. Question 2: In this case, what isthe distance from B to C and C to D?
 Carrying Out the Plan Using a guess of 150 for the distance from A to B pro-duces a total distance from A to D that is greater than 390. If the distance from Ato B is 145, then the B-to-C distance is 135 and the C-to-D distance is 125. Thesum of these distances is 405, which is still too great. Question 3: What happensif we use a guess of 140 for the distance from A to B?
 Looking Back One of the reasons for looking back at a problem is to considerdifferent solutions or approaches. For example, you might have noticed that thefirst guess, which produced a distance of 420 miles, was 30 miles too great. Ques-tion 4: How can this observation be used to lead quickly to a correct solution ofthe original problem?
 Answers to Questions 1–4 1. The problem requires finding the distance from A to B. 2. The B-to-C distance is 140, and the C-to-D distance is 130. 3. If the A-to-B distance is 140, then the B-to-C distance is 130 and the C-to-D distance is 120. Since the total of these distances is 390, the correctdistance from A to B is 140 miles. 4. If the distance between each of the 3 towns is decreased by 10miles, the incorrect distance of 420 will be decreased to the correct distance of 390. Therefore, the dis-tance between town A and town B is 140 miles.
 Making a TableA problem can sometimes be solved by listing some of or all the possibilities. Atable is often convenient for organizing such a list.
 P R O B L E MSue and Ann earned the same amount of money, although one worked 6 daysmore than the other. If Sue earned $36 per day and Ann earned $60 per day, howmany days did each work?
 Understanding the Problem Answer a few simple questions to get a feeling forthe problem. Question 1: How much did Sue earn in 3 days? Did Sue earn asmuch in 3 days as Ann did in 2 days? Who worked more days?
 Devising a Plan One method of solving this problem is to list each day and eachperson’s total earnings through that day. Question 2: What is the first amount oftotal pay that is the same for Sue and Ann, and how many days did it take each toearn this amount?
 Carrying Out the Plan The complete table is shown on page 9. There are threeamounts in Sue’s column that equal amounts in Ann’s column. It took Sue 15 days
 Problem solving is not adistinct topic, but a processthat should permeate thestudy of mathematics andprovide a context in whichconcepts and skills arelearned.
 Standards 2000, p.182
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SECTION 1.1 • Introduction to Problem Solving 9
 to earn $540. Question 3: How many days did it take Ann to earn $540, and whatis the difference between the numbers of days they each required?
 NO. OF DAYS SUE’S PAY ANN’S PAY
 1 36 602 72 1203 108 1804 144 2405 180 3006 216 3607 252 4208 288 4809 324 540
 10 360 60011 396 66012 432 72013 468 78014 504 84015 540 900
 Looking Back You may have noticed that every 5 days Sue earns $180 andevery 3 days Ann earns $180. Question 4: How does this observation suggest adifferent way to answer the original question?
 Answers to Questions 1–4 1. Sue earned $108 in 3 days. Sue did not earn as much in 3 days as Anndid in 2 days. Sue must have worked more days than Ann to have earned the same amount. 2. $180.It took Sue 5 days to earn $180, and it took Ann 3 days to earn $180. 3. It took Ann 9 days to earn$540, and the difference between the numbers of days Sue and Ann worked is 6. 4. When Sue hasworked 10 days and Ann has worked 6 days (a difference of 4 days), each has earned $360; when theyhave worked 15 days and 9 days (a difference of 6 days), respectively, each has earned $540.
 Using a ModelModels are important aids for visualizing a problem and suggesting a solution. Therecommendations by the Committee on the Undergraduate Program in Mathe-matics (CUPM) contain frequent references to the use of models for illustratingnumber relationships and geometric properties.*
 The next problem uses whole numbers 0, 1, 2, 3, . . . and is solved by using amodel. It involves a well-known story about the German mathematician KarlGauss. When Gauss was 10 years old, his schoolmaster gave him the problem ofcomputing the sum of whole numbers from 1 to 100. Within a few moments theyoung Gauss wrote the answer on his slate and passed it to the teacher. Beforeyou read the solution to the following problem, try to find a quick method forcomputing the sum of whole numbers from 1 to 100.
 P R O B L E MFind an easy method for computing the sum of consecutive whole numbers from1 to any given number.
 *Committee on the Undergraduate Program in Mathematics, Recommendations on the Mathematical Prepa-ration of Teachers (Berkeley, CA: Mathematical Association of America, 1983).
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10 CHAPTER 1 • Problem Solving
 Understanding the Problem If the last number in the sum is 8, then the sum is1 � 2 � 3 � 4 � 5 � 6 � 7 � 8. If the last number in the sum is 100, then thesum is 1 � 2 � 3 � . . . � 100. Question 1: What is the sum of whole numbersfrom 1 to 8?
 Devising a Plan One method of solving this problem is to cut staircases out ofgraph paper. The one shown in (a) is a 1-through-8 staircase: There is 1 square inthe first step, there are 2 squares in the second step, and so forth, to the last step,which has a column of 8 squares. The total number of squares is the sum 1 � 2 �3 � 4 � 5 � 6 � 7 � 8. By using two copies of a staircase and placing them to-gether, as in (b), we can obtain a rectangle whose total number of squares can eas-ily be found by multiplying length by width. Question 2: What are the dimensionsof the rectangle in (b), and how many small squares does it contain?
 Carrying Out the Plan Cut out two copies of the 1-through-8 staircase andplace them together to form a rectangle. Since the total number of squares is 8 �9, the number of squares in one of these staircases is (8 � 9)/2 � 36. So the sumof whole numbers from 1 to 8 is 36. By placing two staircases together to form arectangle, we see that the number of squares in one staircase is just half the num-ber of squares in the rectangle. This geometric approach to the problem suggeststhat the sum of consecutive whole numbers from 1 to any specific number is theproduct of the last number and the next number, divided by 2. Question 3: Whatis the sum of whole numbers from 1 to 100?
 Looking Back Another approach to computing the sum of whole numbers from1 to 100 is suggested by the following diagram, and it may have been the methodused by Gauss. If the numbers from 1 to 100 are paired as shown, the sum of eachpair of numbers is 101.
 101101101101101
 1 2 3+ + 4+ + . . . 50+ + 1009998 ++97 ++. . .51 ++
 1-through-8 staircase
 (a)
 Two 1-through-8 staircases
 (b)
 Problem solving is not only agoal of learning mathematicsbut also a major means ofdoing so.
 Standard 2000, p. 52
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SECTION 1.1 • Introduction to Problem Solving 11
 Question 4: How can this sum be used to obtain the sum of whole numbers from1 to 100?
 Answers to Questions 1–4 1. 36 2. The dimensions are 8 by 9, and there are 8 � 9 � 72 smallsquares. 3. Think of combining two 1-through-100 staircases to obtain a rectangle with 100 � 101squares. The sum of whole numbers from 1 to 100 is 100(101)/2 � 5050. 4. Since there are 50 pairsof numbers and the sum for each pair is 101, the sum of numbers from 1 to 100 is 50 � 101 � 5050.
 P R O B L E M
 Working BackwardA businesswoman went to the bank and sent half of her money to a stockbroker.Other than a $2 parking fee before she entered the bank and a $1 mail fee aftershe left the bank, this was all the money she spent. On the second day she re-turned to the bank and sent half of her remaining money to the stockbroker. Onceagain, the only other expenses were the $2 parking fee and the $1 mail fee. If shehad $182 left, how much money did she have before the trip to the bank on thefirst day?
 Understanding the Problem Let’s begin by guessing the original amount ofmoney, say, $800, to get a better feel for the problem. Question 1: If the busi-nesswoman begins the day with $800, how much money will she have at the endof the first day, after paying the mail fee?
 Devising a Plan Guessing the original amount of money is one possible strategy,but it requires too many computations. Since we know the businesswoman has
 HISTOR ICAL
 H IGHL IGHT A thenaeus, a Greek writer (ca. 200), in his book Deipnosophistoe mentionsa number of women who were superior mathematicians. However, Hypatia
 in the fourth century is the first woman in mathematics of whom we have con-siderable knowledge. Her father, Theon, was a professor of mathematics at theUniversity of Alexandria and was influential in her intellectual development,which eventually surpassed his own. She became a student of Athens at theschool conducted by Plutarch the Younger, and it was there that her fame as amathematician became established. Upon her return to Alexandria, she ac-cepted an invitation to teach mathematics at the university. Her contempo-raries wrote about her great genius. Socrates, the historian, wrote that herhome as well as her lecture room was frequented by the most unrelenting schol-ars of the day. Hypatia was the author of several treatises on mathematics, butonly fragments of her work remain. A portion of her original treatise On the As-tronomical Canon of Diophantus was found during the fifteenth century in theVatican library. She also wrote On the Conics of Apollonius. She invented an as-trolabe and a planesphere, both devices for studying astronomy, and appara-tuses for distilling water and determining the specific gravity of water.*
 *L. M. Osen, Women in Mathematics (Cambridge, MA: MIT Press, 1974), pp. 21–32.
 Hypatia370–415
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12 CHAPTER 1 • Problem Solving
 $182 at the end of the second day, a more appropriate strategy for solving theproblem is to retrace her steps back through the bank (see the following diagram).First she receives $1 back from the mail fee. Continue to work back through thesecond day in the bank. Question 2: How much money did the businesswomanhave at the beginning of the second day?
 Carrying Out the Plan The businesswoman had $368 at the beginning of thesecond day. Continue to work backward through the first day to determine howmuch money she had at the beginning of that day. Question 3: What was thisamount?
 Looking Back You can now check the solution by beginning with $740, the orig-inal amount of money, and going through the expenditures for both days to see if$182 is the remaining amount. The problem can be varied by replacing $182 atthe end of the second day by any amount and working backward to the beginningof the first day. Question 4: For example, if there was $240 at the end of the sec-ond day, what was the original amount of money?
 Answers to Questions 1–4 1. $398 2. The following diagram shows that the businesswoman had$368 at the beginning of the second day.
 End of day 2 Beginning of day 2
 $182 $183 $366 $368
 Receive $1 Receive 1⁄2 of Receive $2 mail fee money sent parking fee
 3. The diagram shows that the businesswoman had $740 at the beginning of the first day, so this isthe original amount of money.
 End of day 1 Beginning of day 1
 $368 $369 $738 $740
 Receive $1 Receive 1⁄2 of Receive $2 mail fee money sent parking fee
 4. $972
 ��������������������������
 ������
 Enter
 Leave
 Parkingfee $2
 Mailfee $1
 Send 12
 BANK
 of moneyThe goal of schoolmathematics should be forall students to becomeincreasingly able and willingto engage with and solveproblems.
 Standards 2000, p.182
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SECTION 1.1 • Introduction to Problem Solving 13
 E X E R C I S E S A N D P R O B L E M S 1.1
 Sometimes the main difficulty in solving a problem is knowing what question is to beanswered.
 Problems 1 through 20 involve strategies that were pre-sented in this section. Some of these problems are ana-lyzed by Polya’s four-step process. See if you can solvethese problems before answering parts a, b, c, and d.Other strategies may occur to you, and you are encour-aged to use the ones you wish. Often a good problem re-quires several strategies.
 MAKING A DRAWING (1–4)
 1. A well is 20 feet deep. A snail at the bottom climbsup 4 feet each day and slips back 2 feet each night.How many days will it take the snail to reach the topof the well?a. Understanding the Problem What is the great-
 est height the snail reaches during the first 24hours? How far up the well will the snail be at theend of the first 24 hours?
 b. Devising a Plan One plan that is commonlychosen is to compute 20/2, since it appears thatthe snail gains 2 feet each day. However, 10 daysis not the correct answer. A second plan is tomake a drawing and plot the snail’s dailyprogress. What is the snail’s greatest height dur-ing the second day?
 c. Carrying Out the Plan Trace out the snail’sdaily progress, and mark its position at the end ofeach day. On which day does the snail get out ofthe well?
 d. Looking Back There is a “surprise ending” atthe top of the well because the snail does not slipback on the ninth day. Make up a new snail prob-lem by changing the numbers so that there willbe a similar surprise ending at the top of the well.
 2. Five people enter a racquetball tournament in whicheach person must play every other person exactlyonce. Determine the total number of games that willbe played.
 3. When two pieces of rope are placed end to end, theircombined length is 130 feet. When the two piecesare placed side by side, one is 26 feet longer thanthe other. What are the lengths of the two pieces?
 4. There are 560 third- and fourth-grade students inKing Elementary School. If there are 80 more third-graders than fourth-graders, how many third-graders are there in the school?
 MAKING A TABLE (5–8)
 5. A bank that has been charging a monthly service feeof $2 for checking accounts plus 15 cents for eachcheck announces that it will change its monthly feeto $3 and that each check will cost 8 cents. Thebank claims the new plan will save the customermoney. How many checks must a customer writeper month before the new plan is cheaper than theold plan?a. Understanding the Problem Try some numbers
 to get a feel for the problem. Compute the cost of10 checks under the old plan and under the newplan. Which plan is cheaper for a customer whowrites 10 checks per month?
 0
 5
 10
 15
 20
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14 CHAPTER 1 • Problem Solving
 b. Devising a Plan One method of solving thisproblem is to make a table showing the cost of 1check, 2 checks, etc., such as that shown below.How much more does the new plan cost than theold plan for 6 checks?
 COST FOR COST FORCHECKS OLD PLAN, $ NEW PLAN, $
 1 2.15 3.082 2.30 3.163 2.45 3.244 2.60 3.325 2.75 3.40678
 c. Carrying Out the Plan Extend the table untilyou reach a point at which the new plan ischeaper than the old plan. How many checksmust be written per month for the new plan to becheaper?
 d. Looking Back For customers who write 1check per month, the difference in cost betweenthe old plan and the new plan is 93 cents. Whathappens to the difference as the number ofchecks increases? How many checks must a cus-tomer write per month before the new plan is 33cents cheaper?
 6. Sasha and Francisco were selling lemonade for 25cents per half cup and 50 cents per full cup. At theend of the day they had collected $15 and had used37 cups. How many full cups and how many halfcups did they sell?
 7. Harold wrote to 15 people, and the cost of postagewas $4.08. If it cost 20 cents to mail a postcard and32 cents to mail a letter, how many postcards did hewrite?
 8. I had some pennies, nickels, dimes, and quarters inmy pocket. When I reached in and pulled out somechange, I had less than 10 coins whose value was 42cents. What are all the possibilities for the coins Ihad in my hand?
 GUESSING AND CHECKING (9–12)
 9. There are two two-digit numbers that satisfy the fol-lowing conditions: (1) Each number has the samedigits, (2) the sum of the digits in each number is10, and (3) the difference between the two numbersis 54. What are the two numbers?a. Understanding the Problem The numbers 58
 and 85 are two-digit numbers which have the
 same digits, and the sum of the digits in eachnumber is 13. Find two two-digit numbers suchthat the sum of the digits is 10 and both numbershave the same digits.
 b. Devising a Plan Since there are only nine two-digit numbers whose digits have a sum of 10, theproblem can be easily solved by guessing. What isthe difference of your two two-digit numbersfrom part a? If this difference is not 54, it canprovide information about your next guess.
 c. Carrying Out the Plan Continue to guess andcheck. Which pair of numbers has a differenceof 54?
 d. Looking Back This problem can be extendedby changing the requirement that the sum of thetwo digits equal 10. Solve the problem for thecase in which the digits have a sum of 12.
 10. When two numbers are multiplied, their product is759; but when one is subtracted from the other,their difference is 10. What are these two numbers?
 11. When asked how aperson can mea-sure out 1 gallon ofwater with only a4-gallon containerand a 9-gallon con-tainer, a studentused this “picture.”a. Briefly describe
 what the stu-dent could haveshown by thissketch.
 b. Use a similarsketch to showhow 6 gallonscan be mea-sured out by us-ing these samecontainers.
 12. Carmela opened her piggy bank and found she had$15.30. If she had only nickels, dimes, quarters, andhalf-dollars and an equal number of coins of eachkind, how many coins in all did she have?
 USING A MODEL (13–16)
 13. Suppose that you have a supply of red, blue, green,and yellow square tiles. What is the fewest numberof different colors needed to form a 3 � 3 square oftiles so that no tile touches another tile of the samecolor at any point?a. Understanding the Problem Why is the square
 arrangement of tiles shown on page 15 not a cor-rect solution?
 4-galloncontainer
 9-galloncontainer
 90
 4
 4
 0 5
 5
 1
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SECTION 1.1 • Introduction to Problem Solving 15
 b. Devising a Plan One plan is to choose a tile forthe center of the grid and then place othersaround it so that no two of the same color touch.Why must the center tile be a different color thanthe other eight tiles?
 c. Carrying Out the Plan Suppose that you put ablue tile in the center and a red tile in each cor-ner, as shown here. Why will it require two morecolors for the remaining openings?
 d. Looking Back Suppose the problem had askedfor the smallest number of colors to form asquare of nine tiles so that no tile touches an-other tile of the same color along an entire edge.Can it be done in fewer colors; if so, how many?
 14. What is the smallest number of different colors oftile needed to form a 4 � 4 square so that no tiletouches another of the same color along an entireedge?
 15. The following patterns can be used to form a cube. Acube has six faces: the top and bottom faces, the leftand right faces, and the front and back faces. Twofaces have been labeled on each of the following pat-terns. Label the remaining four faces on each patternso that when the cube is assembled with the labelson the outside, each face will be in the correct place.
 16. At the left in the following figure is a domino dough-nut with 11 dots on each side. Arrange the four sin-gle dominoes on the right into a domino doughnutso that all four sides have 12 dots.
 WORKING BACKWARD (17–20)
 17. Three girls play three rounds of a game. On eachround there are two winners and one loser. The girlwho loses on a round has to double the number ofchips that each of the other girls has by giving upsome of her own chips. Each girl loses one round. Atthe end of three rounds, each girl has 40 chips. Howmany chips did each girl have at the beginning ofthe game?a. Understanding the Problem Let’s select some
 numbers to get a feel for this game. Suppose girlA, girl B, and girl C have 70, 30, and 20 chips, re-spectively, and girl A loses the first round. Girl Band girl C will receive chips from girl A, and thustheir supply of chips will be doubled. How manychips will each girl have after this round?
 b. Devising a Plan Since we know the end result(each girl finished with 40 chips), a natural strat-egy is to work backward through the threerounds to the beginning. Assume that girl C losesthe third round. How many chips did each girlhave at the end of the second round?
 A B C
 BeginningEnd of first roundEnd of second roundEnd of third round 40 40 40
 c. Carrying Out the Plan Assume that girl B losesthe second round and girl A loses the first round.Continue working back through the three roundsto determine the number of chips each of thegirls had at the beginning of the game.
 d. Looking Back Check your answer by workingforward from the beginning. The girl with themost chips at the beginning of this game lost thefirst round. Could the girl with the fewest chips atthe beginning of the game have lost the firstround? Try it.
 18. Sue Ellen and Angela both have $510 in their sav-ings accounts now. They opened their accounts on
 Domino doughnut
 R R
 B
 R R
 G Y G
 Y R Y
 G Y G
 Bottom
 Left Bottom Back
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the same day, at which time Sue Ellen started with$70 more than Angela. From then on Sue Ellenadded $10 to her account each week, and Angelaput in $20 each week. How much money did SueEllen open her account with?
 19. Ramon took a collection of colored tiles from a box.Amelia took 13 tiles from his collection, and Keikotook half of those remaining. Ramon had 11 left.How many did he start with?
 20. Keiko had 6 more red tiles than yellow tiles. Shegave half of her red tiles to Amelia and half of heryellow tiles to Ramon. If Ramon has 7 yellow tiles,how many tiles does Keiko have?
 Each of problems 21 to 24 is accompanied by a sketch ordiagram that was used by a student to solve it. Describehow you think the student used the diagram, and usethis method to solve the problem.
 21. There are three numbers. The first number is twicethe second number. The third is twice the first num-ber. Their sum is 112. What are the numbers?
 22. Mike has 3 times as many nickels as Larry hasdimes. Mike has 45 cents more than Larry. Howmuch money does Mike have?
 23. At Joe’s Cafe 1 cup of coffee and 3 doughnuts cost$0.90, and 2 cups of coffee and 2 doughnutscost $1.00. What is the cost of 1 cup of coffee?1 doughnut?
 24. One painter can letter a billboard in 4 hours and an-other requires 6 hours. How long will it take themtogether to letter the billboard?
 Problems 25 through 34 can be solved by using strate-gies presented in this section. While you are problem-solving, try to record the strategies you are using. If youare using a strategy different from those of this section,try to identify and record it.
 25. There were ships with 3 masts and ships with 4masts at the Tall Ships Exhibition. Millie counted atotal of 30 masts on the 8 ships she saw. How manyof these ships had 4 masts?
 26. When a teacher counted her students in groups of 4,there were 2 students left over. When she countedthem in groups of 5, she had 1 student left over. If 15of her students were girls and she had more girlsthan boys, how many students did she have?
 27.The video club to which Lin belongs allows her toreceive a free movie video for every three videos sherents. If she pays $3 for each movie video and paid$132 over a 4-month period, how many free movievideos did she obtain?
 28. Linda picked a basket of apples. She gave half of theapples to a neighbor, then 8 apples to her mother,then half of the remaining apples to her best friend,and she kept the 3 remaining apples for herself. Howmany apples did she start with in the basket?
 29. Four people want to cross the river. There is onlyone boat available, and it can carry a maximum of200 pounds. The weights of the four people are 190,
 Painter 1
 1 hour
 1 hour
 Billboard
 Painter 2
 Together
 1 hour
 $0.90
 $1.00
 45 cents
 Number of dimes that Larry has
 Number of nickels that Mike has
 Number of nickels that Larry has(if he trades his dimes for nickels)
 Extra 45 cents (9 nickels)that Mike has
 First
 Second
 Third
 112
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SECTION 1.1 • Introduction to Problem Solving 17
 170, 110, and 90 pounds. How can they all manageto get across the river, and what is the minimumnumber of crossings required for the boat?
 30. A farmer has to get a fox, a goose, and a bag of cornacross a river in a boat which is only large enoughfor her and one of these three items. She does notwant to leave the fox alone with the goose nor thegoose alone with the corn. How can she get all theseitems across the river?
 31. Three circular cardboard disks have numbers writ-ten on the front and back sides. The front sides havethe numbers shown below.
 By tossing all three disks and adding the numbersthat show face up, we can obtain these totals: 15,16, 17, 18, 19, 20, 21, and 22. What numbers arewritten on the back sides of these disks?
 32. By moving adjacent disks two at a time, you canchange the arrangement of large and small disksshown below to an arrangement in which 3 big disksare side by side followed by the 3 little disks. De-scribe the steps.
 33. How can a chef use an 11-minute hourglass and a 7-minute hourglass to time vegetables that must steamfor 15 minutes?
 34. The curator of an art exhibit wants to place securityguards along the four walls of a large auditorium sothat each wall has the same number of guards. Anyguard who is placed in a corner can watch the twoadjacent walls, but each of the other guards canwatch only the wall by which she or he is placed.a. Draw a sketch to show how this can be done with
 6 security guards.b. Show how this can be done for each of the fol-
 lowing numbers of security guards: 7, 8, 9, 10, 11,and 12.
 c. List all the numbers less than 100 that are solu-tions to this problem.
 35. Trick questions like the following are fun, and theycan help improve problem-solving ability becausethey require that a person listen and think carefullyabout the information and the question.a. Take 2 apples from 3 apples, and what do you
 have?b. A farmer had 17 sheep, and all but 9 died. How
 many sheep did he have left?c. I have two U.S. coins that total 30 cents. One is
 not a nickel. What are the two coins?d. A bottle of cider costs 86 cents. The cider costs
 60 cents more than the bottle. How much doesthe bottle cost?
 e. How much dirt is in a hole 3 feet long, 2 feetwide, and 2 feet deep?
 f. A hen weighs 3 pounds plus half its weight. Howmuch does it weigh?
 g. There are nine brothers in a family and eachbrother has a sister. How many children are inthe family?
 h. Which of the following expressions is correct? (1)The whites of the egg are yellow. (2) The whitesof the egg is yellow.
 ������������
 ������
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 6 7 8
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18
 Math Activity 1.2Math Activity 1.2
 PAT T E R N B L O C K S E Q U E N C E S
 Materials: Pattern block pieces in the Manipulative Kit.
 1. Here are the first four pattern block figures of a sequence composed of trape-zoids (red) and parallelograms (white).
 *a. Find a pattern and use your pattern blocks to build a fifth figure. Sketchthis figure.
 *b. If the pattern is continued, how many trapezoids and parallelograms willbe in the 10th figure?
 c. What pattern blocks are on each end of the 35th figure in the sequence,and how many of each shape are in that figure?
 d. Determine the total number of pattern blocks in the 75th figure, and writean explanation describing how you reached your conclusion.
 2. Figures 1, 3, 5, and 7 are shown from a sequence using hexagons, squares, andtriangles.
 a. Find a pattern and use your pattern blocks to build the eighth and ninthfigures.
 *b. Write a description of the 20th figure.
 c. Write a description of the 174th, 175th, and 176th figures, and include thenumber of hexagons, squares, and triangles in each.
 3. Use your pattern blocks to build figures 8 and 9 of the following sequence.
 *a. Describe the pattern by which you extend the sequence. Determine thenumber of triangles and parallelograms in the 20th figure.
 1st 2d 3d 4th 6th5th
 1st 3d 5th 7th
 1st 2d 3d 4th
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SECTION 1.2 • Patterns and Problem Solving 19
 b. How many pattern blocks are in the 45th figure?
 c. The fifth figure in the sequence has 7 pattern blocks. What is the numberof the figure which has 87 blocks? Explain your reasoning.
 S E C T I O N 1.2
 Patterns and Problem SolvingPatterns and Problem Solving
 The great spiralgalaxy Andromeda
 P R O B L E M
 O P E N E R This matchstick track has 4 squares. If the pattern of squares is continued, howmany matches will be needed to build a track with 60 squares?
 Patterns play a major role in the solution of problems in all areas of life. Psychol-ogists analyze patterns of human behavior; meteorologists study weather pat-terns; astronomers seek patterns in the movements of stars and galaxies;and detectives look for patterns among clues. Finding a pattern is such a usefulproblem-solving strategy in mathematics that some have called it the art ofmathematics.
 To find patterns, we need to compare and contrast. We must compare to findfeatures that remain constant and contrast to find those that are changing. Pat-terns appear in many forms. There are number patterns, geometric patterns,word patterns, and letter patterns, to name a few. Try finding a pattern in each ofthe following sequences, and write or sketch the next term.
 E x a m p l e A 1, 2, 4,
 Solution One possibility: Each term is twice the previous term. The next term is 8.
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E x a m p l e B
 Solution One possibility: In each block of four squares, one square is shaded. The upper left, upperright, lower left, and lower right corners are shaded in order. The next term in this sequence has theshaded block in the lower right corner.
 E x a m p l e C Al, Bev, Carl, Donna
 Solution One possibility: The first letters of the names are consecutive letters of the alphabet. Thenext name begins with E.
 Finding a pattern requires making educated guesses. You are guessing the pat-tern based on some observation, and a different observation may lead to anotherpattern. In Example A, the difference between the first and second terms is 1, andthe difference between the second and third terms is 2. So using differences be-tween consecutive terms as the basis of the pattern, we would have a difference of3 between the third and fourth terms, and the fourth term would be 7 rather than8. In Example C, we might use the pattern of alternating masculine and femininenames or of increasing numbers of letters in the names.
 Patterns in NatureThe spiral is a common pattern in nature. It is found in spider webs, seashells,plants, animals, weather patterns, and the shapes of galaxies. The frequent oc-currence of spirals in living things can be explained by different growth rates. Liv-ing forms curl because the faster-growing (longer) surface lies outside and theslower growing (shorter) surface lies inside. An example of a living spiral is theshell of the mollusk chambered nautilus (Figure 1.2). As it grows, the creaturelives in successively larger compartments.
 A variety of patterns occur in plants and trees. Many of these patterns are re-lated to a famous sequence of numbers called the Fibonacci numbers. After the
 20 CHAPTER 1 • Problem Solving
 Figure 1.2Chambered nautilusCourtesy of the American Museum
 of Natural History.
 Historically, much of themathematics used todaywas developed to modelreal-world situations,with the goal of makingpredictions about thosesituations. Students ingrades 3–5 develop the ideathat a mathematical modelhas both descriptive andpredictive power.
 Standards 2000, p. 162
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first two numbers of this sequence, which are 1 and 1, each successive numbermay be obtained by adding the two previous numbers.
 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, . . .
 The seeds in the center of a daisy are arranged in two intersecting sets of spi-rals, one turning clockwise and the other turning counterclockwise. The numberof spirals in each set is a Fibonacci number. Also, the number of petals will oftenbe a Fibonacci number. The daisy in Figure 1.3 has 21 petals.
 Number PatternsNumber patterns have fascinated people since the beginning of recorded history.One of the earliest patterns to be recognized led to the distinction between evennumbers
 0, 2, 4, 6, 8, 10, 12, 14, . . .and odd numbers
 1, 3, 5, 7, 9, 11, 13, 15, . . .
 SECTION 1.2 • Patterns and Problem Solving 21
 Figure 1.3
 HISTOR ICAL
 H IGHL IGHT F ibonacci numbers were discovered by the Italian math-ematician Leonardo Fibonacci (ca. 1175–1250) while
 studying the birthrates of rabbits. Suppose that a pair ofbaby rabbits is too young to produce more rabbits the firstmonth, but produces a pair of baby rabbits every monththereafter. Each new pair of rabbits will follow the samerule. The pairs of rabbits for the first 5 months are shownhere. The numbers of pairs of rabbits for the first 5 monthsare the Fibonacci numbers 1, 1, 2, 3, 5. If this birthrate pat-tern is continued, the numbers of pairs of rabbits in suc-ceeding months will be Fibonacci numbers. The realizationthat Fibonacci numbers could be applied to the science ofplants and trees occurred several hundred years after thediscovery of this number sequence.
 Month
 5th
 4th
 3d
 2d
 1st
 Research StatementTeachers need to provide allstudents with experiencesin which they identify theunderlying rules for a varietyof patterns that embody bothconstant and nonconstantrates of change.
 Blume and Heckman 1997
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22 CHAPTER 1 • Problem Solving
 The game Even and Odd has been played for generations. To play this game, oneperson picks up some stones, and a second person guesses whether the number ofstones is odd or even. If the guess is correct, the second person wins.
 PASCAL’S TRIANGLE The triangular pattern of numbers shown in Figure 1.4 isPascal’s triangle. It has been of interest to mathematicians for hundreds of years,appearing in China as early as 1303. This triangle is named after the Frenchmathematician Blaise Pascal (1623–1662), who wrote a book on some of its uses.
 E x a m p l e D 1. Find a pattern that might explain the numbering of the rows as 0, 1, 2, 3, etc.
 2. In the fourth row, each of the numbers 4, 6, and 4 can be obtained by addingthe two adjacent numbers from the row above it. What numbers are in thefifth row of Pascal’s triangle?
 Solution 1. Except for row 0, the second number in each row is the number of the row. 2. 1, 5,10, 10, 5, 1
 ARITHMETIC SEQUENCE Sequences of numbers are often generated by pat-terns. The sequences 1, 2, 3, 4, 5, . . . and 2, 4, 6, 8, 10, . . . are among the firstthat children learn. In such sequences, each new number is obtained from theprevious number in the sequence by adding a selected number throughout. Thisselected number is called the common difference, and the sequence is called anarithmetic sequence.
 E x a m p l e E 7, 11, 15, 19, 23, . . .172, 256, 340, 424, 508, . . .
 The first arithmetic sequence has a common difference of 4. What is the commondifference for the second sequence? Write the next three terms in each sequence.
 Solution The next three terms in the first sequence are 27, 31, and 35. The common difference forthe second sequence is 84, and the next three terms are 592, 676, and 760.
 GEOMETRIC SEQUENCE In a geometric sequence, each new number is ob-tained by multiplying the previous number by a selected number. This selectednumber is called the common ratio, and the resulting sequence is called a geo-metric sequence.
 E x a m p l e F 3, 6, 12, 24, 48, . . .1, 5, 25, 125, 625, . . .
 Row 0Row 1Row 2Row 3Row 4 1
 11
 11
 12 1
 3 3 14 6 4 1
 Figure 1.4
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From McGraw-Hill Mathematics, Grade Four, by Macmillan/McGraw-Hill. Copyright © 2002 by The McGraw-Hill Companies, Inc. Reprinted
 by permission of The McGraw-Hill Companies, Inc.
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The common ratio in the first sequence is 2. What is the common ratio in the sec-ond sequence? Write the next two terms in each sequence.
 Solution The next two terms in the first sequence are 96 and 192. The common ratio for the secondsequence is 5, and the next two terms are 3125 and 15,625.
 TRIANGULAR NUMBERS The sequence of numbers illustrated in Figure 1.5 isneither arithmetic nor geometric. These numbers are called triangular numbersbecause of the arrangement of dots that is associated with each number. Sinceeach triangular number is the sum of whole numbers beginning with 1, the for-mula for the sum of consecutive whole numbers can be used to obtain triangularnumbers.*
 E x a m p l e G The first triangular number is 1, and the fifth triangular number is 15. What is thesixth triangular number?
 Solution The sixth triangular number is 21.
 HISTOR ICALThere are other types of numbers that receive their names from the numbers
 of dots in geometric figures (see 28–30 in Exercises and Problems 1.2). Such
 1 3 6 10 15
 24 CHAPTER 1 • Problem Solving
 *The computer program Triangular Numbers in the Mathematics Investigator software (see website) printssequences of triangular numbers.
 Figure 1.5
 HISTOR ICAL
 H IGHL IGHT A rchimedes, Newton, and the German mathematician Karl Friedrich Gaussare considered to be the three greatest mathematicians of all time. Gauss
 exhibited a cleverness with numbers at an early age. The story is told that at age3, as he watched his father making out the weekly payroll for laborers of a smallbricklaying business, Gauss pointed out an error in the computation. Gauss en-joyed telling the story later in life and joked that he could figure before he couldtalk. Gauss kept a mathematical diary, which contained records of many of hisdiscoveries. Some of the results were entered cryptically. For example,
 Num � � � � � �
 is an abbreviated statement that every whole number greater than zero is thesum of three or fewer triangular numbers.*
 *H. W. Eves, In Mathematical Circles (Boston: Prindle, Weber, and Schmidt, 1969), pp. 111–115.Karl Friedrich Gauss1777–1855
 Initially, students maydescribe the regularity inpatterns verbally rather thanwith mathematical symbols(English and Warren 1998).In grades 3–5, they can beginto use variables and algebraicexpressions as they describeand extend patterns.
 Standards 2000, p. 38
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SECTION 1.2 • Patterns and Problem Solving 25
 numbers are called figurate numbers, and they represent one kind of link be-tween geometry and arithmetic.
 FINITE DIFFERENCES Often sequences of numbers don’t appear to have a pat-tern. However, sometimes number patterns can be found by looking at the differ-ences between consecutive terms. This approach is called the method of finitedifferences.
 E x a m p l e H Consider the sequence 0, 3, 8, 15, 24, . . . . Find a pattern and determine the nextterm.
 Solution Using the method of finite differences, we can obtain a second sequence of numbers bycomputing the differences between numbers from the original sequence, as shown below. Then a thirdsequence is obtained by computing the differences from the second sequence. The process stops whenall the numbers in the sequence of differences are equal. In this example, when the sequence becomesall 2s, we stop and work our way back from the bottom row to the original sequence. Assuming thepattern of 2s continues, the next number after 9 is 11, so the next number after 24 is 35.
 E x a m p l e I Use the method of finite differences to determine the next term in each sequence
 1. 3, 6, 13, 24, 39
 2. 1, 5, 14, 30, 55, 91
 Solution 1. The next number in the sequence is 58. 2. The next number in the sequence is 140.
 Inductive ReasoningThe process of forming conclusions on the basis of patterns, observations, exam-ples, or experiments is called inductive reasoning.
 3
 3
 136 24 39 58
 7 11 15 19
 4 4 4 4
 0
 3
 83 15 24
 5 7 9
 2 2 2 2
 1
 4
 145 30 55 140
 9 16 25 49
 5 7 9 1311
 36
 91
 2 2 22
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Identifying patterns is a powerful problem solving strategy. It is also the essence of induc-tive reasoning. As students explore problem situations appropriate to their grade level, theycan often consider or generate a set of specific instances, organize them, and look for a pat-tern. These, in turn, can lead to conjectures about the problem.*
 E x a m p l e J Each of these sums of three consecutive whole numbers is divisible by 3.
 4 � 5 � 6 � 15 2 � 3 � 4 � 9 7 � 8 � 9 � 24
 If we conclude, on the basis of these sums, that the sum of any three consecutivewhole numbers is divisible by 3, we are using inductive reasoning.
 Inductive reasoning may be thought of as making an “informed guess.” Al-though this type of reasoning is important in mathematics, it sometimes leads toincorrect results.
 E x a m p l e K Consider the number of regions that can be obtained in a circle by connectingpoints on the circumference of the circle. Connecting 2 points produces 2 regions,connecting 3 points produces 4 regions, and so on. Each time a new point on thecircle is used, the number of regions appears to double.
 The numbers of regions in the circles above are the beginning of the geometricsequence 2, 4, 8, 16, . . . , and it is tempting to conclude that 6 points will produce32 regions. However, no matter how the 6 points are located on the circle, therewill not be more than 31 regions.
 COUNTEREXAMPLE An example that shows a statement to be false is called acounterexample. If you have a general statement, test it to see if it is true for a fewspecial cases. You may be able to find a counterexample to show that the state-ment is not true, or that a conjecture cannot be proved.
 E x a m p l e L Find two whole numbers for which the following statement is false: The sum ofany two whole numbers is divisible by 2.
 Solution It is not true for 7 and 4, since 7 � 4 � 11, and 11 is not divisible by 2. There are pairs ofwhole numbers for which the statement is true. For example, 3 � 7 � 10, and 10 is divisible by 2.
 2 points 3 points 4 points 5 points 6 points
 2 regions 4 regions 8 regions 16 regions
 26 CHAPTER 1 • Problem Solving
 *Curriculum and Evaluation Standards for School Mathematics (Reston, VA: National Council of Teachersof Mathematics, 1989), p. 82.
 Because many elementaryand middle school tasks relyon inductive reasoning,teachers need to be awarethat students might developan incorrect expectation thatpatterns always generalize inways that would be expectedon the basis of theregularities found in the firstfew terms.
 Standards 2000, p. 265
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SECTION 1.2 • Patterns and Problem Solving 27
 However, the counterexample of the sum of 7 and 4 shows that the statement is not true for all pairsof whole numbers.
 Counterexamples can help us to restate a conjecture. The statement in Exam-ple L is false, but if it is changed to read “The sum of two odd numbers is divisibleby 2,” it becomes a true statement.
 E x a m p l e M For which of the following statements is there a counterexample? If a statementis false, change a condition to produce a true statement.
 1. The sum of any four whole numbers is divisible by 2.
 2. The sum of any two even numbers is divisible by 2.
 3. The sum of any three consecutive whole numbers is divisible by 2.
 Solution 1. The following counterexample shows that statement 1 is false: 4 � 12 � 6 � 3 � 25,which is not divisible by 2. If the condition “four whole numbers” is replaced by “four even numbers,”the statement becomes true. 2. Statement 2 is true. 3. The following counterexample shows thatstatement 3 is false: 8 � 9 � 10 � 27, which is not divisible by 2. If the condition “three consecutivewhole numbers” is replaced by “three consecutive whole numbers beginning with an odd number,” thestatement becomes true.
 Problem-Solving ApplicationThe strategies of solving a simpler problem and finding a pattern are introducedin the following problem. Simplifying a problem or solving a related but easierproblem can help in understanding the given information and devising a plan forthe solution. Sometimes the numbers in a problem are large or inconvenient, andfinding a solution for smaller numbers can lead to a plan or reveal a pattern forsolving the original problem. Read this problem and try to solve it. Then read thefollowing four-step solution and compare it to your solution.
 HISTOR ICAL
 H IGHL IGHT Aristotle (384–322 B.C.), Greek scientist and philosopher, believed that heavyobjects fall faster than lighter ones, and this principle was accepted as true
 for hundreds of years. Then in the sixteenth century, Galileo produced a coun-terexample by dropping two pieces of metal from the Leaning Tower of Pisa. Inspite of the fact that one was twice as heavy as the other, both hit the ground atthe same time.
 Leaning Tower of Pisa, Pisa, Italy
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P R O B L E MThere are 15 people in a room, and each person shakes hands exactly once witheveryone else. How many handshakes take place?
 Understanding the Problem For each pair of people, there will be 1 handshake.For example, if Sue and Paul shake hands, this is counted as 1 handshake. Thus,the problem is to determine the total number of different ways that 15 people canbe paired. Question 1: How many handshakes will occur when 3 people shakehands?
 Devising a Plan Fifteen people are a lot of people to work with at one time. Let’ssimplify the problem and count the number of handshakes for small groups ofpeople. Solving these special cases may give us an idea for solving the originalproblem. Question 2: What is the number of handshakes in a group of 4 people?
 Carrying Out the Plan We have already noted that there is 1 handshake for 2people, 3 handshakes for 3 people, and 6 handshakes for 4 people. The followingfigure illustrates how 6 handshakes will occur among 4 people. Suppose a fifthperson joins the group. This person will shake hands with each of the first 4 peo-ple, accounting for 4 more handshakes.
 Similarly, if we bring in a 6th person, this person will shake hands with the first5 people, and so there will be 5 new handshakes. Suddenly we can see a patterndeveloping: The 5th person adds 4 new handshakes, the 6th person adds 5 newhandshakes, the 7th person adds 6 new handshakes, and so on until the 15th per-son adds 14 new handshakes. Question 3: How many handshakes will there befor 15 people?
 Fifthperson
 Sue Paul
 28 CHAPTER 1 • Problem Solving
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SECTION 1.2 • Patterns and Problem Solving 29
 Looking Back By looking at special cases with numbers smaller than 15, we ob-tained a better understanding of the problem and an insight for solving it. The pat-tern we found suggests a method for determining the number of handshakes forany number of people: Add the whole numbers from 1 to the number that is 1 lessthan the number of people. You may recall from Section 1.1 that staircases wereused to develop a formula for computing such a sum. Question 4: How can thisformula be used to determine the number of handshakes for 15 people?
 Answers to Questions 1–4 1. 3 2. 6 3. 1 � 2 � 3 � 4 � 5 � 6 � 7 � 8 � 9 � 10 � 11 � 12� 13 � 14 � 105 4. The sum of whole numbers from 1 to 14 is (14 � 15)/2 � 105.
 E X E R C I S E S A N D P R O B L E M S 1.2NCTM’s K–4 Standard Patterns and Relationships notesthat identifying the core of a pattern helps children be-come aware of the structure.* For example, in some pat-terns there is a core that repeats, as in exercise 1a. Insome patterns there is a core that grows, as in exercise2b. Classify each of the sequences in 1 and 2 as having acore that repeats or that grows, and determine the nextfew elements in each sequence.
 1. a.
 b.
 c.
 2. a.
 b. 1, 2, 1, 1, 2, 3, 2, 1, 1, 2, 3, 4, 3, 2, 1, . . .c. 2, 3, 5, 7, 2, 3, 5, 7, 2, 3, 5, 7, . . .
 Some sequences have a pattern, but they do not have acore. Determine the next three numbers in each of thesequences in exercises 3 and 4.
 3. a. 2, 5, 8, 11, 14, 17, 20, 23, . . .b. 13, 16, 19, 23, 27, 32, 37, 43, . . .c. 17, 22, 20, 25, 23, 28, 26, 31, . . .
 4. a. 31, 28, 25, 22, 19, 16, . . .b. 46, 48, 50, 54, 58, 64, 70, 78, 86, . . .c. 43, 46, 49, 45, 41, 44, 47, 43, 39, . . .
 One method of stacking cannonballs is to form a pyra-mid with a square base. The first six such pyramids areshown. Use these figures in exercises 5 and 6.
 5. a. How many cannonballs are in the sixth figure?b. Can the method of finite differences be used to
 find the number of cannonballs in the sixthfigure?
 c. Describe the 10th pyramid, and determine thenumber of cannonballs.
 6. a. Describe the seventh pyramid, and determine thenumber of cannonballs.
 b. Do the numbers of cannonballs in successive fig-ures form an arithmetic sequence?
 c. Write an expression for the number of cannon-balls in the 20th figure. (Note: It is not necessaryto compute the number.)
 1 5 14 30
 55
 . . .
 . . .
 . . .
 . . .
 *Curriculum and Evaluation Standards for School Mathematics (Res-ton, VA: National Council of Teachers of Mathematics, 1989), p. 61.
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30 CHAPTER 1 • Problem Solving
 Use the following sequence of figures in exercises 7and 8.
 7. a. What type of sequence is formed by the numbersof cubes in successive figures?
 b. Describe the 20th figure and determine the num-ber of cubes.
 8. a. Can the method of finite differences be used todetermine the number of cubes in the 6th figure?
 b. Describe the 100th figure and determine thenumber of cubes.
 c. Write an expression for the number of cubes inthe nth figure, for any whole number n.
 There are many patterns and number relationships thatcan be easily discovered on a calendar. Some of thesepatterns are explored in exercises 9 through 11.
 9. The sum of the three circled numbers on the pre-ceding calendar is 45. For any sum of three consec-utive numbers (from the rows), there is a quickmethod for determining the numbers. Explain howthis can be done. Try your method to find three con-secutive numbers whose sum is 54.
 10. If you are told the sum of any three adjacent numbersfrom a column, it is possible to determine the threenumbers. Explain how this can be done, and use yourmethod to find the numbers whose sum is 48.
 11. The sum of the 3 � 3 array of numbers outlined onthe preceding calendar is 99. There is a shortcutmethod for using this sum to find the 3 � 3 array ofnumbers. Explain how this can be done. Try usingyour method to find the 3 � 3 array with sum 198.
 12. Here are the first few Fibonacci numbers: 1, 1, 2, 3,5, 8, 13, 21, 34, 55. Compute the sums shown below,and compare the answers with the Fibonacci num-bers. Find a pattern and explain how this patterncan be used to find the sums of consecutive Fi-bonacci numbers.
 1 � 1 � 2 �1 � 1 � 2 � 3 �1 � 1 � 2 � 3 � 5 �1 � 1 � 2 � 3 � 5 � 8 �1 � 1 � 2 � 3 � 5 � 8 � 13 �1 � 1 � 2 � 3 � 5 � 8 � 13 � 21 �
 13. The sums of the squares of consecutive Fibonaccinumbers form a pattern when written as a productof two numbers.a. Complete the missing sums and find a pattern.b. Use your pattern to explain how the sum of the
 squares of the first few consecutive Fibonaccinumbers can be found.
 12 � 12 � 1 � 212 � 12 � 22 � 2 � 312 � 12 � 22 � 32 � 3 � 512 � 12 � 22 � 32 � 52 �12 � 12 � 22 � 32 � 52 � 82 �12 � 12 � 22 � 32 � 52 � 82 � 132 �
 A Fibonacci-type sequence can be started with any twonumbers. Then each successive number is formed byadding the two previous numbers. Each number after 3and 4 in the sequence 3, 4, 7, 11, 18, 29, etc. was ob-tained by adding the previous two numbers. Find themissing numbers among the first 10 numbers of theFibonacci-type sequences in exercises 14 and 15.
 14. a. 10, , 24, , , 100, ,, , 686
 b. 2, , , 16, 25, , ,, , 280
 c. The sum of the first 10 numbers in the sequencein part a is equal to 11 times the seventh number,162. What is this sum?
 d. Can the sum of the first 10 numbers in the se-quence in part b be obtained by multiplying theseventh number by 11?
 e. Do you think the sum of the first 10 numbers inany Fibonacci-type sequence will always be 11times the seventh number? Try some otherFibonacci-type sequences to support yourconclusion.
 2417103
 2518114
 2619125
 2720136
 2821147
 29221581
 30231692
 Sun Mon Tue Wed Thu Fri Sat
 NOVEMBER2002
 5th4th
 3d1st 2d
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15. a. 1, , , 11, , , ,, 118,
 b. 14, , 20, 26, , , 118, ,, 498
 c. The sum of the first 10 numbers in part a is equalto 11 times the seventh number. Is this true forthe sequence in part b?
 d. Is the sum of the first 10 numbers in the Fi-bonacci sequence equal to 11 times the seventhnumber in that sequence?
 e. Form a conjecture based on your observations inparts c and d.
 16. The products of 1089 and the first few digits pro-duce some interesting number patterns. Describeone of these patterns. Will this pattern continue if1089 is multiplied by 5, 6, 7, 8, and 9?
 1 � 1089 � 10892 � 1089 � 21783 � 1089 � 32674 � 1089 � 43565 � 1089 �
 17. a. Find a pattern in the following equations, and useyour pattern to write the next equation.
 b. If the pattern in the first three equations is con-tinued, what will be the 20th equation?
 1 � 2 � 34 � 5 � 6 � 7 � 8
 9 � 10 � 11 � 12 � 13 � 14 � 15
 In Pascal’s triangle, which is shown below, there aremany patterns. Use this triangle of numbers in exercises18 through 21.
 18. Add the first few numbers in the first diagonal ofPascal’s triangle (diagonals are marked by lines),
 starting from the top. This sum will be another num-ber from the triangle. Will this be true for the sumsof the first few numbers in the other diagonals? Sup-port your conclusion with examples.
 19. The third diagonal in Pascal’s triangle has the num-bers 1, 3, 6, . . . .a. What is the 10th number in this diagonal?b. What is the 10th number in the fourth diagonal?
 20. Compute the sums of the numbers in the first fewrows of Pascal’s triangle. What kind of sequence(arithmetic or geometric) do these sums form?
 21. What will be the sum of the numbers in the 12throw of Pascal’s triangle?
 Identify each of the sequences in exercises 22 and 23 asarithmetic or geometric. State a rule for obtaining eachnumber from the preceding number. What is the 12thnumber in each sequence?
 22. a. 280, 257, 234, 211, . . .b. 17, 51, 153, 459, . . .c. 32, 64, 128, 256, . . .d. 87, 102, 117, 132, . . .
 23. a. 4, 9, 14, 19, . . .b. 15, 30, 60, 120, . . .c. 24, 20, 16, 12, . . .d. 4, 12, 36, 108, . . .
 The method of finite differences is used in exercises 24and 25. This method will sometimes enable you to findthe next number in a sequence, but not always.
 24. a. Write the first eight numbers of a geometric se-quence, and try using the method of finite differ-ences to find the ninth number. Will this methodwork?
 b. Repeat part a for an arithmetic sequence. Sup-port your conclusions.
 25. a. Will the method of finite differences produce thenext number in the diagonals of Pascal’s triangle?Support your conclusions with examples.
 b. The sums of the numbers in the first few rows ofPascal’s triangle are 1, 2, 4, 8, . . . . Will themethod of finite differences produce the nextnumber in this sequence?
 Use the method of finite differences in exercises 26 and27 to find the next number in each sequence.
 26. a. 3, 7, 13, 21, 31, 43, . . .b. 215, 124, 63, 26, 7, . . .
 27. a. 1, 2, 7, 22, 53, 106, . . .b. 1, 3, 11, 25, 45, 71, . . .
 As early as 500 B.C., the Greeks were interested in num-bers associated with patterns of dots in the shape of
 1
 1 7 21 35 35 21 7 1
 1 6 15 20 15 6 1
 1 5 10 10 5
 1 4 6 4 1
 1 3 3 1
 1 2 1
 1 1
 10th row
 1st row
 2d row
 . .
 .
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geometric figures. Write the next three numbers andthe 100th number in each sequence in exercises 28through 30.
 28. Triangular numbers:
 29. Square numbers:
 30. Pentagonal numbers. (After the first figure these arefive-sided figures composed of figures for triangularnumbers and square numbers.)
 The Greeks called the numbers represented by the fol-lowing arrays of dots oblong numbers. Use this patternin exercises 31 and 32.
 31. a. What is the next oblong number?b. What is the 20th oblong number?
 32. a. Can the method of finite differences be usedto obtain the number of dots in the 5th oblongnumber?
 b. What is the 25th oblong number?
 33. The numbers in the following sequence are the firstsix pentagonal numbers: 1, 5, 12, 22, 35, 51.a. If the method of finite differences is used, what
 type of sequence is produced by the first se-quence of differences?
 b. Can the method of finite differences be used toobtain the next few pentagonal numbers from thefirst six?
 34. Use the method of finite differences to create a newsequence of numbers for the following sequence ofsquare numbers.
 1, 4, 9, 16, 25, 36, 49, 64, 81
 a. What kind of a sequence do you obtain?b. How can a square arrays of dots (see exercise 29)
 be used to show that the difference of two con-secutive square numbers will be an odd number?
 What kind of reasoning is used to arrive at the conclu-sions in the articles in exercises 35 and 36?
 35.
 NEW YORK − A Canadian researcher has reported finding therapeutic value in using Vitamin C to treat symptoms of the common cold in much lower doses than had been previously recommended. Dr. Terence W. Anderson, an epidemiologist at the University of Toronto, reported a 30 per cent reduction in the severity of cold symptoms in persons who took only a small amount of Vitamin C − less than 250 milligrams a day regularly, and one gram a day when symptoms of a cold began. Anderson's conclusion was based on a study of 600 volunteers.
 Vitamin C studentfinds a little is best
 By Nancy HicksNew York Times News Service
 2 6 12 20
 1 5 12 22
 1 4 9 16
 1 3 6 10
 32 CHAPTER 1 • Problem Solving
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SECTION 1.2 • Patterns and Problem Solving 33
 36.
 37. Continue the pattern of even numbers illustratedbelow.
 a. The fourth even number is 8. Sketch the figurefor the ninth even number and determine thisnumber.
 b. What is the 45th even number?
 38. Continue the pattern of odd numbers illustratedbelow.
 a. The fourth odd number is 7. Sketch the figure forthe 12th odd number.
 b. What is the 35th odd number?
 39. If we begin with the number 6, then double it to get12, and then place the 12 and 6 side by side, the re-sult is 126. This number is divisible by 7. Try thisprocedure for some other numbers. Find a coun-
 terexample which shows that the result is not al-ways evenly divisible by 7.
 Find a counterexample for each of the statements in ex-ercises 40 and 41.
 40. a. Every whole number greater than 4 and less than20 is the sum of two or more consecutive wholenumbers.
 b. Every whole number between 25 and 50 is theproduct of two whole numbers greater than 1.
 41. a. The product of any two whole numbers is evenlydivisible by 2.
 b. Every whole number greater than 5 is the sum ofeither two or three consecutive whole numbers,for example, 11 � 5 � 6 and 18 � 5 � 6 � 7.
 Determine which statements in exercises 42 and 43 arefalse, and show a counterexample for each false state-ment. If a statement is false, change one of the condi-tions to obtain a true statement.
 42. a. The product of any three consecutive wholenumbers is divisible by 2.
 b. The sum of any two consecutive whole numbersis divisible by 2.
 43. a. The sum of any four consecutive whole numbersis divisible by 4.
 b. Every whole number greater than 0 and less than15 is either a triangular number or the sum oftwo or three triangular numbers.
 REASONING AND PROBLEM SOLVING
 44. Featured Strategy: Solving a Simpler ProblemYou are given 8 coins and a balance scale. The coinslook alike, but one is counterfeit and lighter thanthe others. Find the counterfeit coin, using just 2weighings on the balance scale.a. Understanding the Problem If there were only
 2 coins and 1 were counterfeit and lighter, thebad coin could be determined in just 1 weighing.The balance scale below shows this situation. Isthe counterfeit coin on the left or right side of thebalance beam?
 b. Devising a Plan One method of solving thisproblem is to guess and check. It is natural to be-gin with 4 coins on each side of the balancebeam. Explain why this approach will not pro-duce the counterfeit coin in just 2 weighings. An-other method is to simplify the problem and tryto solve it for fewer coins.
 1 3 5 7
 2 4 6 8
 WASHINGTON (UPI) − There is an increase in cancer and other disease rates among hospital oper-ating room personnel and a report Monday said regular exposure to anesthetic gases appears to be the most likely cause. A survey of 49,585 operating room personnel indicated that fe-male anesthetists and nurses are the most vulnerable, particularly if they are pregnant. "The results of the survey strongly suggest that working in the operating room and, presumably, exposure to trace concentrations of anesthetic agents entails a variety of health hazards for operating personnel and their offspring."
 Operating roomwork may havehealth hazards
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34 CHAPTER 1 • Problem Solving
 c. Carrying Out the Plan Explain how the coun-terfeit coin can be found with 1 weighing if thereare only 3 coins and with 2 weighings if there are6 coins. By now you may have an idea for solvingthe original problem. How can the counterfeitcoin be found in 2 weighings?
 d. Looking Back Explain how the counterfeit coincan be found in 2 weighings when there are 9coins.
 45. Kay started a computer club, and for a while she wasthe only member. She planned to have each mem-ber find two new members each month. By the endof the first month she had found two new members.If her plan is carried out, how many members willthe club have at the end of the following periods?a. 6 months b. 1 year
 46. For several years Charlie has had a tree farm wherehe grows blue spruce. The trees are planted in asquare array (square arrays are shown in exercise29). This year he planted 87 new trees along two ad-jacent edges of the square to form a larger square.How many trees are in the new square?
 47. In the familiar song “The Twelve Days of Christ-mas,” the total number of gifts received each day is
 a triangular number. On the first day there was 1 gift,on the second day there were 3 gifts, on the third day6 gifts, etc., until the 12th day of Christmas.a. How many gifts were received on the 12th day?b. What is the total number of gifts received during
 all 12 days?
 48. One hundred eighty seedling maple trees are to beset out in a straight line such that the distance be-tween the centers of two adjacent trees is 12 feet.What is the distance from the center of the first treeto the center of the 180th tree?
 49. In a long line of railroad cars, an Agco Refrigerationcar is the 147th from the beginning of the line, andby counting from the end of the line, the refrigera-tion car is the 198th car. How many railroad cars arein the line?
 50. If 255 square tiles with colors of blue, red, green, oryellow are placed side by side in a single row so thattwo tiles of the same color are not next to eachother, what is the maximum possible number of redtiles?
 51. A card is to be selected at random from 500 cardswhich are numbered with whole numbers from 1 to500. How many of these cards have at least one 6printed on them?
 52. A deck of 300 cards is numbered with whole num-bers from 1 to 300, with each card having just onenumber. How many of these cards do not have a 4printed on them?
 P U Z Z L E RThe background in this photograph produces
 an illusion called the Fraser spiral. Can you explainwhat is wrong with this “spiral”?
 O N L I N E L E A R N I N G C E N T E R www.mhhe.com/bennett-nelson• Math Investigation 1.2 Triangular NumbersSection Related: • Links • Writing/Discussion Problems • Bibliography
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35
 Math Activity 1.3Math Activity 1.3
 E X T E N D I N G T I L E PAT T E R N S
 Materials: Color tiles in the Manipulative Kit.
 1. Here are the first three figures in a sequence. Find a pattern and build thefourth figure.
 *a. For each of the first five figures, determine how many tiles there are ofeach color.
 b. Find a pattern and determine the number of tiles of each color for the10th figure.
 c. What is the total number of tiles for the 10th figure?d. Write a description of the 25th figure so that someone reading it could
 build the figure. Include in your description the number of tiles with eachof the different colors and the total number of tiles in the figure.
 2. Extend each of the following sequences to the fifth figure, and record the num-bers of different-colored tiles in each figure. Find a pattern that enables you todetermine the numbers of different-colored tiles in the 10th and 25th figuresof each sequence. Describe your reasoning.
 *a.
 b.
 1st
 Y
 Y
 Y Y
 YY
 2d
 Y
 Y
 Y
 Y Y Y
 Y Y Y
 R RR
 Y
 Y
 Y
 3d
 Y
 Y
 Y
 Y Y Y
 R R R
 R RR
 Y
 R
 R
 Y
 R
 R
 Y
 Y
 Y
 Y Y Y Y Y Y Y
 R
 1st 2d 3d
 B R
 B B
 R
 R
 R
 B R
 R R
 BB
 4th
 B
 B
 B
 B
 R B R
 B B B
 R R R
 B BR
 G Y
 Y G
 1st 2d 3d
 G Y G
 Y G Y
 G Y G
 Y
 G
 Y
 G
 G Y G
 Y G Y
 G Y G
 G YY
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 Problem Solving with Algebra
 S E C T I O N 1.3
 Problem Solving with Algebra
 “If he could only think in abstract terms”
 P R O B L E MO P E N E R
 A whole brick is balanced with pound and brick. What is the weight of thewhole brick?
 Algebra is a powerful tool for representing information and solving problems. Itoriginated in Babylonia and Egypt more than 4000 years ago. At first there wereno equations, and words rather than letters were used for variables. The Egyp-tians used words that have been translated as heap and aha for unknown quanti-ties in their word problems. Here is a problem from the Rhind Papyrus, written bythe Egyptian priest Ahmes about 1650 B.C.:
 Heap and one-seventh of heap is 19. What is heap?
 Today we would use a letter for the unknown quantity and express the given in-formation in an equation.
 You may wish to try solving this equation. Its solution is in Example D on the fol-lowing pages.
 x � 17 x � 19
 ��yy �y
 34
 34
 By viewing algebra as astrand in the curriculumfrom prekindergarten on,teachers can help studentsbuild a solid foundation ofunderstanding andexperience as a preparationfor more-sophisticated workin algebra in the middlegrades and high school.
 Standards 2000, p. 37
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SECTION 1.3 • Problem Solving with Algebra 37
 Variables and EquationsA letter or symbol that is used to denote an unknown number is called a variable.One method of introducing variables in elementary schools is with geometricshapes such as � and �. For example, students might be asked to find the num-ber for � such that � � 7 � 12, or to find some possibilities for � and � suchthat � � � � 15. These geometric symbols are less intimidating than letters. Stu-dents can replace a variable with a number by writing the numeral inside thegeometric shape, as if they were filling in a blank.
 To indicate the operations of addition, subtraction, and division with numbersand variables, we use the familiar signs for these operations; for example, 3 � x,x � 5, x � 4, and x/4. A product is typically indicated by writing a numeral nextto a variable. For example, 6x represents 6 times x, or 6 times whatever numberis used as a replacement for x. An expression containing algebraic symbols, suchas 2x � 3 or (4x)(7x) � 5, is called an algebraic expression.
 E x a m p l e A Evaluate the following algebraic expressions for x � 14 and n � 28.
 1. 15 � 3x
 2. 4n � 6
 3. � 20
 4. 6x � 12
 Solution 1. 15 � 3(14) � 15 � 42 � 57. Notice that when the variable is replaced, parentheses areused; 3(14) means 3 times 14. 2. 4(28) � 6 � 112 � 6 � 106. 3. 28/7 � 20 � 4 � 20 � 24.4. 6(14) � 12 � 84 � 12 � 7.
 n7
 HISTOR ICAL
 H IGHL IGHT Germany’s Amalie Emmy Noether is considered to be the greatest womanmathematician of her time. She studied mathematics at the University of
 Erlangen, where she was one of only two women among nearly a thousand stu-dents. In 1907 she received her doctorate in mathematics from the Universityof Erlangen. In 1916, the legendary David Hilbert was working on the mathe-matics of a general relativity theory at the University of Göttingen and invitedEmmy Noether to assist him. Although Göttingen had been the first universityto grant a doctorate degree to a woman, it was still reluctant to offer a teachingposition to a woman, no matter how great her ability and learning. When herappointment failed, Hilbert let her deliver lectures in courses that were an-nounced under his name. Eventually she was appointed to a lectureship at theUniversity of Göttingen. Noether became the center of an active group of alge-braists in Europe, and the mathematics that grew out of her papers and lecturesat Göttingen made her one of the pioneers of modern algebra. Her famous pa-pers “The Theory of Ideals in Rings” and “Abstract Construction of Ideal The-ory in the Domain of Algebraic Number Fields” are the cornerstones of modernalgebra courses now presented to mathematics graduate students.*
 *D. M. Burton, The History of Mathematics, 4th ed. (New York: McGraw-Hill, 1999), pp. 660–662.
 Emmy Noether
 Research indicates a varietyof students have difficultieswith the concept of variable(Kuchmann 1978; Kieran1983; Wafner and Parker1993) . . . A thoroughunderstanding of variabledevelops over a long time,and it needs to be groundedin extensive experience.
 Standards 2000, p. 39
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38 CHAPTER 1 • Problem Solving
 The elementary ideas of algebra can be presented early in school mathematics.Consider the following problem.
 E x a m p l e B Eleanor wins the jackpot in a marble game and doubles her number of marbles. Iflater she wins 55 more, bringing her total to 127, how many marbles did she haveat the beginning?
 Solution One possibility is to work backward from the final total of 127 marbles. Subtracting 55leaves 72, so we need to find the number that yields 72 when doubled. This number is 36. A secondapproach is to work forward to obtain 127 by guessing. A guess of 20 for the original number of mar-bles will result in 2(20) � 55 � 95, which is less than 127. Guesses of increasingly larger numberseventually will lead to a solution of 36 marbles.
 Example B says that if some unknown number of marbles is doubled and 55more are added, the total is 127. This numerical information is stated in the fol-lowing equation in which the variable x represents the original number of marbles.
 2x � 55 � 127
 An equation is a statement of the equality of mathematical ex-pressions; it is a sentence in which the verb is equals (�).
 A balance scale is one model for introducing equations in theelementary school. The idea of balance is related to the conceptof equality. A balance scale with its corresponding equation isshown in Figure 1.6. If each chip on the scale has the sameweight, the weight on the left side of the scale equals (is the sameas) the weight on the right side. Similarly, the sum of numbers onthe left side of the equation equals the number on the right side.
 The balance scale in Figure 1.7 models the missing-addendform of subtraction, that is, what number must be added to 5 toobtain 11. The box on the scale may be thought of as taking theplace of, or hiding, the chips needed to balance the scale.
 One approach to determining the number of chips needed tobalance the scale is to guess and check. Another approach is tonotice that by removing 5 chips from both sides of the scale inFigure 1.7, we obtain the scale shown in Figure 1.8. This scaleshows that the box must be replaced by (or is hiding) 6 chips.
 Figure 1.8
 Similarly, the equation 5 � x � 11 can be simplified by subtracting 5 from bothsides to obtain x � 6. This simpler equation shows that the variable must be re-placed by 6.
 x = 6
 Figure 1.6
 3 + 5 = 8
 Figure 1.7
 5 + x = 11
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SECTION 1.3 • Problem Solving with Algebra 39
 Solving EquationsTo solve an equation or find the solution(s) means to find all replacements forthe variable that make the equation true. The usual approach to solving an equa-tion is to replace it by a simpler equation whose solutions are the same as thoseof the original equation. Two equations that have exactly the same solution arecalled equivalent equations.
 The balance-scale model is used in the next example to illustrate solving anequation. Each step in simplifying the balance scale corresponds to a step in solv-ing the equation.
 E x a m p l e C Solve 7x � 2 � 3x � 10, using the balance-scale model and equations.
 Solution
 Remove 3 boxesfrom each side.
 Remove 2 chipsfrom each side.
 7x + 2 = 3x + 10
 7x + 2 − 3x = 3x + 10 − 3x
 4x + 2 = 10
 4x = 8
 Step 1
 Step 2
 Subtract 3xfrom both
 sides.
 Subtract 2from both
 sides.
 Visual Representation Algebraic Representation
 Divide both the boxes and chips into 4 equal groups, 1 group for each box.
 4x4
 = 84
 x = 2
 Step 3Divide bothsides by 4.
 4x + 2 − 2 = 10 − 2
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 Check: If each box on the first scale is replaced by 2 chips, the scale will balance with 16 chips oneach side. Replacing x by 2 in the equation 7x � 2 � 3x � 10 makes the equation a true statementand shows that 2 is a solution to this equation.
 When the balance-scale model is used, the same amount must be put on or re-moved from each side to maintain a balance. Similarly, with an equation, thesame operation must be performed on each side to maintain an equality. In otherwords, whatever is done to one side of an equation must be done to the otherside. Specifically, three methods for obtaining equivalent equations are stated be-low as properties of equality.
 PROPERTIES OF EQUALITY
 1. Addition or Subtraction Property of Equality: Add the same number or sub-tract the same number from both sides of an equation.
 2. Multiplication or Division Property of Equality: Multiply or divide both sidesof an equation by the same nonzero number.
 3. Simplification: Replace an expression in an equation by an equivalentexpression.
 These methods of obtaining equivalent equations are illustrated in the nextexample.
 E x a m p l e D Solve these equations.
 1. 5x � 9 � 2x � 15
 2. x � x � 19 (This is the problem posed by the Egyptian priest Ahmes, de-scribed on the opening page of this section.)
 Solution 1.
 subtraction property of equality; subtract 2x fromboth sides
 simplification
 addition property of equality; add 9 to both sides
 simplification
 division property of equality; divide both sides by 3
 simplification
 Check: When x is replaced by 8 in the original equation (or in any of the equivalent equations), theequation is true.
 5(8) � 9 � 2(8) � 1531 � 31
 2.
 multiplication property of equality; multiply both sides by 7
 simplification; 7(x � x) � 7x � x � 8x. This is an example of thedistributive property.*
 division property of equality; divide both sides by 8
 simplificationx � 1658 � 16.625
 8x8
 �1338
 77
 178x � 133
 7�x � 17 x� � 7�19�
 x � 17 x � 19
 x � 8
 3x3
 �243
 3x � 24
 3x � 9 � 9 � 15 � 9
 3x � 9 � 15
 5x � 9 � 2x � 2x � 15 � 2x
 5x � 9 � 2x � 15
 17
 *For examples of the distributive property, as well as several other number properties, see pages 162–166.
 The notion of equality alsoshould be developedthroughout the curriculum.They [students] should cometo view the equals sign as asymbol of equivalence andbalance.
 Standards 2000, p. 39
 Research StatementStudents’ difficulties inconstructing equations stemin part from their inability tograsp the notion of theequivalence between the twoexpressions in the left andright sides of the equation.
 MacGregor 1998
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SECTION 1.3 • Problem Solving with Algebra 41
 Check: When x is replaced by 16.625 in the original equation, the equation is true.
 16.625 � (16.625) � 16.625 � 2.375 � 19
 Solving InequalitiesNot all algebra problems are solved by equations. Consider the following problem.
 E x a m p l e E John has $19 to spend at a carnival. After paying the entrance fee of $3, he findsthat each ride costs $2. What are the possibilities for the number of rides he cantake?
 Solution This table shows John’s total expenses with different numbers of rides. John can take anynumber of rides from 0 to 8 and not spend more than $19.
 NUMBER OF RIDES EXPENSE
 0 $ 31 52 73 94 115 136 157 178 19
 Example E says that $3 plus some number of $2 rides must be less than orequal to $19. This numerical information is stated in the following inequality,where x represents the unknown number of rides:
 3 � 2x � 19
 An inequality is a statement that uses one of the following phrases: is less than(), is less than or equal to (�), is greater than (), is greater than or equal to(�), or is not equal to (�).
 The balance-scale model can also be used for illustrating inequalities. Figure1.9 illustrates the inequality in Example E. The box can be replaced by any num-ber of chips as long as the beam doesn’t tip down on the left side. Some elemen-tary school teachers who use the balance-scale model have students tip their armsto imitate the balance scale. Sometimes the teacher places a heavy weight in oneof a student’s hands and a light weight in the other. This helps students becomeaccustomed to the fact that the amount on the side of the scale that is tippeddown is greater than the amount on the other side of the scale.
 3 + 2x ≤ 19
 17
 Figure 1.9
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 One method of finding the number of chips that can be used in place of the boxin Figure 1.9 is to think of replacing each box on the scale by the same number ofchips, keeping the total number of chips on the left side of the scale less than orequal to 19. Another method is to simplify the scale to determine the possibilitiesfor the number of chips for the box. First, we can remove 3 chips from both sidesto obtain the scale setting in Figure 1.10.
 Next, we can divide the chips on the right side of the scale into two groups, onegroup for each box on the left side of the scale. The simplified scale in Figure 1.11shows that replacing the box by 7 or fewer chips will keep the scale tipped downon the right side and that with 8 chips the scale will be balanced.
 To the right of each balance scale above, there is a corresponding inequality.These inequalities are replaced by simpler inequalities to obtain x � 8. To makethis inequality true, we must replace the variable by a number less than or equalto 8.
 To solve an inequality means to find all the replacements for the variable thatmake the inequality true. The replacements that make the inequality true arecalled solutions. Like an equation, an inequality is solved by replacing it by sim-pler inequalities. Two inequalities that have exactly the same solution are calledequivalent inequalities.
 Equivalent inequalities can be obtained using the same steps as those for ob-taining equivalent equations (performing the same operation on both sides andreplacing an expression by an equivalent expression), with one exception: Multi-plying or dividing both sides of an inequality by a negative number reverses theinequality. For example, 8 3; but if we multiply both sides of the inequality by�1, we obtain �8 and �3, and �8 is less than �3 (�8 �3). These inequalities areillustrated in Figure 1.12.
 Figure 1.12−1 0 1 2 3 4 5 6 7 8 −8 −7 −6 −5 −4 −3 −2
 −8 < −3 3 < 8
 x ≤ 8
 2x2
 ≤ 162
 2x ≤ 16
 3 + 2x − 3 ≤ 19 − 3
 Figure 1.10
 Figure 1.11
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 Three methods for obtaining equivalent inequalities are stated below as theproperties of inequality. (These properties also apply to the inequalities �, ,and �.)
 PROPERTIES OF INEQUALITY
 1. Addition or Subtraction Property of Inequality: Add the same number or sub-tract the same number from both sides of an inequality.
 2. Multiplication or Division Property of Inequality: Multiply or divide bothsides of an inequality by the same nonzero number; and if the number is neg-ative, reverse the inequality sign.
 3. Simplification: Replace an expression in an inequality by an equivalentexpression.
 E x a m p l e F Solve the inequality 4(3x) � 16 52.
 Solution 4(3x) � 16 52
 12x � 16 52 simplification
 12x � 16 � 16 52 � 16 subtraction property for inequality; subtract 16 from both sides
 12x 36 simplification
 division property for inequality; divide both sides by 12
 x 3 simplification
 Check: We can get some indication of whether the inequality was solved correctly by trying anumber less than 3 to see if it is a solution. When we replace x in the original inequality by 2 we cansee that the inequality holds.
 4[3(2)] � 16 � 4(6) � 16
 � 24 � 16
 � 40and 40 is less than 52.
 The solutions for an inequality in one variable may be visualized on a numberline. The solutions for the inequality in Example F are shown in Figure 1.13. Thecircle about the point for 3 indicates that this point is not part of the solution. Sothe solution includes all the points on the half-line extending to the left of thepoint for 3.
 −1 0 1 2 3 4 5 6 7 8 −8 −7 −6 −5 −4 −2 −3
 12x12
 3612
 Figure 1.13
 In the middle grades it isessential that studentsbecome comfortablein relating symbolicexpressions containingvariables to verbal,tabular, and graphicalrepresentations ornumerical and quantitative relationships.
 Standards 2000, p. 223
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 E x a m p l e G Solve the inequality 11x � 7 � 3x � 23, and illustrate its solution by using anumber line.
 Solution
 addition property for inequality; add 7 to both sides
 simplification
 subtraction property for inequality; subtract 3x fromboth sides
 simplification
 division property for inequality; divide both sides by 8
 simplification
 Every number less than or equal to 3 is a solution for the original inequality, and these solutionscan be shown on a number line by shading the points to the left of the point for 3 .
 Using Algebra for Problem SolvingOne application of algebra is solving problems whose solutions involve equationsand inequalities.
 E x a m p l e H The manager of a garden center wants to order a total of 138 trees consisting oftwo types: Japanese red maple and flowering pears. Each maple tree costs $156and each pear tree costs $114. If the manager has a budget of $18,000, whichmust all be spent for the trees, how many maple trees will be in the order?
 Solution If x equals the number of maple trees, then 138 � x will equal the number of pear trees.The following equation shows that the total cost of both types of trees is $18,000. Notice the use ofthe distributive property in going from the first to the second equation.
 156x � 114(138 � x) � 18,000156x � 15,732 � 114x � 18,000
 42x � 2268x � 54
 There will be 54 Japanese red maple trees in the order.
 The next problem is a variation of Example H, but its solution requires aninequality.
 E x a m p l e I The manager of a garden center wants to place an order for Hawthorne trees andService Berry trees so that the number of Service Berry trees is 6 times the num-ber of Hawthorne trees. Each Hawthorne tree costs $250 and each Service Berrytree costs $125. If the budget requires that the total cost of the trees be less than$30,000 and that there be at least 20 Hawthorne trees, what are the different pos-sibilities for the number of Hawthorne trees in the order?
 −1 0 1 2 3 4 5 6 7 8 −8 −7 −6 −5 −4 −3 −2
 34
 34
 x � 334
 8x8
 �308
 8x � 30
 11x � 3x � 3x � 3x � 30
 11x � 3x � 30
 11x � 7 � 7 � 3x � 23 � 7
 11x � 7 � 3x � 23
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 Solution If x equals the number of Hawthorne trees, then 6x is the number of Service Berry trees,and the following inequality shows that the total cost of the two types of trees is less than $30,000.
 250x � 125(6x) 30,000250x � 750x 30,000
 1000x 30,000x 30
 Since there is a requirement that the order contain at least 20 Hawthorne trees, the possibilities forthe number of Hawthorne trees is 20, 21, 22, . . . 29.
 Another application of algebra is in analyzing number tricks and so-calledmagic formulas. Select any number and perform the following operations:
 Add 4 to any number; multiply the result by 6; subtract 9; divided by 3; add 13; divide by2; and then subtract the number you started with.
 If you performed these operations correctly, your final answer will be 9, regard-less of the number you started with. This can be proved using the variable x torepresent the number selected and performing the following algebraic operations:
 1. Select any number x
 2. Add 4 x � 4
 3. Multiply by 6 6(x � 4) � 6x � 24
 4. Subtract 9 6x � 24 � 9 � 6x � 15
 5. Divide by 3 (6x � 15)/3 � 2x � 5
 6. Add 13 2x � 5 � 13 � 2x � 18
 7. Divide by 2 (2x � 18)/2 � x � 9
 8. Subtract the number x x � 9 � x � 9
 The preceding steps show that it doesn’t matter what number is selected for x, forin the final step x is subtracted and the end result is always 9.
 Problem-Solving ApplicationThe problem-solving strategy of using algebra is illustrated in the solution to thenext problem.
 P R O B L E MA class of students is shown the following figures formed with tiles and is told thatthere is a pattern which, if continued, will result in one of the figures having 290tiles. Which figure will have this many tiles?
 1st 2d 3d 4th
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 Understanding the Problem The fourth figure has 14 tiles. Find a pattern inthe formation of the first few figures, and sketch the fifth and sixth figures. Ques-tion 1: How many tiles are in the fifth and sixth figures?
 Devising a Plan One approach to solving this problem is to use a variable andwrite an algebraic expression for the nth term. This expression can then be usedto determine which figure has 290 tiles.
 Notice that the third figure has 3 tiles in each “leg,” 3 tiles in the middle of thetop row, and 2 corner tiles. The fourth figure has 4 tiles in each leg, 4 in the mid-dle of the top row, and 2 corner tiles. Question 2: By extending this reasoning,how many tiles are in the 20th figure? the 100th?
 Carrying Out the Plan The nth figure will have n tiles in each leg, n tiles in themiddle of the top row, and 2 corner tiles. So the algebraic expression for the num-ber of tiles in the nth figure is n � n � n � 2, or 3n � 2. Question 3: What num-ber for n gives the expression 3n � 2 a value of 290?
 Looking Back Perhaps you saw a different way to group the tiles in the first fourfigures. Question 4: If you saw the pattern developing as follows, what would bethe algebraic expression for the nth figure?
 Answers to Questions 1–4 1. The fifth figure has 17 tiles and the sixth has 20. 2. The 20th fig-ure has 20 � 20 � 20 � 2 � 62 tiles, and the 100th figure has 100 � 100 � 100 � 2 � 302 tiles.3. n � 96. 4. n � (n � 1) � (n � 1) or n � 2(n � 1).
 1 + 2 + 2 2 + 3 + 3 3 + 4 + 4 4 + 5 + 5
 Two central themes ofalgebraic thinking areappropriate for youngstudents. The first involvesmaking generalizations andusing symbols to representmathematical ideas, and thesecond is representing andsolving problems (Carpenterand Levi 1999).
 Standards 2000, p. 93
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 1. a. At a depth of x feet under water, the pressure inpounds per square inch is .43x � 14.7. What isthe pressure in pounds per square inch for adepth of 10 feet? 100 feet? 0 feet (surface of thewater)?
 b. The temperature (Fahrenheit) can be approxi-mated by x/4 � 40, where x is the number ofcricket chirps in one minute. What is the tem-perature for 20 chirps per minute? 100 chirpsper minute?
 c. A person’s normal blood pressure increases withage and is approximated by x/2 � 110, where x isthe person’s age. The blood pressure for peoplebetween 20 and 30 years old should be betweenwhat two numbers?
 2. a. A woman’s shoe size is given by 3x � 22, where xis the length of her foot in inches. What is awoman’s shoe size for a length of 9 inches? 11inches?
 b. The number of words in a child’s vocabulary forchildren between 20 and 50 months is 60x �900, where x is the child’s age in months. What isthe number of vocabulary words for a childwhose age is 20 months? 35 months? 4 years?
 c. A person’s maximum heart rate is 220 � x, wherex is the person’s age, and the heart rate for aero-
 bic activity should be between .7(220 � x) and.8(220 � x). A 20-year-old person’s heart rate foraerobic activity should be between what twonumbers?
 3. Tickets for the historical review of ballroom dancingat the Portsmouth Music Hall cost $28 each for themain-floor seats and $19 each for the balcony seats.Let m represent the number of tickets sold for main-floor seats and let b represent the number of ticketssold for balcony seats. Write an algebraic expressionfor the following amounts.a. The cost in dollars of all the main-floor seats that
 were soldb. The total number of seats that were sold for the
 performancec. The difference in dollars in the total amount of
 money paid for all main-floor seats and the totalamount paid for all balcony seats, if the total forall main-floor seats was the greater of the twoamounts
 4. At the Saturday farmers’ market, melons cost $1.20each and coconuts cost $1.45 each. Let m representthe number of melons sold during the day, and let crepresent the number of coconuts sold. Write an al-gebraic expression for each of the following.a. The total number of melons and coconuts soldb. The cost of all the coconuts soldc. The total cost of all the melons and coconuts sold
 5. In research conducted at the University of Massa-chusetts, Peter Rosnick found that 37 percent of agroup of 150 engineering students were unable towrite the correct equation for the following prob-lem.* Write an equation using variables s and p torepresent the following statement: “At this univer-sity there are 6 times as many students as profes-sors.” Use s for the number of students and p for thenumber of professors.a. What is the correct equation?b. The most common erroneous answer was 6s � p.
 Give a possible explanation for this.
 Determine the number of chips needed to replace eachbox in order for the scales in exercises 6 and 7 to bal-ance. Then using x to represent the number of chips foreach box, write the corresponding equation that repre-sents each scale and solve the equation.
 13
 E X E R C I S E S A N D P R O B L E M S 1.3
 *Peter Rosnick, “Some Misconceptions Concerning the Concept of aVariable,” The Mathematics Teacher 74 (September 1981): 418–420.
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 6. a.
 b.
 7. a.
 b.
 Each of the equations in exercises 8 and 9 has been re-placed by a similar equivalent equation. Write the prop-erty of equality that has been used in each step.
 8. a. 6x � 14 � 2x6x � 14 � 14 � 2x � 14 (step 1)
 6x � 2x � 14 (step 2)6x � 2x � 2x � 14 � 2x (step 3)
 4x � 14 (step 4)
 (step 5)
 x � 3 (step 6)
 b. 42x � 102 � 6(3x � 45)42x � 102 � 18x � 270 (step 1)
 42x � 102 � 18x � 18x � 270 � 18x (step 2)24x � 102 � 270 (step 3)
 24x � 102 � 102 � 270 � 102 (step 4)24x � 168 (step 5)
 (step 6)
 x � 7 (step 7)
 9. a. 6(2x � 5) � 7x � 1512x � 30 � 7x � 15 (step 1)
 12x � 30 � 30 � 7x � 15 � 30 (step 2)12x � 7x � 45 (step 3)
 12x � 7x � 7x � 45 � 7x (step 4)5x � 45 (step 5)
 (step 6)
 x � 9 (step 7)
 b. 11(3x) � 2 � 3533x � 2 � 35 (step 1)
 33x � 2 � 2 � 35 � 2 (step 2)33x � 33 (step 3)
 (step 4)
 x � 1 (step 5)
 Solve each equation in exercises 10 and 11.
 10. a. 2x � 30 �18 � 5xb. 3x � 17 � 22c. 13(2x) � 20 � 6(5x � 2)
 d.
 11. a. 43x � 281 � 17x � 8117
 b. 17(3x � 4) � 25x � 218c. 56(x � 1) � 7x � 45,353d. 3x � 5 � 2(2x � 7)
 Determine the number of chips for each box that willkeep the scales in exercises 12 and 13 tipped as shown.Then, using x for a variable, write the corresponding in-equality for each scale and solve the inequality.
 12. a.
 b. b.
 a.
 8�x2 � 5 � � 2x � 6
 33x33
 �3333
 5x5
 �455
 24x24
 �16824
 12
 4x4
 �144
 a.
 b.
 a.
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 13. a.
 b.
 Each of the inequalities in exercises 14 and 15 has beenreplaced by a similar equivalent inequality. Write theproperty of inequality that has been used in each step.
 14. a. 3x � 14 553x � 14 � 14 55 � 14 (step 1)
 3x 41 (step 2)
 (step 3)
 x 13 (step 4)
 b. 10x 55
 (step 1)
 x 5 (step 2)
 15. a. 6x � 11 2x � 196x � 11 � 2x 2x � 19 � 2x (step 1)
 4x � 11 19 (step 2)4x � 11 � 11 19 � 11 (step 3)
 4x 8 (step 4)
 (step 5)
 x 2 (step 6)
 b. 2x 3x � 122x � 3x 3x � 12 � 3x (step 1)
 �x �12 (step 2)(�1)(�x) (�1)(�12) (step 3)
 x 12 (step 4)
 Solve each inequality in exercises 16 and 17, and illus-trate the solution by using a number line.
 16. a. 3x � 5 x � 17b. 3(2x � 7) 36
 17. a. 6(x � 5) 11xb. 5(x � 8) � 6 44
 18. Mr. Dawson purchased some artichokes for 80 centseach and twice as many pineapples for 95 centseach. Altogether he spent $18.90. Let x representthe number of artichokes, and write an algebraic ex-pression for each item in parts a through c.a. The total cost in dollars of the artichokesb. The number of pineapplesc. The total cost in dollars of the pineapplesd. The sum of the costs in parts a and c is $18.90.
 Write and solve an equation to determine thenumber of artichokes Mr. Dawson bought.
 19. It cost Marci 20 cents to mail a postcard and 33cents to mail a letter. She sent either a postcard or aletter to each of 18 people and spent $4.38. Let xrepresent the number of postcards she wrote, andwrite an algebraic expression for each item in partsa through c.a. The total cost in dollars of the postcardsb. The number of lettersc. The total cost in dollars of the lettersd. The sum of the costs in parts a and c is $4.38.
 Write and solve an equation to determine thenumber of postcards Marci mailed.
 20. Teresa purchased pens for 50 cents each and pencilsfor 25 cents each. She purchased 10 more pencilsthan pens and gave the clerk a five-dollar bill, whichwas more than enough to pay the total cost. Let xrepresent the number of pens, and write an alge-braic expression for each item in parts a through c.a. The total cost in dollars of the pensb. The number of pencilsc. The total cost in dollars of the pencilsd. The sum of the costs in parts a and c is less than
 $5.00. Write and solve an inequality to determinethe possibilities for the number of pens and pen-cils that Teresa purchased.
 21. Merle spent $10.50 for each compact disk and $8 foreach tape. He purchased three more tapes than com-pact disks, and the total amount of money he spentwas less than $120. Let x represent the number ofcompact disks he purchased, and write an algebraicexpression for each item in parts a through c.a. The total cost in dollars of the compact disksb. The number of tapesc. The total cost in dollars of the tapesd. The sum of the costs in parts a and c is less than
 $120. Write and solve an inequality to determinethe possibilities for the number of compact disksMerle purchased.
 4x4
 84
 12
 10x10
 5510
 23
 3x3
 413
 a.
 ben32947_ch01.qxd 11/26/2002 3:52 PM Page 49

Page 50
                        
                        

REASONING AND PROBLEM SOLVING
 Solve word problems 22 to 24 by writing an equationwith a variable to represent the given information andthen solve the equation.
 22. Jeri spends $60 of her paycheck on clothes and thenspends one-half of her remaining money on food. Ifshe has $80 left, what was the amount of her pay-check?
 23. Marcia has 350 feet of fence. After fencing in asquare region, she has 110 feet of fence left. What isthe length of one side of the square?
 24. Rico noticed that if he began with his age, added 24,divided the result by 2, and then subtracted 6, hegot his age back. What is his age?
 Solve word problems 25 and 26 by writing an inequalitywith a variable and then solve the inequality.
 25. If you add 14 to a certain number, the sum is lessthan 3 times the number. For what numbers is thistrue?
 26. The length of the first side of a triangle is a wholenumber greater than 3. The second side is 3 incheslonger than the first, and the third side is 3 incheslonger than the second. How many such triangleshave perimeters less than 36 inches?
 27. How can 350 be written as the sum of four consecu-tive whole numbers?a. Understanding the Problem If 75 is the first of
 four consecutive numbers, then the others are76, 77, and 78. If n is the first number, write analgebraic expression for each of the other three.
 b. Devising a Plan One plan is to let n be the firstof four consecutive numbers, write an algebraicexpression for their sum, and determine whichnumber for n gives that expression a value of 350.If n is the first of four consecutive numbers, whatis an algebraic expression for their sum?
 c. Carrying Out the Plan What number for n givesa sum of 350?
 d. Looking Back Can 350 be written as the sum ofother consecutive whole numbers? Use algebraicexpressions to determine if 350 can be written asthe sum of three consecutive numbers or fiveconsecutive numbers.
 28. The teacher asks the class to select a 4 � 4 array ofnumbers from a 10 � 10 number chart and to useonly those numbers for the four-step process de-scribed here.
 1. Circle any number and cross out the remainingnumbers in its row and column.
 2. Circle another number that has not been crossedout and cross out the remaining numbers in itsrow and column.
 3. Repeat step 2 until there are four circled numbers.4. Add the four circled numbers.
 No matter what sum a student comes up with, theteacher will be able to predict the number in the up-per left corner of the student’s square by subtracting66 from the sum and dividing the result by 4. Showwhy this formula works.a. Understanding the Problem Let’s carry out the
 steps on the 4 � 4 array shown above. The firstcircled number is 46, and the remaining numbersin its row and column have been crossed out. Thenext circled number is 38. Continue the four-stepprocess. Does the teacher’s formula produce thenumber in the upper left corner of this 4 � 4array?
 b. Devising a Plan This problem can be solved byalgebra. If we represent the number in the upperleft corner by x, the remaining numbers can berepresented in terms of x. Complete the next tworows of the 4 � 4 array of algebraic expressionsshown here.
 x x � 1 x � 2 x � 3x � 10 x � 11 x � 12 x � 13
 c. Carrying Out the Plan Carry out the four-stepprocess on the 4 � 4 array of algebraic expres-sions you completed in part b. Use the results toshow that the teacher’s formula works.
 1 2 3 4 5 6 7 8 9 10
 11 12 13 14 15 16 17 18 19 20
 21 22 23 24 25 26 27 28 29 30
 31 32 33 34 35 36 37 38 39 40
 41 42 43 44 45 46 47 48 49 50
 51 52 53 54 55 56 57 58 59 60
 61 62 63 64 65 66 67 68 69 70
 71 72 73 74 75 76 77 78 79 80
 81 82 83 84 85 86 87 88 89 90
 91 92 93 94 95 96 97 98 99 100
 50 CHAPTER 1 • Problem Solving
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 d. Looking Back One variation on this numbertrick is to change the size of the array that thestudent selects. For example, what formula willthe teacher use if a 3 � 3 array is selected fromthe 10 � 10 number chart? (Hint: Use a 3 � 3 al-gebraic array.) Another variation is to change thenumber chart. Suppose that a 3 � 3 array is se-lected from a calendar. What is the formula inthis case?
 29. Many number tricks can be explained by algebra.Select any number and perform the steps below tosee what number you obtain. Add 221 to the num-ber, multiply by 2652, subtract 1326, divide by 663,subtract 870, divide by 4, and subtract the originalnumber. Use algebra to show that the steps alwaysresult in the same number.
 30. Ask a person to write the number of the month ofhis or her birth and perform the following opera-tions: Multiply by 5, add 6, multiply by 4, add 9,multiply by 5, and add the number of the day ofbirth. When 165 is subtracted from this number, theresult is a number that represents the person’smonth and day of birth. Try it.
 Analysis: Let d and m equal the day and month,respectively. The first three of the preceding stepsare represented by the following algebraic expres-sions. Continue these expressions to show that thefinal expression is equal to 100m � d. This showsthat the units digit of the final result is the day andthe remaining digits are the month.
 5m5m � 6
 4(5m � 6) � 20m � 24...
 31. Use the information from the first two balancebeams shown in the next column to determine thenumber of nails needed to balance one cube.*
 32. Use the information from the first two balancebeams to determine the number of marbles neededto balance a cube.
 33. In driving from town A to town D, you pass firstthrough town B and then through town C. It is 10times farther from town A to town B than from townsB to C and 10 times farther from towns B to C thanfrom towns C to D. If it is 1332 miles from towns A toD, how far is it from towns A to B? (Let the variablex represent the distance from towns C to D.)
 *Balance beam art from The Arithmetic Teacher 19 (October 1972):460–461.
 A Bx
 C D
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52 CHAPTER 1 • Problem Solving
 34. The cost of a bottle of cologne, $28.90, was deter-mined from the cost of the bottle plus the cost of theperfume. If the perfume costs $14.10 more than thebottle, how much does the bottle cost? (Let the vari-able x represent the cost of the bottle.)
 35. If the following tile figures are continued, will therebe a figure with 8230 tiles? If so, which figure will itbe? If not, what figure has the number of tiles clos-est to 8230? (Hint: Write an algebraic expression forthe nth figure and set it equal to 8230.)
 36. Find a pattern to extend the toothpick figures. De-termine the number of toothpicks in the 50th figure,and write an algebraic expression for the number oftoothpicks in the nth figure.
 37. Here are the first three figures of a sequence formedby color tiles.
 a. Find a pattern and describe the next two figuresin the sequence. Then determine how many tilesof each color are used in the fifth figure. Answerthis question for each of the first four figures.
 b. Describe the 100th figure. Include the number ofeach color of tile and the total number of tiles inthe figure.
 c. Write algebraic expressions for the nth figure for(1) the number of yellow tiles, (2) the number ofred tiles, and (3) the total number of tiles.
 38. These three figures were formed by color tiles.
 a. Find a pattern and describe the next two figuresin the sequence. How many tiles of each differentcolor are in the fifth figure? Answer this questionfor each of the first four figures.
 b. Describe the 100th figure and determine (1) thenumber of yellow tiles, (2) the number of greentiles, (3) the number of blue tiles, and (4) the to-tal number of tiles.
 c. Write algebraic expressions for the nth figure for(1) the number of yellow tiles, (2) the number ofgreen tiles, (3) the number of blue tiles, and (4)the total number of tiles.
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SECTION 1.3 • Problem Solving with Algebra 53
 C H A P T E R R E V I E W1. Problem Solving
 a. Problem solving is the process by which an unfa-miliar situation is resolved.
 b. Polya’s Four-Step ProcessUnderstanding the problemDevising a planCarrying out the planLooking back
 c. Problem-Solving StrategiesMaking a drawingGuessing and checkingMaking a tableUsing a variableUsing a modelWorking backwardFinding a patternSolving a simpler problem
 2. Unsolved Problemsa. There are many unsolved problems in
 mathematics.b. A conjecture is a statement that has not been
 proved, yet is thought to be true.
 3. Patterns and Sequencesa. There are many kinds of patterns. They are
 found by comparing and contrasting information.b. The numbers in the sequence 1, 1, 2, 3, 5, 8, 13,
 21, . . . are called Fibonacci numbers. Thegrowth patterns of plants and trees frequentlycan be described by Fibonacci numbers.
 c. Pascal’s triangle is a triangle of numbers withmany patterns. One pattern enables each row tobe obtained from the previous row.
 d. An arithmetic sequence is a sequence in whicheach term is obtained by adding a common dif-ference to the previous term.
 e. A geometric sequence is a sequence in whicheach term is obtained by multiplying the previousterm by a common ratio.
 f. The numbers in the sequence 1, 3, 6, 10, 15, 21,. . . are called triangular numbers.
 g. Finite differences is a method of finding patternsby computing differences of consecutive terms.
 4. Inductive Reasoninga. Inductive reasoning is the process of forming
 conclusions on the basis of observations, pat-terns, or experiments.
 b. A counterexample is an example that shows thata statement is false.
 5. Variablesa. A letter or symbol that is used to denote an un-
 known number is called a variable.b. An expression containing algebraic symbols is
 called an algebraic expression.
 6. Equationsa. An equation is a sentence in which the verb is
 “equals” (�). It is a statement of the equality ofmathematical expressions. The following are ex-amples of equations; no variables, 17 � 5 � 22;and one variable, 15x � 3 � 48.
 b. To solve an equation means to find values for thevariable which make the equation true.
 c. Two equations that have exactly the same solu-tions are called equivalent equations.
 d. Properties of Equality(1) Addition or Subtraction Property of Equality:Add the same number to or subtract the samenumber from both sides of an equation.(2) Multiplication or Division Property of Equal-ity: Multiply or divide both sides of an equationby the same nonzero number.(3) Simplification: Replace an expression in anequation by an equivalent expression.
 7. Inequalitiesa. An inequality is a sentence that contains , �,
 , �, or �. It is a statement of the inequalities ofmathematical expressions. The following are ex-amples of inequalities: no variables, 12 50; andone variable, 13x � 5 � 28.
 b. To solve an inequality means to find all the val-ues for the variable that make the inequality true.
 c. Two inequalities that have exactly the same solu-tions are called equivalent inequalities.
 d. Properties of Inequality(1) Addition or Subtraction Property of Inequal-ity: Add the same number to or subtract the samenumber from both sides of an inequality.(2) Multiplication or Division Property of Equal-ity: Multiply or divide both sides of an inequalityby the same nonzero number; and if this numberis negative, reverse the inequality sign.(3) Simplification: Replace an expression in aninequality by an equivalent expression.
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54 CHAPTER 1 • Problem Solving
 C H A P T E R T E S T
 1. List Polya’s four steps in problem solving.
 2. List the eight problem-solving strategies that wereintroduced in this chapter.
 3. The numbers in the following sums were obtainedby using every other Fibonacci number (circled).
 1 1 2 3 5 8 13 21 34
 1 � 2 �1 � 2 � 5 �1 � 2 � 5 � 13 �1 � 2 � 5 � 13 � 34 �
 Compute these sums. What is the relationship be-tween these sums and the Fibonacci numbers?
 4. What is the sum of numbers in row 9 of Pascal’s tri-angle, if row 2 has the numbers 1, 2, and 1?
 5. Find a pattern in the following sequences, and writethe next term.a. 1, 3, 9, 27, 81 b. 3, 6, 9, 12, 15c. 0, 6, 12, 18, 24 d. 1, 4, 9, 16, 25e. 3, 5, 11, 21, 35
 6. Classify each sequence in problem 5 as arithmetic,geometric, or neither.
 7. Use the method of finite differences to find the nextthree terms in each sequence.a. 1, 5, 14, 30, 55b. 2, 9, 20, 35
 8. What is the fifth number in each of the following se-quences of numbers?a. Triangular numbersb. Square numbersc. Pentagonal numbers
 9. Find a counterexample for this conjecture: The sumof any seven consecutive whole numbers is evenlydivisible by 4.
 10. Determine the number of chips needed for each boxin order for the beam to stay in the given position.
 a.
 b.
 11. Solve each equation.a. 3(x � 40) � x � 16b. 4x � 18 � 2(441 � 34x)
 12. Solve each inequality.a. 7x � 3 52 � 2xb. 6x � 46 79 � 4x
 13. Name the property of equality or inequality used toobtain the new expression in each step.a. 15x � 217 � 2x � 17
 15x � 217 � 2x � 2x � 17 � 2x (step 1)13x � 217 � 17 (step 2)
 13x � 217 � 217 � 17 � 217 (step 3)13x � 234 (step 4)
 (step 5)
 x � 5 (step 6)
 b. 38x 5(23 � 3x)38x 115 � 15x (step 1)
 38x � 15x 115 � 15x � 15x (step 2)23x 115 (step 3)
 (step 4)
 x 5 (step 5)
 Solve problems 14 through 19, and identify the strategyor strategies you use.
 14. A 2000-foot-long straight fence has posts that are set10 feet on center; that is, the distance between thecenters of two adjacent poles is 10 feet. If the fencebegins with a post and ends with a post, determinethe number of posts in the entire fence.
 15. In a game of chips, Pauli lost half her chips in thefirst round, won 50 chips, then lost half her total,and finally won 80 chips. She finished with 170chips. How many chips did she have at the begin-ning of the game?
 23x23
 11523
 13x13
 �23413
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16. The following tower has 5 tiles along its base and 5rows of tiles. How many tiles will be required tobuild a tower like this with 25 tiles along its baseand 25 rows of tiles? Write an algebraic expressionfor the number of tiles in a tower with n tiles alongits base and n rows of tiles.
 17. Shown below are the first three squares in a pattern.Each square has one more dot on each side than theprevious square.
 a. How many dots are there in the fourth square?b. How many dots are there in the 50th square?c. Write an algebraic expression for the number of
 dots in the nth square.
 18. There are 78 people around a table. Each personshakes hands with the people to his or her immedi-ate right and left. How many handshakes takeplace? Write an algebraic expression for the numberof handshakes, if there are n people around thetable.
 19. Two men and two boys want to cross a river, using asmall canoe. The canoe can carry two boys or oneman. What is the least number of times the canoemust cross the river to get everyone to the otherside?
 20. Find a pattern to extend the following figures oftiles.a. How many tiles will there be in the 5th figure?
 The 150th figure?b. Write an algebraic expression for the number of
 tiles in the nth figure.
 4th
 1st 2d 3d
 4 8 12
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