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Goals
 Most information taken from ”Lambda Calculi with Types” by HenkBarendregt.
 Two Goals:
 1 All computable functions are λ-definable.
 2 Undecidability of λ-Calculus.
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Church numerals
 Definition.
 1 F n(M) with n ∈ N (the set of natural numbers) and F ,M ∈ Λ, isdefined inductively as follows:
 F 0(M) ≡ M;
 F n+1M ≡ F (F n(M)).
 2 The Church numerals c0, c1, c2, ...are defined by
 cn ≡ λfx .f n(x).
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Functions represented in Church’s numerals
 Functions plus, times and exponentiation on N can be represented in theλ-calculus using Church’s numerals.Definition.
 A+ ≡ λxypq.xp(ypq);
 A∗ ≡ λxyz .x(yz);
 Aexp ≡ λxy .yx .
 We have for all n,m ∈ N1 A+cncm = cn+m.
 2 A∗cncm = cn∗m.
 3 Aexpcncm = cnm , (m ≥ 1).
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Functions represented in Church’s numerals
 Proof.
 A+cncm ≡ (λxypq.xp(ypq))cncm
 = λpq.cnp(cmpq)
 = λpq.cnp(pmq)
 = λpq.pn(pmq)
 = λpq.pn+mqα≡ λfx .f n+mx
 ≡ cn+m
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Boolean functions represented in λ− calculus
 Boolean truth values and a conditional can be represented in theλ− calculus.Definition (Booleans, conditional).
 1 true ≡ λxy .x , false ≡ λxy .y .
 2 if B then P else Q ≡ BPQIndeed, truePQ = P and falsePQ = Q.
 Definition (Pairing). For M,N ∈ Λ write
 [M,N] ≡ λz .zMN. (≡ λz .if z then M else N)
 Then[M,N]true = M
 [M,N]false = N
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λ-definability
 and hence [M,N] can serve as an ordered pair. We use this pairingconstruction for defining primitive recursion later.Definition.
 1 A numeric function is a map f : Nk → N for some k.
 2 A numeric function f with p arguments is called λ-definable if onehas for some combinator F
 Fcn1 ...cnk= cf (n1,...,nk ) (1)
 for all (n1, ..., nk) ∈ N. If (1) holds, then f is said to be λ− definedby F .
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representable ⇔ computable
 In the following we prove that every computable function can berepresented by a λ-term.
 Definition.A function is computable iff it can be computed by a Turing machine.
 Remark.According to the Church-Turing thesis this notion of computabilitycoincide with the informal notion of computability.
 Theorem.A function f: Nk → N is computable iff it is representable by a λ-term.
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representable ⇒ computable
 Proof. ”representable ⇒ computable”:Lemma (consequence of the Church-Rosser Theorem).
 M = ck ,M = ck ′ ⇒ k = k′
 Assume M represented by f:We have inputs n1, ..., nk .Do: check all terms N, Mcn1 ...cnk
 = N.Stop: if N = cm.Output: mProposition. given n1, ..., nk .
 1 Algorithm terminates with some output m.
 2 f (n1, ..., nk) = m.
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representable ⇒ computable
 Proof.
 1 Since M is represented by f, we have:
 Mcn1 ...cnk= cf (n1,...,nk )
 Hence, there is a number m such that:
 Mcn1 ...cnk= cm
 Therefore, the algorithm terminate.
 2
 Mcn1 ...cnk= cm
 Mcn1 ...cnk= cf (n1,...,nk )
 }⇒ f (n1, ..., nk) = m
 () Lambda Definability October 23, 2007 10 / 29
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computable ⇒ representable
 Proof. ”computable ⇒ representable”.
 Definition. The µ-recursive functions are total functions that take finitetuples of natural numbers and return a single natural number. They arethe smallest class of total functions that includes the initial functions andis closed under composition, primitive recursion and minimalization.
 Proposition. A function is computable iff it is µ-recursive.
 Definition. µ-recursive functions are precisely the functions that can becomputed by Turing machines.
 Therefore, in order to show that all computable functions areλ-representable. It suffices to show that the initial function areλ-representable and the λ-representable functions are closed undercomposition, primitive recursion, and minimalization.
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The initial functions are λ-definableLemma. The initial functions are λ-definable.
 Proof. The initial functions are the numeric functions U ir ,S
 +,Z definedby:
 U ir (x1, ..., xr ) = xi , (1 ≤ i ≤ r)
 S+(n) = n + 1
 Z (n) = 0
 (Be careful! the function names is different from the representation termname) Define the terms as following:
 Uir ≡ λx1 · · · xr .xi
 S+ ≡ λxyz .y(xyz)
 Z ≡ λx .c0
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The initial functions are λ-definableWe easily see
 Uir(cn1 ...cnr ) ≡ (λx1 · · · xr .xi )(cn1 ...cnr );
 = cni
 S+cn ≡ (λxyz .y(xyz))cn
 = λyz .y(cnyz)
 = λyz .y(ynz)
 = λyz .yn+1z
 ≡ cn+1
 Zcn ≡ (λx .c0)cn
 = c0
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The λ-definable functions are closed under composition
 Definition. Composition, also called substitution takes a functiong(n1, ..., nm)and functions hi (n1, ..., nk) for each i with 1 ≤ i ≤ m. andreturns the functionf : Nk → Nf (n1, ..., nk) = g(h1(n1, ..., nk), ..., hm(n1, ..., nk))
 Lemma. The λ-definable functions are closed under composition.
 Proof. Let g , h1, ..., hm be λ-defined by G ,H1, ...,Hm respectively. Thismeans:
 g : Nm → N Gcn1 ...cnm = cg(n1,...,nm)
 h1 : Nk → N H1cn1 ...cnk= ch1(n1,...,nk )
 ......
 hm : Nk → N Hmcn1 ...cnk= chm(n1,...,nk )
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The λ-definable functions are closed under compositionThen
 f (n1, ..., nk) = g(h1(n1, ..., nk), ..., hm(n1, ..., nk))
 is λ-defined by
 F ≡ λ~x .G (H1~x)...(Hm~x)
 We have to show
 Fcn1 ...cnk= cf (n1,...,nk )
 Fcn1 ...cnk= G (H1cn1...cnk
 )...(Hmcn1 ...cnk)
 = Gch1(n1,...,nk )...chm(n1,...,nk )
 = cg(h1(n1,...,nk ),...,hm(n1,...,nk ))
 = cf (n1,...,nk )
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The λ-definable functions are closed under primitiverecursion
 Definition. A function f is defined by primitive recursive. From functiong and h if
 f (0,~n) = g(~n)
 f (k + 1,~n) = h(f (k,~n), k, n)
 Lemma. The λ-definable functions are closed under primitive recursion.
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The λ-definable functions are closed under primitiverecursion
 Proof. For simplicity, we assume there is no parameters ~n i.e
 f (0) = g
 f (k + 1) = h(f (k), k)
 Let f be defined as above. Assume g ∈ N and h : N2 → N are λ-definedby G and H.
 G = cg
 Hcmcn = ch(m,k)
 Hence, we have G = cf (0)
 () Lambda Definability October 23, 2007 17 / 29
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The λ-definable functions are closed under primitiverecursionConsider, T ≡ λp.[S+(p true),H(p false)(p true)]Then, for all k one has:
 T ([ck , cf (k)]) = [S+ck ,Hcf (k)ck ]
 = [ck+1, ch(f (k),k)]
 = [ck+1, cf (k+1)]
 By induction on k it follows that.
 [ck , cf (k)] = T k [c0, cf (0)]
 cf (k) = T k [c0, cf (0)]false
 cf (k) = ckT [c0, cf (0)]false
 () Lambda Definability October 23, 2007 18 / 29
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The λ-definable functions are closed under primitiverecursion
 f be λ-defined by.
 F ≡ λx .xT [c0,G ]false
 Fck = ckT [c0,G ]false
 = cf (k)
 () Lambda Definability October 23, 2007 19 / 29
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The λ-definable functions are closed under minimalization
 Lemma. The λ-definable functions are closed under minimalization.
 Proof. Let g be such that ∀~n ∃m g(~n,m) = 0, f be defined by
 f (~n) = µm[g(~n,m) = 0]
 where ~n = n1...nk and g is λ-defined by G .
 Definition. zero ≡ λn.n(true false)trueThen
 zero c0 = c0(true false)true
 = λfx .x(true false)true
 = true
 () Lambda Definability October 23, 2007 20 / 29
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The λ-definable functions are closed under minimalization
 zero cn+1 = cn+1(true false)true
 = λfx .f n+1x(true false)true
 = (true false)n+1true
 = true false((true false)ntrue)
 = false
 Recall the Corollary, there is a term H such that
 H~ny = if (zero(G~ny)) then y elseH~n(S+y)
 Set F = λ~x .H~xc0, c~n = cn1 ...cnk.
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The λ-definable functions are closed under minimalization
 Then F λ-defines f :
 Fc~n = Hc~nc0
 = c0, if Gc~nc0 = c0,
 = Hc~nc1 else;
 = c1, if Gc~nc1 = c0,
 = Hc~nc2 else;
 = c2, if ...
 = ...
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Undecidability of λ-Calculus
 Definition.
 1 Notation. v0 = v ; v (n+1) = v (n)′ .
 2 Let <,>: N2 → N be a computable pairing function. If
 (n1,m1) 6= (n2,m2) ⇒< n1,m1 >6=< n2,m2 >
 ∀k ∃(n,m)(< n,m >= k) i .e {< n,m > |n,m ∈ N} = N
 < n,m >=(n + m)(n + m + 1)
 2+ n
 3 NotationpMq := C](M)
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Undecidability of λ-Calculus
 Definition. Let A ⊆ Λ.
 1 A is closed under = if
 M ∈ A, λ ` M = N ⇒ N ∈ A
 2 A is non-trivial if A 6= ∅ and A 6= Λ
 3 A is decidable if ]A := {]M|M ∈ A} is decidable.
 Theorem. LetA ⊆ Λ be non-trivial and closed under =. Then A is notdecidable.
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Undecidability of λ-Calculus
 Proof.Definition.
 B = {M|MpMq ∈ A} (b)
 Suppose A is decidable, then we have B is decidable. B decidable ⇒]B ⊆ N is decidable.
 f (n) =
 {0 if n ∈ ]B1 if n /∈ ]B
 is computable. By the Representability Theorem, there is λ term F .s.t.∀n : Fcn = cf (n)
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Undecidability of λ-Calculus
 M ∈ B ⇒ ]M ∈ ]B⇒ f (]M) = 0
 ⇒ Fc]M = c0
 ⇒ FpMq = c0
 M /∈ B ⇒ ]M /∈ B⇒ f (]M) = 1
 ⇒ Fc]M = c1
 ⇒ FpMq = c1
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Undecidability of λ-Calculus
 Let M0 ∈ A,M1 /∈ A. We easily can find a G ∈ Λ such that,
 M ∈ B ⇒ GpMq = M1 /∈ A (1)
 M /∈ B ⇒ GpMq = M0 ∈ A (2)
 G can be defined as follows:
 G = λx .if zero(Fx) then M1 else M0
 Where zero ≡ λn.n(true false)true.Now it follows:
 G ∈ B ⇒(1) GpGq = M1 /∈ A ⇒(b) G /∈ B,
 G /∈ B ⇒(2) GpGq = M0 ∈ A ⇒(b) G ∈ B,
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Undecidability of λ-Calculus
 Let us have a look an application of the above Theorem. The Set
 A := {M|M = true}
 is not decidable.Proof.(1) The set is non-trivial.
 A 6= ∅ because, true ∈ A
 A 6= Λ because, false /∈ A
 true 6= false
 λxy .x 6= λxy .y (by Church − Rosser theorem)
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Undecidability of λ-Calculus
 (2) The set is closed under =, Let M ∈ A and M = N
 M ∈ A ⇒ M = trueM = N ⇒ N = true
 }⇒ N ∈ A
 By the above Theorem we know the set A := {M|M = true} is notdecidable.
 () Lambda Definability October 23, 2007 29 / 29



						
LOAD MORE                    

                                    


                
                    
                    
                                        
                

                

                        


                    

                                                    
                                Lambda calculus...Lambda calculus II 1 Lambda calculus Part II Lambda Calculi with Types Based on materials provided by H. Barendregt Lambda calculus II 2 Types are certain objects,

                            

                                                    
                                Sistemi modulari - Modular systems LAMBDA - Amazon S3 · alla prova del filo incandescente 850°C, ... LAMBDA arcluce.it lambda Code ... 4 A1708 5 Lambda LAMBDA 11 21 arcluce.it lambda

                            

                                                    
                                ( ( lambda (z)  ( define x     ( lambda (x)  ( lambda (y z) (y x) ) ) )

                            

                                                    
                                Computability and Complexity · Lambda calculus ( -calculus) Lambda-Kalkül Lambda term ( -term) Lambda-Term Landau symbol Landau-Symbol Language (L) Sprache Language concatenation

                            

                                                    
                                LAMBDA TD Software, Inc. presents LAMBDA LCE Domotics

                            

                                                    
                                Lambda sonda

                            

                                                    
                                Lambda Station

                            

                                                    
                                Properties of Boolean Algebras - Swanseacsulrich/ftp/PhilJames1208.pdf · Properties of Boolean Algebras Phillip James ... Examples Boolean Algebra Homomorphisms Deﬁnition A Boolean

                            

                                                    
                                Lambda S.A

                            

                                                    
                                LAMBDA Schlauchpumpen Bedienungsanleitung · 2018-04-17 · LAMBDA Peristaltic Pumps User Manual 1 LAMBDA Peristaltic Pump – Tubing Pump The LAMBDA peristaltic pumps have been specially

                            

                                                    
                                Lambda 77 L -  · PDF fileLambda - Türserien Lambda - Door series Inhaltsübersicht - Lambda 77 L Contents - Lambda 77 L Seite Page Inhaltsübersicht Contents 2 Serieninformation

                            

                                                    
                                7 Passos Lambda frente - automotrizenvideo.com · 3 a 5 ohms Lambda Convencional. 8 a 10 ohms Lambda Planar. 11 a 13 ohms Lambda Convencional - Toyota-Honda. 1 a 2,5 ohms Lambda Banda

                            

                                                    
                                Lambda-Calcul Sémantique de Montague. Plan Introduction au lambda-calcul 1- Lambda Calcul non typé 2- Lambda Calcul simplement typé 3- Propriétés du lambda-calcul

                            

                                                    
                                LAMBDA PRECIFLOW peristaltic pump - tubing pump ...peristaltic-pumps.eu/pdf/LAMBDA-PRECIFLOW-peristaltic-pump-manual.pdf · [email protected] Hotline: +420 603 274 677 LAMBDA

                            

                                                    
                                To Be an Alpha Man · Psi Lambda Calvin Austin Kappa Phi Lambda Rodney Cohen Gamma Gamma Lambda Shed Dawson, Jr. Beta Phi Lambda Sam Maddox Beta Phi Lambda Huel D. Perkins Beta Iota

                            

                                                    
                                Goals and methods Goals: testing Lambda CDM model and its extensions Testing inflation Methods: redshift distance relation (SN, BAO…) Linear perturbations:

                            

                                                    
                                Lambda Phage

                            

                                                    
                                Comprender Los ensayos Freelite y Hevylite - … · IgG Kappa IgG Lambda IgA Kappa IgA Lambda IgM Kappa IgM Lambda IgD Kappa IgD Lambda IgE Kappa IgE Lambda no sirve para los pacientes

                            

                                                    
                                Lambda expressions

                            

                                                    
                                Deconstructing Lambda

                            

                                                    
                                SONDA LAMBDA SONDA LAMBDA PLANAR UNIVERSAL SONDA …

                            

                                                    
                                LAMBDA MINIFOR - bioreactors · 2017. 1. 30. · LAMBDA MINIFOR Laborfermenter und Bioreaktor INNOVATIONSÜBERSICHT UND VORTEILE LAMBDA Laborgeräte LAMBDA CZ s.r.o. Dr. Pavel Lehky

                            

                                                    
                                Lambdatronic LT4 Function Sheet - Motorsport Systems...lamok Lambda sensor operational lamout_u Lambda output voltage lampwm Lambda PWM output value lamr Lambda sensor internal impedance

                            

                                                    
                                Lambda Calculo

                            

                                                    
                                Lambda Light S - asia.conergy.comasia.conergy.com/wp-content/themes/conergy-child/pdf/Lambda Light... · Lambda Light S + Flexible modular system With the Lambda Light S+ modules

                            

                                                    
                                Omicron Lambda  Lambda krogercommunityrewards.com

                            

                                                    
                                Lambda calculus

                            

                                                    
                                ENVIORNMENTAL HEALTH PERFORMANCE …The PerkinElmer LAMBDA High Performance Series of UV/Vis (LAMBDA 650 and LAMBDA 850) and UV/Vis/NIR (LAMBDA 750, LAMBDA 950 and the recently introduced

                            

                                                    
                                LAMBDA 10 - University of California, San Diegoneurophysics.ucsd.edu/Manuals/Lambda/Lambda 10 Optical... · 2014. 9. 19. · Lambda-10 to Controller Connecting Cable Controller to

                            

                                                    
                                ISO13485 TDK-Lambda Medical Equipment 2020TDK-Lambda Products Guide for Medical Equipment 2020 ME_FL_2004J TDK-Lambda UK イルフラコム・ブリストル TDK-Lambda China TDK-Lambda

                            

                                                    
                                Lambda Brochure

                            

                                                    
                                Project Lambda

                            

                                                    
                                Bosch lambda

                            

                                                    
                                Java8 lambda

                            

                                                    
                                strong normalization in a typed lambda calculus with lambda

                            

                        
                    

                                    

            

        

    

















    
        
            
                	About us
	Contact us
	Term
	DMCA
	Privacy Policy



                	English
	Français
	Español
	Deutsch


            

        

        
            
                Copyright © 2022 VDOCUMENTS

            

                    

    








    


