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            Modiﬁed Bounding Surface Hypoplasticity Model for Sands under Cyclic Loading Gang Wang, M.ASCE 1 ; and Yongning Xie 2 Abstract: A modiﬁed bounding surface hypoplasticity model is developed to capture distinct dilatancy behaviors of loose and dense sandy soils during various phases of undrained cyclic loading. Based on observations from laboratory tests, new modulus formulations are proposed to improve the simulation of cyclic mobility and postliquefaction behaviors of both loose and dense sands. The state-dependent dilatancy and effects of accumulated plastic strains on the plastic moduli are also incorporated in this model. The model demonstrates excellent capabilities through systematic comparison between the model predictions and a series of undrained cyclic simple shear tests on Fraser River sand. DOI: 10.1061/(ASCE)EM.1943-7889.0000654. © 2014 American Society of Civil Engineers. Author keywords: Constitutive model; Bounding surface hypoplasticity; Liquefaction; Cyclic response. Introduction Realistic simulation of liquefaction in granular soils is one of the major challenges in constitutive modeling of geomaterials. Follow- ing the terminology introduced in Kramer (1996), liquefaction refers to a range of phenomena that can be divided into two main groups: ﬂow liquefaction and cyclic mobility. Under static or cyclic loading, granular soils exhibit the tendency for densiﬁcation, which causes an increase in excess pore pressures and decrease in effective stresses under a saturated and undrained condition. Flow liquefaction often occurs in very loose sands when the shear stress is greater than the shear strength of the liqueﬁed soils. It is characterized by a sudden loss of the soil strength and is often associated with large defor- mations and a ﬂow-type failure. The ﬂow slide failure of the Lower San Fernando Dam during the 1971 San Fernando Earthquake is such an example. On the other hand, cyclic mobility occurs when the cyclic shear stress is less than the shear strength of the liqueﬁed soil. Cyclic mobility can occur in a much broader range of soils and site conditions than ﬂow liquefaction. It is characterized by progressive accumulation of shear deformations under cyclic loading and has the potential to result in unacceptably large permanent displace- ments. Both ﬂow liquefaction and cyclic mobility can cause severe damages to civil structures during earthquakes, including over- turning of buildings on liqueﬁed ground caused by loss of bearing capacity, ﬂow failure of earth structures, large lateral spreading of the liqueﬁed ground, and excessive postliquefaction settlements. Signiﬁcant progress has been made in the last 30 years to sim- ulate the fundamental stress-strain-strength relationships of granular soils under static and cyclic loading conditions (Prevost 1981; Dafalias 1986; Wang et al. 1990; Pastor et al. 1990; Manzari and Dafalias 1997; Zienkiewicz et al. 1999; Li 2002; Elgamal et al. 2003; Yang et al. 2003; Park and Byrne 2004; Dafalias and Manzari 2004; Taiebat and Dafalias 2008; Anandarajah 2008; Yin et al. 2010; Yin and Chang 2013). Among them, the bounding surface model by Wang et al. (1990) has been successfully developed to simulate a fully nonlinear site response (Li et al. 1992, 1998; Arulanandan et al. 2000; Wang et al. 2001) and earthquake-induced liquefaction and deformation of earth structures (Wang and Makdisi 1999; Wang et al. 2006). However, the original Wang et al. (1990) model suffers several limitations. The model does not prescribe a zero dilatancy at the limit of critical state. Therefore, it is not consistent with the critical state theory and cannot properly characterize the stress- strain-strength behaviors at the liqueﬁed state. The original model was developed using available test data on (liqueﬁable) loose sands. Although it can simulate the cyclic response of loose sands rea- sonably well, it cannot accurately capture the dilatancy behaviors and the cyclic response of dense sands. To overcome these difﬁculties, a modiﬁed bounding surface hy- poplasticity model based on the original framework of Wang et al. (1990) is developed in this study. As the volumetric dilatancy is closely related to the pore pressure generation and effective stress path under undrained cyclic loading, it is one of the key components in constitutive modeling. This study proposes new modulus formula- tions to describe the distinct dilatancy behaviors of loose and dense sands during various phases of cyclic loading based on observation from laboratory tests. The model also incorporates a state-dependent dilatancy surface and considers the inﬂuence of accumulated plastic strains on plastic moduli to improve the simulation of cyclic mobility and postliquefaction behaviors. The detailed model formulation will be presented in the following sections. Systematic comparison between the model predictions and experimental test results will be conducted to demonstrate the excellent model capabilities. Modiﬁed Model Formulation In this section, the modiﬁed bounding surface plasticity model is presented. Throughout the paper, bold symbols indicate tensors or vectors, and a superposed dot denotes the rate of a tensor. Tensor operations follow the convention of summation over repeated in- dexes, a Ä b 5 a ij b kl , a: b 5 a ij b ji , and trðaÞ 5 a ii . Unless otherwise 1 Assistant Professor, Dept. of Civil and Environmental Engineering, Hong Kong Univ. of Science and Technology, Clear Water Bay, Kowloon, Hong Kong (corresponding author). E-mail: [email protected] 2 Graduate Student, Dept. of Civil and Environmental Engineering, Hong Kong Univ. of Science and Technology, Clear Water Bay, Kowloon, Hong Kong. Note. This manuscript was submitted on July 2, 2012; approved on April 3, 2013; published online on April 5, 2013. Discussion period open until June 1, 2014; separate discussions must be submitted for individ- ual papers. This paper is part of the Journal of Engineering Mechanics, Vol. 140, No. 1, January 1, 2014. ©ASCE, ISSN 0733-9399/2014/ 1-91–101/$25.00. JOURNAL OF ENGINEERING MECHANICS © ASCE / JANUARY 2014 / 91 J. Eng. Mech. 2014.140:91-101. Downloaded from ascelibrary.org by Hong Kong University of Science & Technology on 03/24/14. Copyright ASCE. For personal use only; all rights reserved. 
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Modified Bounding Surface Hypoplasticity Model forSands under
Cyclic Loading

Gang Wang, M.ASCE1; and Yongning Xie2

Abstract: A modified bounding surface hypoplasticity model is
developed to capture distinct dilatancy behaviors of loose and
dense sandysoils during various phases of undrained cyclic loading.
Based on observations from laboratory tests, newmodulus
formulations are proposed toimprove the simulation of cyclic
mobility and postliquefaction behaviors of both loose and dense
sands. The state-dependent dilatancy andeffects of accumulated
plastic strains on the plastic moduli are also incorporated in this
model. The model demonstrates excellent capabilitiesthrough
systematic comparison between the model predictions and a series of
undrained cyclic simple shear tests on Fraser River sand.DOI:
10.1061/(ASCE)EM.1943-7889.0000654. © 2014 American Society of
Civil Engineers.

Author keywords: Constitutive model; Bounding surface
hypoplasticity; Liquefaction; Cyclic response.

Introduction

Realistic simulation of liquefaction in granular soils is one of
themajor challenges in constitutive modeling of geomaterials.
Follow-ing the terminology introduced inKramer (1996), liquefaction
refersto a range of phenomena that can be divided into two main
groups:flow liquefaction and cyclic mobility. Under static or
cyclic loading,granular soils exhibit the tendency for
densification, which causes anincrease in excess pore pressures and
decrease in effective stressesunder a saturated and undrained
condition. Flow liquefaction oftenoccurs in very loose sands when
the shear stress is greater than theshear strength of the liquefied
soils. It is characterized by a suddenloss of the soil strength and
is often associated with large defor-mations and a flow-type
failure. The flow slide failure of the LowerSan Fernando Dam during
the 1971 San Fernando Earthquake issuch an example. On the other
hand, cyclicmobility occurs when thecyclic shear stress is less
than the shear strength of the liquefied soil.Cyclic mobility can
occur in a much broader range of soils and siteconditions than flow
liquefaction. It is characterized by progressiveaccumulation of
shear deformations under cyclic loading and hasthe potential to
result in unacceptably large permanent displace-ments. Both flow
liquefaction and cyclic mobility can cause severedamages to civil
structures during earthquakes, including over-turning of buildings
on liquefied ground caused by loss of bearingcapacity, flow failure
of earth structures, large lateral spreading ofthe liquefied
ground, and excessive postliquefaction settlements.

Significant progress has been made in the last 30 years to
sim-ulate the fundamental stress-strain-strength relationships of
granularsoils under static and cyclic loading conditions (Prevost
1981;

Dafalias 1986; Wang et al. 1990; Pastor et al. 1990; Manzari
andDafalias 1997; Zienkiewicz et al. 1999; Li 2002; Elgamal et al.
2003;Yang et al. 2003; Park and Byrne 2004; Dafalias and
Manzari2004; Taiebat andDafalias 2008;Anandarajah 2008;Yin et al.
2010;Yin and Chang 2013). Among them, the bounding surface modelby
Wang et al. (1990) has been successfully developed to simulatea
fully nonlinear site response (Li et al. 1992, 1998; Arulanandanet
al. 2000; Wang et al. 2001) and earthquake-induced liquefactionand
deformation of earth structures (Wang andMakdisi 1999;Wanget al.
2006). However, the original Wang et al. (1990) model
suffersseveral limitations. The model does not prescribe a zero
dilatancy atthe limit of critical state. Therefore, it is not
consistent with thecritical state theory and cannot properly
characterize the stress-strain-strength behaviors at the liquefied
state. The original modelwas developed using available test data on
(liquefiable) loose sands.Although it can simulate the cyclic
response of loose sands rea-sonably well, it cannot accurately
capture the dilatancy behaviorsand the cyclic response of dense
sands.

To overcome these difficulties, a modified bounding surface
hy-poplasticity model based on the original framework of Wang et
al.(1990) is developed in this study. As the volumetric dilatancy
isclosely related to the pore pressure generation and effective
stresspath under undrained cyclic loading, it is one of the key
componentsin constitutive modeling. This study proposes new modulus
formula-tions to describe the distinct dilatancy behaviors of loose
and densesands during various phases of cyclic loading based on
observationfrom laboratory tests. The model also incorporates a
state-dependentdilatancy surface and considers the influence of
accumulated plasticstrains on plastic moduli to improve the
simulation of cyclic mobilityand postliquefaction behaviors. The
detailed model formulation willbe presented in the following
sections. Systematic comparisonbetween the model predictions and
experimental test results will beconducted to demonstrate the
excellent model capabilities.

Modified Model Formulation

In this section, the modified bounding surface plasticity model
ispresented. Throughout the paper, bold symbols indicate tensors
orvectors, and a superposed dot denotes the rate of a tensor.
Tensoroperations follow the convention of summation over repeated
in-dexes, aÄ b5 aijbkl, a: b5 aijbji, and trðaÞ5 aii. Unless
otherwise

1Assistant Professor, Dept. of Civil and Environmental
Engineering,Hong Kong Univ. of Science and Technology, Clear Water
Bay, Kowloon,Hong Kong (corresponding author). E-mail:
[email protected]

2Graduate Student, Dept. of Civil and Environmental Engineering,
HongKong Univ. of Science and Technology, Clear Water Bay, Kowloon,
HongKong.

Note. This manuscript was submitted on July 2, 2012; approved
onApril 3, 2013; published online on April 5, 2013. Discussion
period openuntil June 1, 2014; separate discussions must be
submitted for individ-ual papers. This paper is part of the Journal
of Engineering Mechanics,Vol. 140, No. 1, January 1, 2014. ©ASCE,
ISSN 0733-9399/2014/1-91–101/$25.00.
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stated, all stress tensors refer to effective stress quantities.
Signconvention assumes that compressive strain and stress are
positive.

Bounding Surface and Mapping Rules

FollowingWanget al. (1990), the effective stress rate is
decomposedas

_s ¼ p_rþ _psp¼ p _rþ ðrþ IÞ _p (1)

where s 5 effective stress tensor; and p5 1=3trðsÞ 5
effectivemean stress. The deviatoric stress ratio tensor is defined
as r5 s=p,s5s2 pI is the deviatoric stress tensor, and I is the
second-orderidentity tensor. This decomposition resolves the stress
rate into p _rand _p, which is different from the classical _s5 _s1
_pI decomposition.

The stress ratio invariant, defined as
R5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi1=2 r : r

p, will be used

to define the following three bounding surfaces:1. The failure
surface, R2Rf 5 0, specifies the ultimate limit of

an admissible stress ratio invariantR. The value ofRf is
relatedto intrinsic properties of the soil (e.g., frictional
angle), and it isusually assumed to be a constant value.

2. The maximum prestress surface, R2Rm 5 0, defines themaximum
stress ratio that was experienced by the material.Rm is a record of
the maximum past history, and it will beupdated only if the current
R exceeds this value.

3. The dilatancy surface, R2Rp 5 0, defines the location
wheretransformation from contractive to dilative behavior
occurs.These three bounding surfaces can be plotted in the p2
Jspace (where J is an isotropic invariant, J5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi1=2 s : s

p5 pR)

in Fig. 1(a). The failure surface and the maximum prestress

surface are shown as straight lines if Rf and Rm values
aregiven. On the other hand, the dilatancy line is a curved line
inthe p2 J space. The dilatancy line is closely related to
thevolumetric behaviors of granular soils, and it will be
dis-cussed in detail in the next section.

To simplify the presentation, the bounding surfaces
assumeconical shapes in a three-dimensional principal stress space
in Fig.1(b). The bounding surfaces is circular when plotted in the
stressratio space in Fig. 1(c). In this plot, the current stress
state is repre-sented by vector r. A projection center a is defined
as the last stressreversal point in reverse unloading or is set to
the origin if the currentstress state exceeds the maximum prestress
surface Rm in virginloading. An image stress point r is defined as
the point projected ontheRm surface from the projection centera
through the current stressstate point r. The class of bounding
surface hypoplasticity modelsusually postulates nonlinear
stress-strain relationships throughsmooth interpolation between the
current stress point and the imagestress point. For this purpose,
the scalar quantities r and r measurethe distances between a, r,
and r, and their ratio r=r will be used inthe plastic modulus
formulation to capture the nonlinear stress strainbehavior during
the loading-unloading-reloading process. Undera monotonic loading
path, the projection center will remain at theorigin and r5 r. At
the moment of cyclic unloading, the currentstress point coincides
with the stress reverse point so that r5 0.

It is also worth mentioning that an increase in the mean
effectivestress may induce volumetric plastic strain partially
because ofparticle crushing, which can be readily considered by
introducinga flat cap model or an enclosed yield surface as
proposed inWang et al. (1990) and Taiebat and Dafalias (2008).
However, thepressure-induced plastic volumetric change can be
neglected formost practical purposes. It has been observed that
themean effective

Fig. 1. Definition of bounding surfaces
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stress usually decreases during undrained cyclic loading.
Besides,the plastic volumetric strains are usually negligible under
the rangeof mean effective stress of engineering interest (Manzari
andDafalias 1997; Li et al. 1999). In this paper, an open conical
failuresurface is assumed for simplicity, as shown in Fig.
1(b).

Dilatancy Line

Under undrained cyclic loading, change in the effective stress
isassociated with shear-induced volumetric dilative or
contractivetendency of the soil. The dilatancy line R2Rp 5 0
specifies thelocationwhere a contractive phase transforms to a
dilative phase, andit is one of the most critical components to
describe the cyclicbehaviors of granular soils. If the stress state
is on the dilatancy line(R5Rp), the soil will exhibit zero
volumetric dilatancy (i.e., novolumetric change). As pointed out
byManzari and Dafalias (1997),a constant Rp will result in
unrealistic nonzero dilation at failure.They concluded that Rp must
be a variable, and the dilatancy linemust pass through the critical
state point to be consistent with thecritical state concept, which
states that there is no volume change atfailure. One approach is to
postulate that Rp is dependent on statevariables. The so-called
state-dependent dilatancy (Li et al. 1999)assumes that Rp follows
the following relationship:

Rp ¼ Rf emc (2)

where c 5 state parameter defined as the difference between
thecurrent void ratio e and the critical void ratio ec associated
with thecurrent mean effective stress p, i.e., c5 e2 ec (Been and
Jefferies1985). Alternative state variables were also proposed for
the samepurpose (Wang and Makdisi 1999; Wang et al. 2002). The
criticalstate line of Fraser River sand is illustrated in Fig. 2.
The critical voidratio ec is related to p through the following
equation (Li and Wang1998):

ec ¼ eG2 l�

ppa

�j(3)

where eG, l, and j 5 critical state parameters that can be
obtainedfrom undrained triaxial tests (Verdugo and Ishihara 1996).
By

combining Eqs. (2) and (3), the dilatancy line can be
mathematicallydefined as

J ¼ pRf expnmhe2 eG þ lðp=paÞj

io(4)

Following Li andWang (1998), j5 0:7 is adopted in this study.The
concept of state-dependent dilatancy is consistent with thecritical
state theory. When the soil approaches its critical state(R→Rf ),
the state parameter c approaches zero. Therefore, thephase
transformation point Rp coincides with the failure point Rf
,prescribing a zero dilatancy at the critical state limit. Under
un-drained conditions, the void ratio remains constant. Therefore,
thedilatancy line is represented in Figs. 1 and 3 by a curve
through thecritical state using Eq. (4).

The parameter m is a nonnegative model parameter. By exam-ining
the laboratory test data, a constant value cannot be assigned tom
to realistically represent the dilatancy lines of both loose and
densesamples. In Fig. 3, m5 4 and 1:2 is used for dense (Dr 5 80%)
andrelatively loose (Dr 5 40%) samples, respectively. The soil is
con-tractive if its stress state is below the dilatancy line, and
dilative if itsstress state is above the line. The dilatancy line
starts from the originand curves up toward the critical state point
(labeled as C1 and C2 inFig. 3) on the failure line. By comparison,
the dilatancy line of theloose sample is much closer to the failure
line, indicating it is morecontractive than the dense sample.
However, for the range of meaneffective stress of engineering
interest (02300 kPa shown in the insetof Fig. 3), the dilatancy
line can be approximated by a straight line.In this example, Rp=Rf
is approximately 0.89 and 0.34 for loose anddense samples,
respectively.

Stress-Strain Relationship

The elastic strain can be decomposed into a deviatoric and a
volu-metric part. Accordingly, the elastic stress-strain
relationship can bewritten as

_ɛe ¼ _ee þ 13ðtr_ɛeÞI ¼ 1

2G_sþ 1

3_pI ¼ 1

2Gp _rþ

�12G

rþ 13K

I�_p

(5)

where G and K 5 elastic shear and bulk moduli,
respectively.Following the framework and basic formulations set
forth by

Wang (1990) and Wang et al. (1990), the plastic strain increment
is

Fig. 2. Definition of state parameterFig. 3.Dilatancy line
(inset: F5 failure line; L5 loose sand dilatancyline; D 5 dense
sand dilatancy line)
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decomposed into two mechanisms associated with the stress
com-ponents p_r and _p

_ɛ p¼�

1Hr

nþ 13Kr

I�ðp_r : nÞ þ

�1Hp

rþ 13Kp

I�hðp2 pmÞh _pi (6)

whereHr andKr 5 plastic shear and bulkmoduli associated with
thedeviatoric and volumetric plastic strains induced by p_r,
respectively;and Hp and Kp 5 corresponding plastic shear and bulk
moduliassociated with _p, respectively. The n is a deviatoric unit
tensorspecifying the direction of the deviatoric plastic strain
rate, which isdefined as normal to the maximum prestress surface at
the imagepoint r. The p_r : n is the so-called loading index, a
scalar quantitythat controls the extent of the plastic strain rate.
The heaviside stepfunction hð p2 pmÞ and the Macaulay brackets hi
indicate theplastic strain associated with _p operates only if the
present p ex-ceeds the past maximum mean effective stress, pm and
increases( _p. 0). It can be regarded as a cap model. As discussed
previ-ously, the second part in Eq. (6) can be neglected for most
practicalpurposes. Therefore, Eq. (6) can be simplified as

_ɛ p ¼�

1Hr

nþ 13Kr

I�ð p_r : nÞ (7)

The dilatancy of materials can be obtained as follows (Li et
al.1999):

d ¼ _ɛpv

_ɛ pq¼ _ɛ

pvffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

23_ep: _ep

r ¼ ffiffiffiffi32

rHrKr

(8)

where _ɛ pv and _ɛpq 5 plastic volumetric strain rate and
equivalent

plastic shear strain rate, respectively; and _ɛ pq
5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2=3Þ
_ep: _epp , where

_ep 5 plastic deviatoric strain rate.Combining Eqs. (5) and (7),
the effective stress rate_s is related

to the strain rate _ɛ via an elastoplastic modulus Dep (Wang et
al.1990)

_s ¼ Dep: _ɛ (9)

where

Dep ¼ De2 pr ÄQp

ArBp2ApBr(10)

and

Deijkl ¼ Kdijdkl þ G�dikdjl þ dildjk 2 23 dijdkl

�(11)

pr ¼ 2GHr

nþ KKr

I (12)

Qp ¼ Bpn2BrI (13)

Ar ¼ 12Gþ1Hr

; Ap ¼ 1Kr (14)

Br ¼ 12G r : n; Bp ¼1K

(15)

Detailed formulations for the elastic moduliG and K , and
plasticmoduli Hr and Kr are presented in the next section.

Elastic and Plastic Moduli Formulation

Theelastic shear andbulkmoduliG andK are given by the
followingempirical equations (Wang et al. 1990):

G ¼ paG0 ð2:9732 eÞ2

1þ e�

ppa

�1=2(16)

K ¼ pa 1þ ek

�ppa

�1=2(17)

wherep5 current mean effective stress; pa 5 atmospheric
pressure;G0 5modulus coefficient related to the small-strain shear
modulus;e5 current void ratio; and k5 slope of an
unloading-reloading pathof isotropic consolidation tests in e
versus the 2

ffiffiffiffiffiffiffiffiffiffip=pa

pplot (Li et al.

1999). The elastic shear and bulk moduli can also be related
toPoisson’s ratio n

K ¼ 2Gð1þ nÞ3ð12 2nÞ (18)

Therefore, k and n are not independent variables. CombiningEqs.
(16)–(18) leads to the following relationship between k and n:

k ¼ 3ð12 2nÞ2G0ð1þ nÞ

�1þ e

2:9732 e

�2(19)

The plastic moduli are related to the elastic moduli by
introducingadditional terms to account for nonlinear behaviors. The
plasticshearmodulusHr is modified fromWang et al. (1990) and is
definedas follows:

Hr ¼ GhrCH�jq�"Rf

Rm

�r

r

�m92 1

#�ppm

�1=2(20)

where

CH�jq� ¼ 1

1þ ajq; jq ¼

ðe p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi23de
p: de p

r(21)

m9 ¼ 2Rm=r (22)

where hr 5 dimensionless material constant. Some previous
studiesalso associate it with the void ratio (Li et al. 1999; Wang
et al. 2002;Dafalias and Manzari 2004). CHðjqÞ is incorporated to
account forthe influence of accumulated deviatoric plastic strain,
jq, on theplastic modulus (de p is the deviatoric plastic strain
increment).Parametera is used to control the extent of the strain
dependence. Thestrain-dependent term is essential to effectively
represent the cyclicmobility (Wang and Dafalias 2002). Without the
strain-dependentterm, a stabilized cyclic stress-strain curve will
eventually be reachedunder a repeated cyclic loading if the
constitutivemodel is formulatedsolely in the stress space. It is
also noted that an additional pressure-dependent term ðp=pmÞ1=2 is
introduced in this study to strengthen theinfluence of the mean
effective stress on the plastic shear modulus.The term can
effectively improve the postliquefaction stress-strainhysteresis
behaviors. By comparison, modulus formulation withoutthis pressure
term usually yields a much fatter cyclic stress-strain loopand an
overestimated hysteretic damping if a damping correctionscheme is
not applied (Wang et al. 2008).
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The plastic bulk modulus Kr is formulated by modifying
theelastic bulk modulus K as follows:

Kr ¼ pa 1þ einwk�

ppa

�1=2¼ K

w(23)

The original formulation for w assumes the following form
(Wanget al. 1990):

w ¼

8><>:

wm ¼ 1kr9CðjÞ9�

ppm

�a9�RmRf

�b9�Rp2RmRf 2Rm

�, if R ¼ Rm

wr ¼ 1CðjÞ9�RmRf

�d9, otherwise

(24)

whereCðjÞ9 5 strain-dependent term; and a9, b9, and d9 5
constantparameters. This formulation distinguishes dilatancy
behaviorduring a virgin loading and reverse loading. In the virgin
loading(i.e.,R5Rm), the soil dilatancy is prescribed bywm such that
dilationoccurs only if the dilatancy line is exceeded (Rm .Rp,
andw5wm isnegative). During the subsequent reverse loading, a
positive wr isassumed, which always prescribes a contractive
behavior. Addi-tional dilation occurs only if the maximum prestress
Rm is exceededand a negative w5wm is invoked.

It is worth pointing out that the previous postulate works
rea-sonably well for loose sands and cases with a higher dilatancy
line(e.g.,Rp . 0:75Rf ); however, it cannot be used to
realistically simulatethe strong dilative behaviors of the dense
sands. The operation ofthe original formulation is schematically
illustrated in Fig. 5. Fol-lowing a cyclic stress path starting
from Point (1), wm is used forthe virgin Loading Path (1) to (3).
The soil is contractive from (1) to(2) (i.e., wm . 0), followed by
a dilative phase from (2) to (3)(i.e.,wm , 0), andwm 5 0 at the
phase Transformation Point (2). Themaximum prestress is set as
Rð1Þm at the Stress Reversal Point (3).Reverse loading from (3) to
(5) is contractive because R,Rð1Þm andwr . 0. The phase
transformation point at (4) will be simply crossedover with no
occurrence of phase transformation. The actual phasetransformation
from contractive to dilative behavior takes place atPoint (5),
where the maximum prestress Rð1Þm is exceeded anda negative wm is
invoked. Similar behaviors can be observed in thesubsequent loading
cycles, where phase transformation only occursat an updated maximum
prestress point rather than the prescribedphase transformation
point. As the Rp line is close to the Rf line forloose sands, the
original formulation still works reasonably well forthis case.
However, the original formulation fails to realisticallysimulate
the strong dilative behaviors of the dense sand as the
phasetransformation cannot be effectively prescribed using the
originalformulation.

Laboratory tests reveal that the dilatancy line of dense sands
isusually much lower (e.g., Rp 5 0:3Rf ) than loose sands, and it
is notsignificantly affected by virgin loading. In this study, a
more generalformulation is proposed to describe the volumetric
dilatancy for bothdense and loose sands as follows:

w¼

8><>:

w1 ¼ 1kr

�RmRf

�b� Rp2RRf 2Rm

�, if R¼Rm or R.Rp, and _R. 0

w2 ¼ CKðjvÞ�Rm þ sign

�_R�R

Rf

��Rp 2 sign

�_R�R

Rp þ Rm

�, otherwise

(25)

and

CKðjvÞ ¼ d1 þ d2 tanhð100jvÞ (26)

jv ¼ðɛ pv0

2dɛ pv

(27)

This formulation is based on the following postulates: (1)
thedilatancy line is not affected by virgin loading; (2) w1 is used
forthe virgin loading (R5Rm and _R. 0), or whenRp is exceeded in
thereverse loading (R.Rp and _R. 0); and (3) for all other cases,
thesoil always exhibits a contractive response, which is described
byw2(always a nonnegative value). The operation of w during
variousphases of cyclic loading is illustrated in details in Fig.
4. Althoughthe general formulation is proposed for both dense and
loose soilsamples, the operation is illustrated separately for each
case forclarity. Fig. 4(a) shows the cyclic stress path of a dense
sand. The soilis in the stage of virgin loading starting from (1)
to (3), themaximumprestress surface coincides with the current
stress state, i.e., R5Rmand _R. 0. Therefore, w5w1 is used, and it
is a positive numberimplying a contractive response. The dilatancy
line is reached atPoint (2), w1 5 0. Beyond that point, w1 . 0, the
soil transformsfrom a contractive to a dilative response. The
maximum prestressRm is updated to Rð1Þm at Point (3). The condition
for w1 cannot besatisfied when the soil experiences reverse loading
from Point (3) toPoint (4). Therefore, w5w2 is used, and the soil
is contractive(w2 . 0). From Point (4) to Point (5), the condition
of R.Rp and_R. 0 is met, so w5w1 is invoked again and the soil is
dilativeduring this phase. Consequently, the maximum prestress Rm
isupdated to Rð2Þm at Point (5). The remaining loading path follows
thesame rules of operation as was described. As the effective
stressreduces, the stress path exhibits a distinctive butterfly
pattern in the

Fig. 4. Effective stress paths of dense and loose sands
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p2 J space, as shown with thicker solid lines (loopA→B→C→B→A) in
Fig. 4(a). The stress path will essentially repeat thebutterfly
loop under continued loading cycles. Fig. 4(b).showsa
representative cyclic stress path of a loose sand. For the
loosesample, the dilatancy line Rp is in general close to the
failure line.Before the stress path reaches the Rp line [Point (1)
to Point (6)],w5w1 is invoked when R5Rm (virgin loading), while
w5w2 isused whenR,Rm. The soil exhibits contractive behavior during
theprocess. When Rp is reached at Point (6), it follows the same
rule aswas described for the dense case. From the previous
description, it isnoted that w2 always assumes a nonnegative value
and is used onlyfor the contractive phases. w1 is used for all
dilative phases, but itcan also be used prescribe a contractive
response if R5Rm (virginloading) and R,Rp. The term f½Rm 1 signð
_RÞR�=Rf g in Eq. (25)accounts for the influence of current stress
state. It assumes a smallnonnegative value of ½ðRm 2RÞ=Rf � at the
instance of unloading( _R, 0) and increases to ½ðRm 1RpÞ=Rf � on
the dilatancy line. Thetermf½Rp 2 signð _RÞR�=ðRp 1RmÞg varies
fromavalue of ½ðRp 1RÞ=ðRp 1RmÞ# 1� at the point of unloading to 0
at the point R5Rp.

Experiments (Ishihara et al. 1975) and micromechanical
analysis(Nemat-Nasser and Tobita 1982) have revealed the effects of
pre-ceding dilative phases on the subsequent contractive phases. It
wasobserved that the soil would experience a stronger contractive
re-sponse following a dilative phase. This effect ismodeled in this
studyby usingCkðjvÞ term in Eqs. (25) and (26), where parameter jv
is theplastic volumetric strain accumulated only during dilative
phases.For this purpose, the Macaulay bracket hi is used because a
dilativeplastic volumetric strain rate is assumed to be negative in
this study.A simple functional form tanh is used in Eq. (26) to
prescribe amaximum value of the strain-dependent effect, as was
suggested byexperimental data. In Eq. (26), d1 and d2 are model
parameterswhose values may vary with soil densities. It is also
worth men-tioning that dilatancy formulations dependent on the
accumulatedplastic volumetric strains have also been proposed in
some previousstudies (Yang et al. 2003; Dafalias and Manzari
2004).

Model Simulations

The performance of the proposed model is demonstrated
throughcomparison with a series of cyclic simple shear tests on
FraserRiver sand conducted at the University of British
Columbia(Sriskandakumar 2004). The test samples were prepared by
the airpluviation method and were densified to relative density
(Dr) of 41,44, 80, and 81% under applied pressues (p09) of 100 and
200 kPa,respecively. Samples were then subjected to cyclic shear
for arange of cyclic stress ratios (CSRs5 0:1, 0:12, 0:3, and 0:35)
underconstant volume conditions that simulate the undrained
response.

Test data are also available on the following website:
http://www.civil.ubc.ca/liquefaction/.

Summary of Model Parameters andCalibration Procedure

The model calibration and estimation procedure will be briefly
dis-cussed in this section. According to laboratory tests, Fraser
Riversand assumes a maximum void ratio of 0.94 and a minimum
voidratio of 0.62. The grain size distribution is rather uniform,
and themedian grain size is D50 5 0:26 mm.

The critical state parameters (eG, l, j) can be estimated based
oncritical state test data provided by Chillarige et al. (1997).
Thefailure line Rf can be obtained directly by fitting the
maximumslope of the effective stress path in p2 J space.
Alternatively, ifthe critical friction angle ff is known, Rf
5M=

ffiffiffi3

p, where M

5 q=p5 ð6 sinff Þ=ð32 sinff Þ.The parameter k is related to the
elastic bulk modulus. k has the

same meaning as the swelling index defined in the
consolidationtheory for clays, but it is difficult to measure by
laboratory tests forsands. Eq. (19) is then used to estimate the k
value using a drainedPoisson’s ratio n5 020:1 [n5 0:05 is used in
this study followingDafalias and Manzari (2004)].

Fig. 5. Stress path using modulus formulation by Wang et al.
(1990) Fig. 6. Controlling parameters of the effective stress
paths
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The elastic shearmodulusGmax [denoted asG in Eq. (16)] can
bedetermined by the following equation:

Gmax ¼ rV2s (28)

where r 5 soil density; and Vs 5 shear wave velocity.
SubstitutingGmax into Eq. (16), G0 can be back-calculated given the
void ratioe and effective mean stress p. If the shear wave velocity
is notavailable, Gmax can be estimated by directly fitting the
small-strainshear modulus from the test data.

The parameter m in Eq. (4) controls the general shape of
thedilatancy line, which can be determined by fitting the phase
trans-formation points observed in the test data. Different m
values may

need to be specified to model sands of different densities, as
it wasfound in this study that using a single value ofm is not
appropriate forboth dense and loose sands (m5 4 and 1:2 are
specified for Dr5 80% and Dr 5 40%, respectively, in the following
simulation).This is not a serious limitation in modeling cyclic
behaviors of sandsunder undrained condition (i.e., the density
remains constant), as isoften encountered in earthquake engineering
simulation. Althoughmore thorough investigation is needed, it is
recommended for practicalpurposes to interpolate them value between
different relative densitiesor express m as a function of the state
parameter c, for a generalboundary value problem where a
significant change in soil density isexpected.

Because the total volumetric strain remains constant in
undrainedtests, i.e., _ɛev 1 _ɛ

pv 5 0, the following equation can be obtained via the

stress-strain relationships [Eqs. (5) and (6)]:

1Kr

p_r : n ¼ 2 _pK

(29)

Substituting Kr 5K=w [Eq. (23)] into Eq. (29)

_p ¼ 2wð p _r : nÞ (30)

In an undrained triaxial or cyclic simple shear test, r, _r, and
n arecoaxial. _r is always along n ; therefore, _r : n. 0. However,
n and rmay be of the same or opposite direction, i.e., signð _r :
rÞ5 signð _RÞ.

Fig. 7. Comparison of model simulation for Dr 5 81%, p09 5 200
kPa, CSR5 0:3

Table 1. Summary of Model Parameters

Criticalstate

Phasetransformation

Elasticmoduli

Plastic shearmodulus

Plastic bulkmodulus

eG 5 1:029 m5 4 G0 5 208 hr 5 0:1 kr 5 0:3l5 0:0404 (Dr 5 81%)
n5 0:05 a5 1:5 b5 0:6j5 0:7M5 1:33

m5 1:2(Dr 5 40%)

d1 5 4, d2 5 8(Dr 5 81%)d1 5 1:1, d2 5 40(Dr 5 40%)
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Therefore, the slope of effective stress path in p2 J space,
dJ=dp,can be obtained as follows (Wang et al. 1990):

_p ¼ 2wp� ffiffiffi

2p ���� _R����� (31)

0 _p ¼ 2hsign

�_R� ffiffiffi

2p

wi�J_2 _pR

�(32)

0dJdp

¼ R2 sign�_R�

ffiffiffi2

pw

(33)

Based on this expression, the slope of the effective stress path
canbe uniquely determined byR and w. In fact, parameters kr, b, d1,
andd2 in Eq. (25) control different parts of the effective stress
path as isillustrated in Fig. 6. Accordingly, these parameters can
be reason-ably calibrated based on different parts of the effective
stress path inan undrained cyclic shear test. In particular, kr
specifies the slope ofdilative stress path in the dense sample. For
the loose sample, krspecifies the amount of contraction in the
stress path when the pre-vious maximum stress ratio is exceeded.
The parameters b and d1control the slope of the effective stress
path during the contractivephase of the virgin loading and the
subsequent loading cycles, re-spectively. Parameter d2 controls the
rate of progressive change in theslope of the contractive stress
path. Generally speaking, an increase ind1 implies a more
contractive response, i.e., a smaller slope of the

contractive stress path. An increase in d2 implies a faster rate
ofincrease in contraction through repeated cycles.

Parameter hr in Eq. (20) is related to the plastic shear
modulus,and it affects the nonlinear shear stress-strain
relationship of the soil.hr can be calibrated against a given shear
modulus reduction curve,which shows the reduction of the secant
shear modulus (normalizedby the elastic shear modulus) versus the
strain amplitude for eachloading cycle. The modulus reduction curve
has been widely usedto characterize the equivalent nonlinearity of
the soil in a dynamicanalysis.

Parameter a in Eq. (21) is mainly used to control the rate of
theprogressive accumulation of shear strains in cyclic mobility.
Thenumber of loading cycles needed to reach a large strain level
(e.g.,5%) can be used to determine the a value. Generally, a
smaller avalue should be specified if a large number of loading
cycles isneeded to reach a specified strain level. The calibrated
parameters forFraser River sand are summarized in Table 1. These
values should beconsidered as typical values and should bewell
served as the startingpoint to calibrate other types of sands.
Different values of the dilationparameter m and plastic bulk
modulus parameters d1 and d2 areassigned for loose and dense
samples based on the test data. Al-though further investigation is
needed to study the dependency ofthese parameters on soil’s
density, it is suggested that for practicalpurposes these
parameters can be linearly interpolated for otherdensities.

Fig. 8. Comparison of model simulation for Dr 5 80%, p09 5 100
kPa, CSR5 0:35
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Comparison of Model Simulations

A series of undrained cyclic simple shear tests on Fraser River
sandare simulated using the modified bounding surface model. Figs.
7–10compare the effective stress path, stress-strain response, and
excessivepore pressure ratio of the test results and model
simulations.

During thefirst a few loading cycles in Figs. 7(a and b), the
densesample (Dr 5 80281%) exhibits increasingly stronger
contractivephases following each dilative phase. As the effective
stress ap-proaches zero, the stress path repeatedly follows a
butterfly loop. InFigs. 7(c and d), the shear strains progressively
accumulate duringeach loading cycle, referred to as cyclic
mobility. The accumulatedshear strain of both test and model
simulation reaches around 10%after 15 and 25 loading cycles for two
cyclic tests, respectively. Theshape of the stress-strain curves
also progressively change to form abanana pattern: as the effective
stress approaches zero, small re-sidual shear strength results in
large shear strains and a flow-typemode of failure. However, during
the subsequent dilative phase,considerable strain hardening and
recovery of shear strength are ob-served. Progressive buildup of
effective pore pressure ratio is alsocompared in Figs. 7(e and
f).

On the other hand, the loose samples (Dr 5 40244%) exhibita
purely contractive response and continuous reduction of
effectivestress during the first a few cycles in Figs. 9(a and b)
and 10(a and b).Once the effective stress approaches zero, large
cyclic strainssuddenly develop, as shown in Figs. 9(c and d) and
10(c and d). Thepostliquefaction stress-strain response of the
loose sand is similar to

that of the dense sandwhere shear strength is regained through
strainhardening during the dilative phase. Although the
postliquefactiondeformation is more difficult to capture
accurately, the simulationresults are in close agreement with the
experimental tests such thatthe shear strain reaches around 16 and
10% after five and sevencycles in these two tests, respectively.
Progressive buildup of ef-fective pore pressure ratio in loose
samples is also compared inFigs. 9(e and f) and 10(e and f). The
proposed model demonstratedan excellent capability in simulating
the effective stress paths, stressstrain behaviors, and pore
pressure buildup of both dense and loosesoil samples.

Conclusions

Modeling undrained cyclic behaviors of sandy soils has
importantapplications in geotechnical earthquake engineering. The
boundingsurface hypoplasticity model, originally proposed by Wang
et al.(1990), has been widely used to simulate seismic response
andliquefaction phenomena of saturated sands. However, themodel
wasdeveloped based on experimental data on liquefiable loose sands
andis not suitable for simulating cyclic behaviors of sands in the
densestate.

A modified bounding surface hypoplasticity model is developedin
this study to improve the simulation of distinct dilatancy
behav-iors of both loose and dense sandy soils during various
phases ofcyclic loading. More general modulus formulations are
proposed

Fig. 9. Comparison of model simulation for Dr 5 44%, p09 5 200
kPa, CSR5 0:12
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based on observation from laboratory tests and a set of new
postu-lates. The proposed model also features a state-dependent
dilatancysurface and incorporates the effects of the accumulated
plasticstrains on the plastic moduli to better simulate cyclic
mobility andpostliquefaction behaviors. Comparison of the model
simulationswith a set of undrained cyclic simple shear test on
Fraser River sanddemonstrated its excellent performance in
simulating cyclic mo-bility and postliquefaction behavior of both
loose and dense sands.

Acknowledgments

The authors thank Dr. Zhi-Liang Wang for his many insightful
dis-cussions during the course of this study. Financial support
from Re-search Project Competition (UGC/HKUST)Grant No.
RPC11EG27and HongKong Research Grants Council Grant No. RGC 620311
isgratefully acknowledged.

References

Anandarajah, A. (2008). “Modeling liquefaction by a
multimechanismmodel.” J. Geotech. Geoenviron. Eng., 134(7),
949–959.

Arulanandan, K., Li, X. S., and Sivathasan, K. (2000).
“Numerical simu-lation of liquefaction-induced deformations.” J.
Geotech. Geoenviron.Eng., 126(7), 657–666.

Been, K., and Jefferies, M. G. (1985). “A state parameter for
sands.”Geotechnique, 35(2), 99–112.

Chillarige, A. V., Robertson, P. K., Morgenstern, N. R., and
Christian, H. A.(1997). “Evaluation of the in situ state of Fraser
River sand.” Can.Geotech. J., 34(4), 510–519.

Dafalias, Y. F. (1986). “Bounding surface plasticity: I.
Mathematicalfoundation and hypoplasticity.” J. Eng. Mech., 112(9),
966–987.

Dafalias, Y. F., and Manzari, M. T. (2004). “Simple plasticity
sand modelaccounting for fabric change effect.” J. Eng. Mech.,
130(6), 622–634.

Elgamal, A., Yang, Z., Parra, E., and Ragheb, A. (2003).
“Modeling ofcyclic mobility in saturated cohesionless soils.” Int.
J. Plast., 19(6),883–905.

Ishihara, K., Tatsuoka, F., and Yasuda, S. (1975). “Undrained
deformationand liquefaction of sand under cyclic stresses.” Soils
Found., 15(1),29–44.

Kramer, S. (1996). Geotechnical earthquake engineering, Prentice
Hall,Upper Saddle River, NJ.

Li, X. S. (2002). “A sand model with state-dependent dilatancy.”
Geo-technique, 52(3), 173–186.

Li,X. S.,Dafalias, Y. F., andWang, Z. L. (1999).
“State-dependent dilatancyin critical-state constitutive modelling
of sand.” Can. Geotech. J., 36(4),599–611.

Li, X. S., Shen, C. K., and Wang, Z. L. (1998). “Fully coupled
inelastic siteresponse analysis for 1986 Lotung earthquake.” J.
Geotech. Geoenviron.Eng., 124(7), 560–573.

Li, X. S., and Wang, Y. (1998). “Linear representation of
steady-state linefor sand.” J. Geotech. Geoenviron. Eng., 124(12),
1215–1217.

Li, X. S., Wang, Z. L., and Shen, C. K. (1992). “SUMDES: A
nonlinearprocedure for response analysis of horizontally-layered
sites subjectedto multi-directional earthquake loading.” Dept. of
Civil Engineering,Univ. of California, Davis, CA.

Fig. 10. Comparison of model simulation for Dr 5 40%, p09 5 100
kPa, CSR5 0:1

100 / JOURNAL OF ENGINEERING MECHANICS © ASCE / JANUARY 2014

J. Eng. Mech. 2014.140:91-101.

Dow

nloa

ded

from

asc

elib

rary

.org

by

Hon

g K

ong

Uni

vers

ity o

f Sc

ienc

e &

Tec

hnol

ogy

on 0

3/24

/14.

Cop

yrig

ht A

SCE

. For

per

sona

l use

onl

y; a

ll ri

ghts

res

erve

d.


http://dx.doi.org/10.1061/(ASCE)1090-0241(2008)134:7(949)http://dx.doi.org/10.1061/(ASCE)1090-0241(2000)126:7(657)http://dx.doi.org/10.1061/(ASCE)1090-0241(2000)126:7(657)http://dx.doi.org/10.1680/geot.1985.35.2.99http://dx.doi.org/10.1061/(ASCE)0733-9399(1986)112:9(966)http://dx.doi.org/10.1061/(ASCE)0733-9399(2004)130:6(622)http://dx.doi.org/10.1016/S0749-6419(02)00010-4http://dx.doi.org/10.1016/S0749-6419(02)00010-4http://dx.doi.org/10.3208/sandf1972.15.29http://dx.doi.org/10.3208/sandf1972.15.29http://dx.doi.org/10.1680/geot.2002.52.3.173http://dx.doi.org/10.1680/geot.2002.52.3.173http://dx.doi.org/10.1139/t99-029http://dx.doi.org/10.1139/t99-029http://dx.doi.org/10.1061/(ASCE)1090-0241(1998)124:7(560)http://dx.doi.org/10.1061/(ASCE)1090-0241(1998)124:7(560)http://dx.doi.org/10.1061/(ASCE)1090-0241(1998)124:12(1215)


	
Manzari, M. T., and Dafalias, Y. F. (1997). “A critical state
two-surfaceplasticity model for sands.” Geotechnique, 47(2),
255–272.

Nemat-Nasser, S., and Tobita, Y. (1982). “Influence of fabric on
liquefactionand densification potential of cohesionless sand.”
Mech. Mater., 1(1),43–62.

Park, S. S., and Byrne, P. M. (2004). “Practical constitutive
model forsoil liquefaction.” Proc., 9th Int. Symp. on Numerical
Models inGeomechanics (NUMOG IX), Taylor and Francis, London,
181–186.

Pastor, M., Zienkiewicz, O. C., and Chan, A. H. C. (1990).
“Generalizedplasticity and the modelling of soil behaviour.” Int.
J. Numer. Anal.Methods Geomech., 14(3), 151–190.

Prevost, J. H. (1981). “DYNA FLOW: A nonlinear transient finite
elementanalysis program.” Rep. No. 81-SM-1, Dept. of Civil
Engineering,Princeton Univ., Princeton, NJ.

Sriskandakumar, S. (2004). “Cyclic loading response of Fraser
Riversand for validation of numerical models simulating centrifuge
tests.”M.S. thesis, Univ. of British Columbia, Vancouver, BC,
Canada.

Taiebat, M., and Dafalias, Y. F. (2008). “SANISAND: Simple
anisotropicsand plasticity model.” Int. J. Numer. Anal. Methods
Geomech., 32(8),915–948.

Verdugo, R., and Ishihara, K. (1996). “The steady-state of sandy
soils.” SoilsFound., 36(2), 81–91.

Wang, Z., Chang,C.Y., andMok,C.M. (2001). “Evaluation of site
responseusing downhole array data from a liquefied site.” Proc.,
4th Int. Conf. onRecent Advances in Geotechnical Earthquake
Engineering and SoilDynamics, S. Prakash, ed., Univ. of Missouri,
Rolla, MO.

Wang, Z. L. (1990). “Bounding surface hypoplasticity model for
granularsoils and its applications.” Ph.D. thesis, Univ. of
California, Davis, CA.

Wang, Z. L., Chang, C. Y., and Chin, C. C. (2008). “Hysteretic
dampingcorrection and its effect on non-linear site response
analyses.” Proc.,

Geotechnical Earthquake Engineering and Soil Dynamics IV,
ASCE,Reston, VA.

Wang, Z. L., and Dafalias, Y. F. (2002). “Simulation of
post-liquefactiondeformation of sand.” Proc., 15th ASCE Engineering
Mechancis Conf.,ASCE, Reston, VA.

Wang, Z. L., Dafalias, Y. F., Li, X. S., and Makdisi, F. I.
(2002). “Statepressure index for modeling sand behavior.” J.
Geotech. Geoenviron.Eng., 128(6), 511–519.

Wang, Z. L., Dafalias, Y. F., and Shen, C. K. (1990). “Bounding
surfacehypoplasticity model for sand.” J. Eng. Mech., 116(5),
983–1001.

Wang, Z. L., and Makdisi, F. I. (1999). “Implementation a
boundingsurface hypoplasticity model for sand into the FLAC
program.” FLACand numerical modeling in geomechanics, Balkema,
Rotterdam,Netherlands, 483–490.

Wang, Z. L., Makdisi, F. I., and Egan, J. (2006). “Practical
applications ofa nonlinear approach to analysis of
earthquake-induced liquefactionand deformation of earth
structures.” Soil. Dyn. Earthquake Eng.,26(2–4), 231–252.

Yang, Z. H., Elgamal, A., and Parra, E. (2003). “Computational
model forcyclic mobility and associated shear deformation.” J.
Geotech. Geo-environ. Eng., 129(12), 1119–1127.

Yin, Z. Y. and Chang, C. (2013). “Stress-dilatancy behavior for
sand underloading and unloading conditions.” Int. J. Numer.
Anal.Meth.Geomech.,37(8), 855–870.

Yin, Z. Y., Chang, C., and Hicher, P. (2010). “Micromechanical
modellingfor effect of inherent anisotropy on cyclic behaviour of
sand.” Int. J.Solids Struct., 47(14–15), 1933–1951.

Zienkiewicz, O. C., Chan, A. H. C., Pastor, M., Schrefler, B.
A., and Shiomi,T. (1999). Computational geomechanics: With special
reference toearthquake engineering, Wiley, New York.

JOURNAL OF ENGINEERING MECHANICS © ASCE / JANUARY 2014 / 101

J. Eng. Mech. 2014.140:91-101.

Dow

nloa

ded

from

asc

elib

rary

.org

by

Hon

g K

ong

Uni

vers

ity o

f Sc

ienc

e &

Tec

hnol

ogy

on 0

3/24

/14.

Cop

yrig

ht A

SCE

. For

per

sona

l use

onl

y; a

ll ri

ghts

res

erve

d.

http://dx.doi.org/10.1680/geot.1997.47.2.255http://dx.doi.org/10.1016/0167-6636(82)90023-0http://dx.doi.org/10.1016/0167-6636(82)90023-0http://dx.doi.org/10.1002/nag.1610140302http://dx.doi.org/10.1002/nag.1610140302http://dx.doi.org/10.1002/nag.651http://dx.doi.org/10.1002/nag.651http://dx.doi.org/10.3208/sandf.36.2_81http://dx.doi.org/10.3208/sandf.36.2_81http://dx.doi.org/10.1061/(ASCE)1090-0241(2002)128:6(511)http://dx.doi.org/10.1061/(ASCE)1090-0241(2002)128:6(511)http://dx.doi.org/10.1061/(ASCE)0733-9399(1990)116:5(983)http://dx.doi.org/10.1016/j.soildyn.2004.11.032http://dx.doi.org/10.1016/j.soildyn.2004.11.032http://dx.doi.org/10.1061/(ASCE)1090-0241(2003)129:12(1119)http://dx.doi.org/10.1061/(ASCE)1090-0241(2003)129:12(1119)http://dx.doi.org/10.1016/j.ijsolstr.2010.03.028http://dx.doi.org/10.1016/j.ijsolstr.2010.03.028



						
LOAD MORE                    

                                    


                
                    
                    
                                        
                

                

                        


                    

                                                    
                                Bounding Attachment ( 3 )

                            

                                                    
                                Evaluating the performance of an ISA-Hypoplasticity ... … · ISA-Hypoplasticity constitutive model on problems with repetitive loading William uenFtes (1), Theodoros rianTtafyllidis

                            

                                                    
                                2 . 6. Bounding Volume Hierarchies

                            

                                                    
                                Asynchronous Forward Bounding Revisited

                            

                                                    
                                AUTOMATICALLY REDUCING AND BOUNDING GEOMETRIC COMPLEXITY ... · AUTOMATICALLY REDUCING AND BOUNDING GEOMETRIC COMPLEXITY BY USING IMAGES by ... Automatically Reducing and Bounding

                            

                                                    
                                PERBEDAAN PENGARUH LATIHAN PLIOMETRIK BOUNDING 

                            

                                                    
                                Bounding Volume Hierarchies - my.eng.utah.edu

                            

                                                    
                                Bounding Sibling

                            

                                                    
                                Modiﬁed Bounding Surface Hypoplasticity Model for Sands ...ihome.ust.hk/~gwang/Publications/WangXieEM2013_CorrectedProof.pdf1 Modiﬁed Bounding Surface Hypoplasticity Model for

                            

                                                    
                                Bounding Attachment

                            

                                                    
                                Bounding Estimates of Wage Discrimination

                            

                                                    
                                Bounding Volumes

                            

                                                    
                                A Primer on Relay Attacks and Distance-bounding Protocols · 2018. 5. 29. · Objective of Distance Bounding Protocols De nition (Distance Bounding) Adistance boundingis a process

                            

                                                    
                                Chemically modiﬁed and

                            

                                                    
                                A Formal Approach to Distance-Bounding RFID Protocols · 1.1 Distance-Bounding Protocols Distance-bounding protocols, proposed initially by Brands and Chaum [9], suggest a coun-termeasure

                            

                                                    
                                Bounding Agent

                            

                                                    
                                Bounding Problems

                            

                                                    
                                Hypoplasticity  and Its Application in Grannular Mechanics

                            

                                                    
                                Ray Collection Bounding Volume Hierarchy

                            

                                                    
                                Efﬁcient Bounding of Displaced Bézier Patches et al. / Efﬁcient Bounding of Displaced Bézier Patches 1 Efﬁcient Bounding of Displaced Bézier Patches Jacob Munkbergy1 Jon Hasselgren1

                            

                                                    
                                Open Access Small Strain Hypoplasticity and Polyelastic Materials · Small Strain Hypoplasticity and Polyelastic Materials J.J. Nader* Department of Structural and Geotechnical Engineering,

                            

                                                    
                                A Thermo Mechanical Model for Variably Saturated Soils Based on Hypoplasticity

                            

                                                    
                                Bounded Modiﬁed Realizability

                            

                                                    
                                Over The Bounding Main

                            

                                                    
                                A Modi ed Bounding Surface Hypoplasticity Model for Sands ...ihome.ust.hk/~gwang/Publications/WangXieEM2013_preprint.pdf · 50 To overcome these di culties, a modi ed bounding surface

                            

                                                    
                                Chemical bounding project by mario

                            

                                                    
                                Bounding attachment.12

                            

                                                    
                                INTRODUCTION TO ADOBE ILLUSTRATOR CC · The simplest way to modify objects in Illustrator is to use the bounding box. ... Text can be modiﬁed in the same way, with a few changes:

                            

                                                    
                                APPLICATION OF THE HYPOPLASTICITY THEORY IN THE CONCRETE ... · application of the hypoplasticity theory in the concrete block pavement modeling – use of plaxis claudia yaneth acero

                            

                                                    
                                Raytracing acelerado: Bounding Interval Hierarchy

                            

                                                    
                                Bounding Volume Hierarchy Optimization through 

                            

                                                    
                                On proportional deformation paths in hypoplasticity€¦ · On proportional deformation paths in hypoplasticity 1605 2 The model We ﬁrst ﬁx some basic tensor notation. By R3×3

                            

                                                    
                                Bounding  Iterated Function Systems

                            

                                                    
                                Efﬁcient Bounding of Displaced Bézier Patches · oriented bounding boxes, a min/max hierarchy of the dis-placement map and an efﬁcient normal bounding algorithm, that combined

                            

                                                    
                                Common Bounding Volumes

                            

                        
                    

                                    

            

        

    

















    
        
            
                	About us
	Contact us
	Term
	DMCA
	Privacy Policy



                	English
	Français
	Español
	Deutsch


            

        

        
            
                Copyright © 2022 VDOCUMENTS

            

                    

    








    


