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04/14
 Elliptic genera, mock modular forms and applications : notes for a discussion
 Jan Troost
 based on work with Sujay Ashok, Nima Doroud, Amit Giveon, Nissan Itzhaki and Suresh Nampuri
 Chennai
 as well as work by you
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Motivation
 • Can we compute a new exact spectrum of a superconformal theory in two dimensions (using its newly found elliptic genus, say) ?
 • Can we find mock modular forms unknown to mathematicians, and of interest to them ?
 • To what extent are mock modular forms useful in D-brane bound state counting, algebraic geometry, .. ?
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Broader Context
 Holography is an important and general property of quantum gravity.
 Examples in other non-compact space-times then anti-deSitter space ?
 Applications are even broader: e.g. (S)QCD

Page 4
                        

A quantum theory of gravity : string theory
 Perturbative string theory : described in terms of two-dimensional conformal field theories on the world sheet of the string
 Non-compact curved target spaces will lead to interacting two-dimensional conformal field theories with continuous spectrum
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Road map : under construction
 A weighted trace in supersymmetric quantum mechanics
 Elliptic genera in supersymmetric two-dimensional CFTs
 Examples and Applications
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Supersymmetric Quantum Mechanics
 A weighted trace :
 Saclay seminar 26-03-2010
 Based on work by Amir-Kian Kashani-Poor and Jan Troost
 November 17, 2013
 Abstract
 We discuss the toroidal one-point block
 1 More formulas for elliptic genera talk
 Tr (!1)F e!!H = (1.1)
 2 Formulas
 c = 13 + 6!1!2
 + 6!2!1
 hm =c ! 124
 ! m2
 !1!2q = e2"i#
 h =c ! 124
 ! a2
 !1!2
 "Vhm## =!
 h
 Fhhm
 (q)Fhhm
 (q̄)Chhm,h (2.1)
 F = exp!
 n+g>1
 F (n,g)(!1 + !2)2n(!1!2)g!1 (2.2)
 1
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Unpaired Ground State(s)
 Difference in Spectral Densities
 Spectrum (containing continuum)
 Bosons Fermions
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Saclay seminar 26-03-2010
 Based on work by Amir-Kian Kashani-Poor and Jan Troost
 November 17, 2013
 Abstract
 We discuss the toroidal one-point block
 1 More formulas for elliptic genera talk
 Tr (!1)F e!!H = (1.1)
 2 Formulas
 c = 13 + 6!1!2
 + 6!2!1
 hm =c ! 124
 ! m2
 !1!2q = e2"i#
 h =c ! 124
 ! a2
 !1!2
 "Vhm## =!
 h
 Fhhm
 (q)Fhhm
 (q̄)Chhm,h (2.1)
 F = exp!
 n+g>1
 F (n,g)(!1 + !2)2n(!1!2)g!1 (2.2)
 1
 Saclay seminar 26-03-2010
 Based on work by Amir-Kian Kashani-Poor and Jan Troost
 November 17, 2013
 Abstract
 We discuss the toroidal one-point block
 1 More formulas for elliptic genera talk
 Tr (!1)F e!!H =
 = Nbosground ! N ferm
 ground
 +!
 contdE(!bos ! !ferm)e!!E (1.1)
 2 Formulas
 c = 13 + 6"1"2
 + 6"2"1
 hm =c ! 124
 ! m2
 "1"2q = e2"i#
 h =c ! 124
 ! a2
 "1"2
 "Vhm## ="
 h
 Fhhm
 (q)Fhhm
 (q̄)Chhm,h (2.1)
 F = exp"
 n+g>1
 F (n,g)("1 + "2)2n("1"2)g!1 (2.2)
 1
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Saclay seminar 26-03-2010
 Based on work by Amir-Kian Kashani-Poor and Jan Troost
 November 17, 2013
 Abstract
 We discuss the toroidal one-point block
 1 More formulas for elliptic genera talk
 Tr (!1)F e!!H =
 = Nbosground ! N ferm
 ground
 +!
 contdE(!bos ! !ferm)e!!E
 !bos ! !ferm =d
 dplog
 RbosRferm
 (1.1)
 2 Formulas
 c = 13 + 6"1"2
 + 6"2"1
 hm =c ! 124
 ! m2
 "1"2q = e2"i#
 h =c ! 124
 ! a2
 "1"2
 "Vhm## ="
 h
 Fhhm
 (q)Fhhm
 (q̄)Chhm,h (2.1)
 F = exp"
 n+g>1
 F (n,g)("1 + "2)2n("1"2)g!1 (2.2)
 1
 The asymptotic supercharge determines
 the difference in spectral densities
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interaction region
 Fermions
 Bosons
 asymptotic supercharge
 from one dimension to two dimensions
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Elliptic genera
 Saclay seminar 26-03-2010
 Based on work by Amir-Kian Kashani-Poor and Jan Troost
 November 17, 2013
 Abstract
 We discuss the toroidal one-point block
 1 More formulas for elliptic genera talk
 Tr (!1)F e!!H =
 = Nbosground ! N ferm
 ground
 +!
 contdE(!bos ! !ferm)e!!E
 !bos ! !ferm =d
 dplog
 RbosRferm
 (1.1)
 "(q, z) = Tr (!1)F qL0! c24 q̄L̄0! c
 24 zQ (1.2)
 2 Formulas
 c = 13 + 6#1#2
 + 6#2#1
 hm =c ! 124
 ! m2
 #1#2q = e2"i#
 h =c ! 124
 ! a2
 #1#2
 "Vhm## ="
 h
 Fhhm
 (q)Fhhm
 (q̄)Chhm,h (2.1)
 F = exp"
 n+g>1
 F (n,g)(#1 + #2)2n(#1#2)g!1 (2.2)
 1
 A non-compact elliptic genusJussieu Journal Club 23/11/2010
 Based on work by Jan Troost
 March 15, 2011
 Abstract
 I will start with a brief review of the elliptic genus of compact minimal models. I willmotivate the study of the elliptic genus of a non-compact model, and will lay bare the physicalorigin of a holomorphic anomaly in the elliptic genus that guarantees its modularity. The linkbetween mock and modular forms is made through the evaluation of a regularized path integral.
 1 Formulas for the Crete talk
 !(q, z, y) = Trperiodic(!1)F+F̃ qL0! c24 q̄L̃0! c
 24 zJR0 yQ (1.1)
 !min(q, z, 1) = z!(k!2)/2(k!1) 1! z
 1! z1/(k!1)
 "!
 n=1
 (1! zqn)(1 + zqn)(1! z1/(k!1)qn)(1 + z1/(k!1)qn)
 q = e2!i" (1.2)
 u = s1" + s2
 z = e2!i# (1.3)
 y = e2!i$ (1.4)
 Zgroup(u, ") ="
 k#"
 "2
 e2!(Imu)2
 "2
 |$11
 "", u! #
 k + 1#|2
 (1.5)
 Zco-exact(u, ") ="
 k"
 "2|%(")|2$
 m,n#Ze!
 !k"2
 |(w+s1)"+(m+s2)|2 (1.6)
 Zferm(u, ") =1#
 %e!i2!s1(s2+
 #(k+1)k !$)e!2! (Imu)2
 2"2$11(", u! #(k+1)
 k + &)%(")
 &# (1.7)
 'ei2!s1(s2+ #
 k!$)e!2! (Imu)22"2
 $11("̄ , u! #k + &)
 %("̄)
 (
 =1#
 e!i2!s1#e!2! (Imu)2"2
 $11(", u! #(k+1)k + &)$11("̄ , u! #
 k + &)|%(")|2 . (1.8)
 1
 Shape of the torus
 A non-compact elliptic genusJussieu Journal Club 23/11/2010
 Based on work by Jan Troost
 March 15, 2011
 Abstract
 I will start with a brief review of the elliptic genus of compact minimal models. I willmotivate the study of the elliptic genus of a non-compact model, and will lay bare the physicalorigin of a holomorphic anomaly in the elliptic genus that guarantees its modularity. The linkbetween mock and modular forms is made through the evaluation of a regularized path integral.
 1 Formulas for the Crete talk
 !(q, z, y) = Trperiodic(!1)F+F̃ qL0! c24 q̄L̃0! c
 24 zJR0 yQ (1.1)
 !min(q, z, 1) = z!(k!2)/2(k!1) 1! z
 1! z1/(k!1)
 "!
 n=1
 (1! zqn)(1 + zqn)(1! z1/(k!1)qn)(1 + z1/(k!1)qn)
 q = e2!i" (1.2)
 u = s1" + s2
 z = e2!i# (1.3)
 y = e2!i$ (1.4)
 Zgroup(u, ") ="
 k#"
 "2
 e2!(Imu)2
 "2
 |$11
 "", u! #
 k + 1#|2
 (1.5)
 Zco-exact(u, ") ="
 k"
 "2|%(")|2$
 m,n#Ze!
 !k"2
 |(w+s1)"+(m+s2)|2 (1.6)
 Zferm(u, ") =1#
 %e!i2!s1(s2+
 #(k+1)k !$)e!2! (Imu)2
 2"2$11(", u! #(k+1)
 k + &)%(")
 &# (1.7)
 'ei2!s1(s2+ #
 k!$)e!2! (Imu)22"2
 $11("̄ , u! #k + &)
 %("̄)
 (
 =1#
 e!i2!s1#e!2! (Imu)2"2
 $11(", u! #(k+1)k + &)$11("̄ , u! #
 k + &)|%(")|2 . (1.8)
 1
 U(1) (R) chemical potential
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The elliptic genus is defined as a twisted path integral on the torus.
 Large diffeomorphisms make up the modular group SL(2,Z)
 The complete twisted partition function is modular.
 Modularity
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When we concentrate on right-moving primaries
 the elliptic genus computes the Witten index of a supersymmetric quantum mechanics with a continuous part to its spectrum.
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Right-moving primaries
 Unpaired Ground States
 Difference in Spectral Densities
 Mock modular
 Non-Hol
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A few models
 Minimal model
 Gauged linear sigma models containing Stückelberg fields
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Localization in minimal model
 Consider a (2,2) Landau-Ginzburg model of one chiral superfield in two dimensions
 with (compactifying) superpotential
 Given the R-charge of the superspace coordinates, one decides that the R-charge
 Saclay seminar 26-03-2010
 Based on work by Amir-Kian Kashani-Poor and Jan Troost
 November 24, 2013
 Abstract
 We discuss the toroidal one-point block
 1 More formulas for elliptic genera talk
 Tr (!1)F e!!H =
 = Nbosground ! N ferm
 ground
 +!
 contdE(!bos ! !ferm)e!!E
 !bos ! !ferm =d
 dplog
 RbosRferm
 (1.1)
 "(q, z) = Tr (!1)F qL0! c24 q̄L̄0! c
 24 zQ (1.2)
 W = # !k (1.3)
 2 Formulas
 c = 13 + 6$1$2
 + 6$2$1
 hm =c ! 124
 ! m2
 $1$2q = e2"i#
 h =c ! 124
 ! a2
 $1$2
 "Vhm## ="
 h
 Fhhm
 (q)Fhhm
 (q̄)Chhm,h (2.1)
 F = exp"
 n+g>1
 F (n,g)($1 + $2)2n($1$2)g!1 (2.2)
 1
 Saclay seminar 26-03-2010
 Based on work by Amir-Kian Kashani-Poor and Jan Troost
 November 24, 2013
 Abstract
 We discuss the toroidal one-point block
 1 More formulas for elliptic genera talk
 Tr (!1)F e!!H =
 = Nbosground ! N ferm
 ground
 +!
 contdE(!bos ! !ferm)e!!E
 !bos ! !ferm =d
 dplog
 RbosRferm
 (1.1)
 "(q, z) = Tr (!1)F qL0! c24 q̄L̄0! c
 24 zQ (1.2)
 W = # !k (1.3)
 2 Formulas
 c = 13 + 6$1$2
 + 6$2$1
 hm =c ! 124
 ! m2
 $1$2q = e2"i#
 h =c ! 124
 ! a2
 $1$2
 "Vhm## ="
 h
 Fhhm
 (q)Fhhm
 (q̄)Chhm,h (2.1)
 F = exp"
 n+g>1
 F (n,g)($1 + $2)2n($1$2)g!1 (2.2)
 1
 Saclay seminar 26-03-2010
 Based on work by Amir-Kian Kashani-Poor and Jan Troost
 November 24, 2013
 Abstract
 We discuss the toroidal one-point block
 1 More formulas for elliptic genera talk
 Tr (!1)F e!!H =
 = Nbosground ! N ferm
 ground
 +!
 contdE(!bos ! !ferm)e!!E
 !bos ! !ferm =d
 dplog
 RbosRferm
 (1.1)
 "(q, z) = Tr (!1)F qL0! c24 q̄L̄0! c
 24 zQ (1.2)
 W = # !k (1.3)
 2 Formulas
 c = 13 + 6$1$2
 + 6$2$1
 hm =c ! 124
 ! m2
 $1$2q = e2"i#
 h =c ! 124
 ! a2
 $1$2
 "Vhm## ="
 h
 Fhhm
 (q)Fhhm
 (q̄)Chhm,h (2.1)
 F = exp"
 n+g>1
 F (n,g)($1 + $2)2n($1$2)g!1 (2.2)
 1
 Saclay seminar 26-03-2010
 Based on work by Amir-Kian Kashani-Poor and Jan Troost
 November 24, 2013
 Abstract
 We discuss the toroidal one-point block
 1 More formulas for elliptic genera talk
 Tr (!1)F e!!H =
 = Nbosground ! N ferm
 ground
 +!
 contdE(!bos ! !ferm)e!!E
 !bos ! !ferm =d
 dplog
 RbosRferm
 (1.1)
 "(q, z) = Tr (!1)F qL0! c24 q̄L̄0! c
 24 zQ (1.2)
 W = # !k (1.3)1k
 (1.4)
 2 Formulas
 c = 13 + 6$1$2
 + 6$2$1
 hm =c ! 124
 ! m2
 $1$2q = e2"i#
 h =c ! 124
 ! a2
 $1$2
 "Vhm## ="
 h
 Fhhm
 (q)Fhhm
 (q̄)Chhm,h (2.1)
 F = exp"
 n+g>1
 F (n,g)($1 + $2)2n($1$2)g!1 (2.2)
 1
 of the field needs to be .
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The fermionic and bosonic components of the superfield differ in (left-moving) R-charge by one
 Take the superpotential coupling to zero
 Find :
 Saclay seminar 26-03-2010
 Based on work by Amir-Kian Kashani-Poor and Jan Troost
 November 28, 2013
 Abstract
 We discuss the toroidal one-point block
 1 More formulas for elliptic genera talk
 Tr (!1)F e!!H =
 = Nbosground !N ferm
 ground
 +!
 contdE(!bos ! !ferm)e!!E
 !bos ! !ferm =d
 dplog
 RbosRferm
 (1.1)
 "(q, z) = Tr (!1)F qL0! c24 q̄L̄0! c
 24 zQ (1.2)
 W = # !k (1.3)1k
 (1.4)
 "mm =$1(q, z
 1k!1)
 $1(q, z1k )
 (1.5)
 "trumpet + "mm,!k + "cigar = 0 (1.6)
 "N (q, z, e2"i!i) =
 k
 ! +"
 !"
 N"
 i=1
 #$11(s1% + s2 ! &! N#
 k + 'i)$11(s1% + s2 ! N#
 k + 'i)
 $e!
 !k"2
 |s1$+s2|2 (1.7)
 2 Formulas
 c = 13 + 6(1(2
 + 6(2(1
 hm =c! 124
 ! m2
 (1(2q = e2"i$
 h =c! 124
 ! a2
 (1(2
 1
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Localization in Stückelberg GLSM
 The cigar conformal field theory
 IR :
 It has central charge
 A non-compact elliptic genusJussieu Journal Club 23/11/2010
 Based on work by Jan Troost
 March 21, 2011
 Abstract
 I will start with a brief review of the elliptic genus of compact minimal models. I willmotivate the study of the elliptic genus of a non-compact model, and will lay bare the physicalorigin of a holomorphic anomaly in the elliptic genus that guarantees its modularity. The linkbetween mock and modular forms is made through the evaluation of a regularized path integral.
 1 Formulas for the Crete talk
 c = 3 +6k
 (1.1)
 F (1.2)F̃ (1.3)
 L0 (1.4)L̃0 (1.5)JR
 0 (1.6)Q (1.7)
 (1.8)
 !(q, z, y) = Trperiodic(!1)F+F̃ qL0! c24 q̄L̃0! c
 24 zJR0 yQ (1.9)
 !min(q, z, 1) = z!(k!2)/2(k!1) 1! z
 1! z1/(k!1)
 "!
 n=1
 (1! zqn)(1 + zqn)(1! z1/(k!1)qn)(1 + z1/(k!1)qn)
 q = e2!i" (1.10)
 u = s1" + s2
 z = e2!i# (1.11)
 y = e2!i$ (1.12)
 "(1.13)
 ! (1.14)
 1
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There is a continuous spectrum of modes which travel in from infinity, reflect off the tip of the cigar. They are in long multiplets.
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There are bound states, localized near the tip. They live in short multiplets.

Page 21
                        

There is a UV Gauged Linear Sigma Model
 that flows in the infrared
 to the cigar conformal field theory
 Flow

Page 22
                        

U(1) gauge theory with (2,2) supersymmetry
 1 vector multiplet
 1 charged chiral superfield
 1 Stückelberg field
 BroutEnglert Higgs
 1 charged chiral superfield,holonomies of the gauge field,zero modes of the Stückelberg field
 GLSM
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A finite dimensional integral over the holonomies.
 !(",#, $) = k
 ! 1
 0ds1,2
 "
 m,w!Z
 %11(s1" + s2 ! #k+1k + $, ")
 %11(s1" + s2 ! !k + $, ")
 e2"i!w (1.10)
 e"k!"2
 |(m+s2)+(w+s1)# |2 (1.11)
 2 Introduction
 We start out by discussing a compact elliptic genus, to recall its definition and various properties.One definition of the elliptic genus is as the trace over the Hilbert space of an N = 2
 superconformal field theory, weighted by the left and right (two-dimensional) fermion number,the left U(1)R charge and the conformal dimensions of the states:
 ! = TrR,R(!1)F zJR0 qL0" c
 24 q̄L̄0" c24 . (2.1)
 Under suitable conditions on the Hilbert space, the trace projects onto right-moving groundstates due to the factor (!1)FR and supersymmetry in the right-moving sector. An alternativedefinition is in terms of a combination of Dirac indices of a spin bundle on the target spacemanifold (if it exists), tensored with symmetrized and anti-symmetrized tangent space bundles.The elliptic genus can be argued to be independent of moduli.
 The compact example we discuss is a supersymmetric Landau-Ginzburg model, which isa (2, 2) supersymmetric field theory in two dimensions, with a chiral superfield ! dependingon four Grassmann coordinates, and with superpotential term
 #d2%!k in the action. In the
 infrared, the theory flows to an N = 2 superconformal field theory that is an N = 2 minimalmodel with central charge c = 3! 6
 k .The way to compute the elliptic index is by determining the U(1)R charge of the constituent
 complex boson and fermion in the chiral superfield !, via the invariance of the action in thepresence of the superpotential term. They turn out to have charge 1/(k ! 1) and 1 in somenormalization. The calculation can then be done in the free field limit (since the elliptic genusis independent of the coupling constant) and yields the result:
 !minimal = z"(k"2)/2(k"1) 1! z
 1! z1/(k"1)
 #$
 n=1
 (1! zqn)(1 + zqn)(1! z1/(k"1)qn)(1 + z1/(k"1)qn)
 . (2.2)
 The numerator gives the contribution of the charge 1 complex fermion, while the denominatorcorresponds to the charge 1/(k! 1) complex boson. We regularized the bosonic zero-mode suchthat ”half” of the zero-modes contribute to the elliptic genus (while the other half are taken toannihilate the vacuum).
 The final result is a ratio of theta-functions which has nice modular properties. It it a Jacobiform. This can be shown to be the case on general grounds (by factoring U(1)R).
 Moreover, it can be shown to correspond to the sum of Ramond characters of the N = 2superconformal minimal model:
 !minimal =(k"2)/2"
 j=0
 !R(j). (2.3)
 In fact, this was strong motivation for identifying the fixed point of LG models with the N = 2superconformal minimal model.
 2
 !(",#, $) = k
 ! 1
 0ds1,2
 "
 m,w!Z
 %11(s1" + s2 ! #k+1k + $, ")
 %11(s1" + s2 ! !k + $, ")
 e2"i!w (1.10)
 e"k!"2
 |(m+s2)+(w+s1)# |2 (1.11)
 2 Introduction
 We start out by discussing a compact elliptic genus, to recall its definition and various properties.One definition of the elliptic genus is as the trace over the Hilbert space of an N = 2
 superconformal field theory, weighted by the left and right (two-dimensional) fermion number,the left U(1)R charge and the conformal dimensions of the states:
 ! = TrR,R(!1)F zJR0 qL0" c
 24 q̄L̄0" c24 . (2.1)
 Under suitable conditions on the Hilbert space, the trace projects onto right-moving groundstates due to the factor (!1)FR and supersymmetry in the right-moving sector. An alternativedefinition is in terms of a combination of Dirac indices of a spin bundle on the target spacemanifold (if it exists), tensored with symmetrized and anti-symmetrized tangent space bundles.The elliptic genus can be argued to be independent of moduli.
 The compact example we discuss is a supersymmetric Landau-Ginzburg model, which isa (2, 2) supersymmetric field theory in two dimensions, with a chiral superfield ! dependingon four Grassmann coordinates, and with superpotential term
 #d2%!k in the action. In the
 infrared, the theory flows to an N = 2 superconformal field theory that is an N = 2 minimalmodel with central charge c = 3! 6
 k .The way to compute the elliptic index is by determining the U(1)R charge of the constituent
 complex boson and fermion in the chiral superfield !, via the invariance of the action in thepresence of the superpotential term. They turn out to have charge 1/(k ! 1) and 1 in somenormalization. The calculation can then be done in the free field limit (since the elliptic genusis independent of the coupling constant) and yields the result:
 !minimal = z"(k"2)/2(k"1) 1! z
 1! z1/(k"1)
 #$
 n=1
 (1! zqn)(1 + zqn)(1! z1/(k"1)qn)(1 + z1/(k"1)qn)
 . (2.2)
 The numerator gives the contribution of the charge 1 complex fermion, while the denominatorcorresponds to the charge 1/(k! 1) complex boson. We regularized the bosonic zero-mode suchthat ”half” of the zero-modes contribute to the elliptic genus (while the other half are taken toannihilate the vacuum).
 The final result is a ratio of theta-functions which has nice modular properties. It it a Jacobiform. This can be shown to be the case on general grounds (by factoring U(1)R).
 Moreover, it can be shown to correspond to the sum of Ramond characters of the N = 2superconformal minimal model:
 !minimal =(k"2)/2"
 j=0
 !R(j). (2.3)
 In fact, this was strong motivation for identifying the fixed point of LG models with the N = 2superconformal minimal model.
 2
 Result
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Modularity and Ellipticity of the elliptic genus Jacobi form
 Zco-exact =!
 k!
 !2|"(!)|2!
 m,n!Ze"
 !k"2
 |(w+s1)!+(m+s2)|2 (1.14)
 Zferm =1#
 e"i2"s1#e"2" (Imu)2"2
 $11(!, u" #(k+1)k + %)$11(!̄ , u" #
 k + %)|"(!)|2 . (1.15)
 Zghost = !2 |"(!)|4 (1.16)
 &(!,', %) = k
 " 1
 0ds1,2
 !
 m,w!Z
 $11(s1! + s2 " 'k+1k + %, !)
 $11(s1! + s2 " #k + %, !)
 e2"i#w (1.17)
 e"k!"2
 |(m+s2)+(w+s1)! |2 (1.18)
 &(! + 1, ', %) = &(!,', %)
 &("1!
 ,'
 !,%
 !) = e"i c
 3 #2/!"2"i#$/!&(!,', %)
 &(!,' + k, %) = ("1)c3 k&(!,', %)
 &(!,' + k!, %) = ("1)c3 ke""i c
 3 (k2!+2k#)e2"i$k&(!,', %)&(!,', % + 1) = &(!,', %)&(!,', % + !) = e2"i#&(!,', %) (1.19)
 &cos,hol =k"1!
 %=0
 1"3
 !
 m,w
 S"%"m+kw("1)mq(m! 1
 2 )2
 2 q"%w+kw2zm"1/2z"
 #k +2wy%"kw, (1.20)
 which is equal to:
 &cos,hol =!
 %!{0,...,k"1}
 !
 w
 i$11(!,')"3
 qkw2q"w%z2w" #
 k
 1" zqkw"%y%"kw (1.21)
 =1k
 !
 %,&!Zk
 e2!i#$
 ki$11(!,')
 "3
 !
 w!Z
 q(kw+#)2
 k z2 kw+#k
 1" z1k qw+ #
 k e2!i$
 k
 y"(%+kw) (1.22)
 where we made the periodicity in the variable ( manifest in the last line. The non-holomorphicremainder term can be rewritten as:
 &cos,rem = " 1)"3
 !
 m,n,w
 " +#"i'
 "#"i'
 ("1)mds
 2is + n + kwq
 (m!1/2)22 zm" 1
 2 ynqs2k + (n!kw)2
 4k zkw!n
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 We see that asymptotically, the global U(1) symmetry has the interpretation of measuringangular momentum on the cigar coset.
 2
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The integral over one holonomy is trivial.
 The integration over the second holonomy is trivialized by the introduction of an integral over the radial momentum on the cigar.
 Finding the mock modular form
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Radial Momentum Complex Plane
 Im
 Re
 Path Integral Contour
 Continuous Spectrum
 Bound States
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Pole / right-moving ground state contributions :
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 We see that asymptotically, the global U(1) symmetry has the interpretation of measuringangular momentum on the cigar coset.
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The path integral result is a mock modular form (which is a generalized Appell-Lerch sum), plus a modular completion.
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We obtain a contribution to the genus from the difference in spectral densities between right-moving bosonic and fermionic primaries:
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Generalization to N chiral fields (and a single Stückelberg field)
 Mock modular forms, completions.
 Saclay seminar 26-03-2010
 Based on work by Amir-Kian Kashani-Poor and Jan Troost
 November 27, 2013
 Abstract
 We discuss the toroidal one-point block
 1 More formulas for elliptic genera talk
 Tr (!1)F e!!H =
 = Nbosground !N ferm
 ground
 +!
 contdE(!bos ! !ferm)e!!E
 !bos ! !ferm =d
 dplog
 RbosRferm
 (1.1)
 "(q, z) = Tr (!1)F qL0! c24 q̄L̄0! c
 24 zQ (1.2)
 W = # !k (1.3)1k
 (1.4)
 "mm =$1(q, z
 k!1k )
 $1(q, z1k )
 (1.5)
 "trumpet + "mm,!k + "cigar = 0 (1.6)
 "N (q, z, e2"i!i) =
 k
 ! +"
 !"
 N"
 i=1
 #$11(s1% + s2 ! &! N#
 k + 'i)$11(s1% + s2 ! N#
 k + 'i)
 $e!
 !k"2
 |s1$+s2|2 (1.7)
 2 Formulas
 c = 13 + 6(1(2
 + 6(2(1
 hm =c! 124
 ! m2
 (1(2q = e2"i$
 h =c! 124
 ! a2
 (1(2
 1
 Saclay seminar 26-03-2010
 Based on work by Amir-Kian Kashani-Poor and Jan Troost
 November 27, 2013
 Abstract
 We discuss the toroidal one-point block
 1 More formulas for elliptic genera talk
 Tr (!1)F e!!H =
 = Nbosground !N ferm
 ground
 +!
 contdE(!bos ! !ferm)e!!E
 !bos ! !ferm =d
 dplog
 RbosRferm
 (1.1)
 "(q, z) = Tr (!1)F qL0! c24 q̄L̄0! c
 24 zQ (1.2)
 W = # !k (1.3)1k
 (1.4)
 "mm =$1(q, z
 k!1k )
 $1(q, z1k )
 (1.5)
 "trumpet + "mm,!k + "cigar = 0 (1.6)
 "N (q, z, e2"i!i) =
 k
 ! +"
 !"
 N"
 i=1
 #$11(s1% + s2 ! &! N#
 k + 'i)$11(s1% + s2 ! N#
 k + 'i)
 $e!
 !k"2
 |s1$+s2|2 (1.7)
 2 Formulas
 c = 13 + 6(1(2
 + 6(2(1
 hm =c! 124
 ! m2
 (1(2q = e2"i$
 h =c! 124
 ! a2
 (1(2
 1

Page 31
                        

Applications
 Example : wound bound states of strings near NS5-branes wrapped on two-sphere are counted by N=2 formula.
 which illustrates a more general phenomenon
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Counting wound bound states
 a radial direction
 Shrinking circle fiber
 Gives rise to a binding potential in the quantum mechanics arising from Scherk-Schwarz reductionof the 1+1 dimensional sigma-model
 The genus corresponds to an infinite set of Witten indices.
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Mirror symmetry of Landau-Ginzburg models / non-compact Calabi-Yau manifolds beyond the short multiplet sector.
 Elliptic genera of orbifolds of tensor products (including compact elliptic genera) to generate an even larger class of completions of mock modular forms. CFT tensor product defines natural multiplication (ring structure) on space of completed ‘mock modular forms’.
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The black hole interior and a curious sum rule
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Interpretation ?
 Saclay seminar 26-03-2010
 Based on work by Amir-Kian Kashani-Poor and Jan Troost
 November 25, 2013
 AbstractWe discuss the toroidal one-point block
 1 More formulas for elliptic genera talk
 Tr (!1)F e!!H =
 = Nbosground ! N ferm
 ground
 +!
 contdE(!bos ! !ferm)e!!E
 !bos ! !ferm =d
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 beyond between outside
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Another Lesson for Black Holes
 If the tip of the Euclidean Schwarschild black hole is special, then the tip of the Euclidean non-extremal NS5-brane background may be special too.
 Is it special in string theory even when the curvature is small ?
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Saclay seminar 26-03-2010
 Based on work by Amir-Kian Kashani-Poor and Jan Troost
 March 1, 2014
 Abstract
 We discuss the toroidal one-point block
 1 More formulas for elliptic genera talk
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 1
 In the infinite level limit of the cigar,the linear dilaton becomes of zero slope.
 The curvature at the tip vanishes.
 Yet :
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The states giving rise to the holomorphic contribution are winding states at string scale distance from the tip.
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The phenomenon we observe is universal :
 The asymptotic supercharge is momentum dependent, giving rise to a mismatch in spectral densities.
 Modularity (in world sheet string theory) enforces a discrete state contribution.
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Apply to :
 Euclidean Schwarzschild.
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Open Problems
 D-brane bound state counting: modularity postulated for consistency with duality. A first principle derivation would give evidence for duality.
 Further modeling of known and unknown mock modular forms.
 Extract black hole physics.
 Full spectra of CFTs.
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Did mock modular forms help in understanding AdS3 / CFT 2 (yet) ?
 (See e.g. the ideas in DMZ.)
 What selects mock modular forms useful in number theory ?
 (E.g. p(5n+4)=0 (mod 5).)
 Questions (1)

Page 43
                        

Questions (II)
 Models (CFTs) for all known mock modular forms(Which is your favorite one ?)
 The elliptic genus of Atiyah-Hitchin space (conjecture known)
 The elliptic genus of Euclidean Taub-NUT (part of the answer known)
 Mock modular space-time indices
 Is the tensor product ring structure acceptable ?
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An answer ? (III)
 Modular completed elliptic genera code the Dirac indices of (anti-)symmetrized tensor products of tangent bundles in the interior of the geometry
 as well as the dimensions of (anti-)symmetrized tensor products of tangent bundles on the asymptotic geometry
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