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SOLUTIONS TO CHAPTER 1

1.1In Figure 1.1(a), the restoring force is given by:

θ sinmgF    −=  

By substitution of relation l x=θ sin   into the
above equation, we have:

l xmgF    −=  

so the stiffness is given by:

lmg xF s   =−=  

so we have the frequency given by:

lgms   ==2ω   

Since θ   is a very small angle, i.e. l x==
  θ θ  sin , or θ l x = , we have the
restoring force

given by:

θ mgF    −=  

 Now, the equation of motion using angular displacement
θ   can by derived from Newton’s

second law:

 xmF    &&=  

i.e. θ θ    &&mlmg   =−  

i.e. 0=+   θ θ l

g&&  

which shows the frequency is given by:

lg=2ω   

In Figure 1.1(b), restoring couple is given by θ C − ,
which has relation to moment of inertia  I  given
by:

θ θ    && I C    =−
 

i.e. 0=+   θ θ  I 

C &&  

which shows the frequency is given by:

 I C =2ω   
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In Figure 1.1(d), the restoring force is given by:

l xT F  2−=  

so Newton’s second law gives:

lTx xmF  2−==   &&  

i.e. 02   =+   lmTx x&&  

which shows the frequency is given by:

lm

T 22 =ω   

In Figure 1.1(e), the displacement for liquid with a height of
 x   has a displacement of 2 x   and

a mass of  Ax ρ  , so the stiffness is given
by:

 Ag x

 Axg

 x

Gs   ρ 

 ρ 2

2

2===  

 Newton’s second law gives:

 xmG   &&=−  

i.e.  x Al Axg  
&& ρ  ρ    =− 2  

i.e. 02

=+   xl

g x&&  

which show the frequency is given by:

lg22 =ω   

In Figure 1.1(f), by taking logarithms of equation
constant=γ  pV  , we have:

constantlnln   =+   V  p   γ 
 

so we have: 0=+V 

dV 

 p

dpγ   

i.e.V 

dV  pdp   γ −=  

The change of volume is given by  AxdV  = , so we
have:

V 

 Ax pdp   γ −=  

The gas in the flask neck has a mass of  Al ρ  ,
so Newton’s second law gives:

 xm Adp   &&=  
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i.e.  x AlV 

 x A p   && ρ γ 
  =−

2

 

i.e. 0=+   xV l

 pA x

 ρ 

γ &&  

which show the frequency is given by:

V l

 pA

 ρ 

γ ω    =2  

In Figure 1.1 (g), the volume of liquid displaced is  Ax ,
so the restoring force is gAx ρ − . Then,

 Newton’s second law gives:

 xmgAxF    &&=−=   ρ 
 

i.e. 0=+   xm

 Ag x

  ρ &&  

which shows the frequency is given by:

m Ag ρ ω    =2  

1.2

Write solution )cos(   φ +=   t a x
  in form: t at a x   φ φ 
sinsincoscos   −=   and

compare with equation (1.2) we find: φ cosa A =
  and φ sina B   −= . We can also

find, with the same analysis, that the values of  A  
and  B   for solution

)sin(   φ −=   t a x   are given
by: φ sina A   −=   and
φ cosa B = , and for solution

)cos(   φ ω   −=   t a x
  are given by: φ cosa A =   and
φ sina B = .

Try solution )cos(   φ +=   t a x
  in expression  x x 2ω +&& , we
have:

0)cos()cos( 222 =+++−=+  
φ ω ω φ ω ω ω   
t at a x x&&  

Try solution )sin(   φ −=   t a x
  in expression  x x 2ω +&& , we
have:

0)sin()sin( 222 =−+−−=+  
φ ω ω φ ω ω ω   
t at a x x&&  

Try solution )cos(   φ −=   t a x
  in expression  x x 2ω +&& , we
have:

0)cos()cos( 222 =−+−−=+  
φ ω ω φ ω ω ω   
t at a x x&&  
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1.3 

(a)  If the solution )sin(   φ ω   +=
  t a x   satisfies a x = at
0=t  , then, aa x   ==   φ sin

i.e. 2π φ  = . When the pendulum swings to the
position 2a x   +=   for the first

time after release, the value of t    is the minimum
solution of equation

2)2sin(   at a   +=+π ω  , i.e.
4π =t  . Similarly, we can find: for 2a x =
,

3π =t    and for 0= x , 2π =t 
.

If the solution )cos(   φ +=   t a x
  satisfies a x =   at 0=t  , then,
aa x   ==   φ cos

i.e. 0=

φ  . When the pendulum swings to the position
2a x  +=

  for the firsttime after release, the value of
t ω    is the minimum solution of equation

2cos   at a   +=ω  , i.e. 4π =t  .
Similarly, we can find: for 2a x = ,
3π ω   =t   

and for 0= x , 2π =t  .

If the solution )sin(   φ −=   t a x
  satisfies a x =   at 0=t  , then,

aa x   =−= )sin(   φ    i.e.
2π φ    −= . When the pendulum swings to the
position

2a x   +=   for the first time after release, the
value of t   is the minimum

solution of equation 2)2sin(   at a  
+=+π ω  , i.e. 4π =t  . Similarly, we can

find: for 2a x = , 3π =t    and for
0= x , 2π =t  .

If the solution )cos(   φ −=   t a x
  satisfies a x =   at 0=t  , then,

aa x   =−= )cos(   φ    i.e. 0=φ 
. When the pendulum swings to the position

2a x   +=   for the first time after release, the
value of t   is the minimum

solution of equation 2cos   at a   +=ω  ,
i.e. 4π ω   =t  . Similarly, we can find:
for

2a x = , 3π =t    and for 0= x ,
2π =t  .

(b) If the solution )sin(   φ +=  
t a x   satisfies a x   −=   at
0=t  , then,

aa x   −==   φ sin i.e. 2π φ 
  −= . When the pendulum swings to the position
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2a x   +=   for the first time after release, the
value of t ω    is the minimum

solution of equation 2)2sin(   at a  
+=−π ω  , i.e. 43π =t  . Similarly, we can

find: for 2a x = , 32π =t    and for
0= x , 2π =t  .

If the solution )cos(   φ +=   t a x
  satisfies a x   −=   at 0=t  , then,

aa x   −==   φ cos i.e.
π φ  = . When the pendulum swings to the
position

2a x   +=   for the first time after release, the
value of t   is the minimum

solution of equation 2)cos(   at a  
+=+π ω  , i.e. 43π ω   =t  .
Similarly, we can

find: for 2a x = , 32π =t    and for
0= x , 2π =t  .

If the solution )sin(   φ ω   −=  
t a x   satisfies a x   −=   at
0=t  , then,

aa x   −=−= )sin(   φ    i.e.
2π φ  = . When the pendulum swings to the
position

2a x   +=   for the first time after release, the
value of t   is the minimum

solution of equation 2)2sin(   at a  
+=−π ω  , i.e. 43π ω   =t  .
Similarly, we can

find: for 2a x = , 32π =t    and for
0= x , 2π =t  .

If the solution )cos(   φ −=   t a x
  satisfies a x   −=   at 0=t  , then,

aa x   −=−= )cos(   φ    i.e.
π φ  = . When the pendulum swings to the
position

2a x   +=   for the first time after release, the
value of t   is the minimum

solution of equation 2)cos(   at a  
+=−π ω  , i.e. 43π =t  . Similarly, we can

find: for 2a x = , 32π =t    and for
0= x , 2π =t  .

1.4

The frequency of such a simple harmonic motion is given by:

][105.4101.9)1005.0(1085.84

)106.1(

4

116

313912

219

3

0

2

0

−

−−−

−

⋅×≈×××××××

×===   srad 

mr 

e

m

s

ee   π πε ω 

Its radiation generates an electromagnetic wave with a
wavelength λ   given by:
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][42][102.4105.4

10322 816

8

0

nmmc

=×≈×

×××==   −

π 

ω 

π λ   

Therefore such a radiation is found in X-ray region of
electromagnetic spectrum.

1.5 

(a)  If the mass m   is displaced a distance of
 x   from its equilibrium position, either

the upper or the lower string has an extension of 2 x . So,
the restoring force of

the mass is given by: 2sxF    −=   and the
stiffness of the system is given by:

2s xF s   =−=′ . Hence the frequency is given by
msmsa 22 =′=ω  .

(b)  The frequency of the system is given by: msb

  =2ω   

(c)  If the mass m   is displaced a distance of
 x   from its equilibrium position, the

restoring force of the mass is given by: sxsxsxF  2−=−−=
  and the stiffness of

the system is given by: s xF s 2=−=′ . Hence the
frequency is given by

msmsc 22 =′=ω  .

Therefore, we have the relation: 4:2:12::2:: 222 ==  
msmsmscba   ω ω ω   

1.6

At time 0=t  , 0 x x =   gives:

0sin   xa   =φ    (1.6.1)

0v x =&   gives:

0cos   va   =φ    (1.6.2)

From (1.6.1) and (1.6.2), we have

00tan   v xω φ  =   and2122

0

2

0 )(   ω v xa   +=  

1.7

The equation of this simple harmonic motion can be written as:
)sin(   φ +=   t a x .

The time spent in moving from  x   to dx x +
  is given by:t 

vdxdt  = , where t v   is

the velocity of the particle at time t   and is given
by: )cos(   φ +==   t a xvt   
& .
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 Noting that the particle will appear twice between  x
  and dx x +   within one period

of oscillation. We have the probability η   of finding
it between  x   to dx x +   given

 by:

T 

dt 2=η    where the period is given by:

ω 

π 2=T  , so we have:

222 )(sin1)cos()cos(2

22

 xa

dx

t a

dx

t a

dx

t a

dx

T 

dt 

−=

+−=

+=

+==


π φ ω π φ ω π φ ω ω π η 
 

1.8

Since the displacements of the equally spaced oscillators in
 y   direction is a sine

curve, the phase difference δφ   between two
oscillators a distance  x   apart given is

 proportional to the phase difference π 2 between two
oscillators a distance λ   apart

 by: λ π δφ    x=2 , i.e.
λ π δφ    x2= .

1.9

The mass loses contact with the platform when the system is
moving downwards and

the acceleration of the platform equals the acceleration of
gravity. The acceleration of

a simple harmonic vibration can be written as: )sin(2
φ ω ω    +=   t  Aa , where
 A   is the

amplitude, is the angular frequency and φ   is the
initial phase. So we have:

gt  A   =+ )sin(2 φ ω ω 
 

i.e.)sin(2 φ ω ω    +

=t 

g A  

Therefore, the minimum amplitude, which makes the mass lose
contact with the

 platform, is given by:

][01.054

8.9

4 22222min   m f 

gg A   ≈××=== π π ω   

1.10

The mass of the element dy   is given by: lmdym   =′ .
The velocity of an element

dy of its length is proportional to its distance  y  
from the fixed end of the spring, and

is given by: l yvv   =′ . where v   is the
velocity of the element at the other end of the

spring, i.e. the velocity of the suspended mass  M .
Hence we have the kinetic energy
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of this element given by:

2

2

2

1

2

1⎟

 ⎠

 ⎞⎜⎝ 

⎛ ⎟

 ⎠

 ⎞⎜⎝ 

⎛ =′′=   v

l

 ydy

l

mvmKE dy  

The total kinetic energy of the spring is given by:

∫ ∫ ∫   ==⎟ ⎠

 ⎞⎜⎝ 

⎛ ⎟

 ⎠

 ⎞⎜⎝ 

⎛ ==

  l l l

dyspring   mvdy yl

mvv

l

 ydy

l

mdyKE KE 

0 0

2

0

2

3

22

6

1

22

1 

The total kinetic energy of the system is the sum of kinetic
energies of the spring and

the suspended mass, and is given by:

( ) 222 32

1

2

1

6

1vm M  MvmvKE tot    +=+=
 

which shows the system is equivalent to a spring with zero mass
with a mass of

3m M  +   suspended at the end. Therefore,
the frequency of the oscillation system is

given by:

3

2

m M 

s

+=ω   

1.11

In Figure 1.1(a), the restoring force of the simple pendulum is
θ sinmg− , then, the

stiffness is given by: lmg xmgs   ==   θ sin
. So the energy is given by:

2222

2

1

2

1

2

1

2

1 x

l

mg xmsxmv E    +=+=   &  

The equation of motion is by setting 0=dt dE  ,
i.e.:

02

1

2

1 22 =⎟ ⎠

 ⎞⎜⎝ 

⎛ +   x

l

mg xm

dt 

d &  

i.e. 0=+   xl

g x&&  

In Figure 1.1(b), the displacement is the rotation angle
θ , the mass is replaced by the

moment of inertia  I   of the disc and the
stiffness by the restoring couple C   of the

wire. So the energy is given by:

22

2

1

2

1θ θ    C  I  E   
+=   &  

The equation of motion is by setting 0=dt dE  ,
i.e.:

021

21 22 =⎟

 ⎠ ⎞⎜

⎝ ⎛  +   θ θ   
C  I 

dt d  &  


	
8/20/2019 WAVES SOLUTIONS.pdf

10/178

© 2008 John Wiley & Sons, Ltd

i.e. 0=+   θ θ  I 

C &&  

In Figure 1.1(c), the energy is directly given by:

22

2

1

2

1sxmv E    +=  

The equation of motion is by setting 0=dt dE  ,
i.e.:

02

1

2

1 22 =⎟ ⎠

 ⎞⎜⎝ 

⎛ +   sx xm

dt 

d &  

i.e. 0=+   xm

s x&&  

In Figure 1.1(c), the restoring force is given by: lTx2− , then
the stiffness is given

 by: lT s 2= . So the energy is given by:

222222

2

12

2

1

2

1

2

1

2

1 x

l

T  xm x

l

T  xmsxmv E    +=+=+=   &&
 

The equation of motion is by setting 0=dt dE  ,
i.e.:

02

1 22 =⎟ ⎠

 ⎞⎜⎝ 

⎛ +   x

l

T  xm

dt 

d &  

i.e. 02

=+   xlm

T  x&&  

In Figure 1.1(e), the liquid of a volume of
 Al ρ    is displaced from equilibrium

 position by a distance of 2l , so the stiffness of the
system is given by

gAlgAls   ρ  ρ  22   == . So the energy
is given by:

222222

2

12

2

1

2

1

2

1

2

1gAx x AlgAx x Alsxmv E   
ρ  ρ  ρ  ρ    +=+=+=  
&&  

The equation of motion is by setting 0=dt dE  ,
i.e.:

02

1 22 =⎟ ⎠

 ⎞⎜⎝ 

⎛ +   gAx x Al

dt 

d  ρ  ρ    &  

i.e. 02

=+   xl

g x&&  
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In Figure 1.1(f), the gas of a mass of  Al ρ 
  is displaced from equilibrium position by

a distance of  x   and causes a pressure change of
V  pAxdp   γ −= , then, the stiffness

of the system is given by V  pA x Adps
2γ =−= . So the energy is given by:

V 

 x pA x Alsxmv E 

22222

2

1

2

1

2

1

2

1   γ  ρ    +=+=   &
 

The equation of motion is by setting 0=dt dE  ,
i.e.:

02

1

2

1 222 =⎟⎟ ⎠

 ⎞⎜⎜⎝ 

⎛ +

V 

 x pA x Al

dt 

d    γ  ρ    &  

i.e. 0=+   xV l

 pA x

 ρ 

γ &&  

In Figure 1.1(g), the restoring force of the hydrometer is
gAx ρ − , then the stiffness

of the system is given by gA xgAxs  
ρ  ρ    == . So the energy is given by:

2222

2

1

2

1

2

1

2

1gAx xmsxmv E    ρ +=+=   &
 

The equation of motion is by setting 0=dt dE  ,
i.e.:

02

1

2

1 22 =⎟ ⎠

 ⎞⎜⎝ 

⎛ +   gAx xm

dt 

d  ρ &  

i.e. 0=+   xm

g A x

  ρ &&  

1.12

The displacement of the simple harmonic oscillator is given
by:t a x sin=   (1.12.1)

so the velocity is given by:

t a x cos=&   (1.12.2)

From (1.12.1) and (1.12.2), we can eliminate t   and
get:

1cossin 2222

2

2

2

=+=+   t t a

 x

a

 xω ω 

ω 

&  (1.12.3)

which is an ellipse equation of points ),(   x x
  & .

The energy of the simple harmonic oscillator is given by:
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22

2

1

2

1sx xm E    +=   &  
(1.12.4)

Write (1.12.3) in form )( 2222  xa x   −=
ω &   and substitute into (1.12.4), then we have:

222222

2

1)(

2

1

2

1

2

1sx xamsx xm E    +−=+=  
ω &  

 Noting that the frequency is given by: ms=2ω  , we
have:

2222

2

1

2

1)(

2

1sasx xas E    =+−=  

which is a constant value.

1.13

The equations of the two simple harmonic oscillations can be
written as:

)sin(1   φ +=   t a y   and )sin(2
  δ φ ω    ++=   t a y
 

The resulting superposition amplitude is given by:

)2cos()2sin(2)]sin()[sin(21  
δ δ φ δ φ ω φ    ++=++++=+=
  t at t a y y R  

and the intensity is given by:

)2(sin)2(cos4 2222 δ φ ω δ    ++==
  t a R I   

i.e. )2(cos4 22 δ a I  ∝  

 Noting that )2(sin2 δ φ ω    ++t 
  varies between 0 and 1, we have:

)2(cos40 22 δ a I  ≤≤  

1.14

)cos(2

)coscossin(sin2

)cos(sin)cos(sin

coscos2coscossinsin2sinsin

coscossinsin

21

21

2

2

2

2

1

2

2121

21

1

2

1

2

2

2

2

2

2

2

2

2

1

2

21

21

2

2

2

1

2

1

2

2

2

2

21

21

1

2

2

2

2

2

2

2

1

2

2

2

1

1

2

2

1

2

2

1

φ φ 

φ φ φ φ φ φ φ φ 

φ φ φ φ φ φ φ φ 

φ φ φ φ 

−−+=

+−+++=

−++−+=

⎟⎟ ⎠

 ⎞⎜⎜⎝ 

⎛ −+⎟⎟

 ⎠

 ⎞⎜⎜⎝ 

⎛ −

aa

 xy

a

 y

a

 x

aa

 xy

a

 y

a

 x

aa xy

a x

a y

aa xy

a y

a x

a

 x

a

 y

a

 y

a

 x

 

On the other hand, by substitution of :

11

1

sincoscossin   φ ω φ ω   
t t 

a

 x+=  
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22

2

sincoscossin   φ ω φ ω   
t t a

 y+=  

into expression

2

21

12

2

12

21 coscossinsin ⎟

⎟ ⎠

 ⎞

⎜⎜⎝ 

⎛ −+

⎟⎟

 ⎠

 ⎞

⎜⎜⎝ 

⎛ −

  φ φ φ φ  a

 x

a

 y

a

 y

a

 x,we have:

)(sin

)(sin)cos(sin

)sincossin(coscos)cossincos(sinsin

coscossinsin

12

2

12

222

2

1221

22

2112

2

2

2

1

1

2

2

1

2

2

1

φ φ 

φ φ ω ω 


φ φ φ φ ω φ φ φ φ ω 

φ φ φ φ 

−=

−+=

−+−=

⎟⎟ ⎠

 ⎞⎜⎜⎝ 

⎛ −+⎟⎟

 ⎠

 ⎞⎜⎜⎝ 

⎛ −

t t 

t t 

a

 x

a

 y

a

 y

a

 x

 

From the above derivation, we have:

)(sin)cos(2

12

2

21

21

2

2

2

2

1

2

φ φ φ φ    −=−−+aa

 xy

a

 y

a

 x 

1.15

By elimination of t   from equation t a x
sin=   and t b y   ω cos= , we have:

12

2

2

2

=+b

 y

a

 x 

which shows the particle follows an elliptical path. The energy
at any position of  x ,

 y   on the ellipse is given by:

)(2

1 2

1

2

1

cos2

1sin

2

1sin

2

1cos

2

1

2

1

2

1

2

1

2

1

222

2222

222222222222

2222

bam

mbma

t mbt mbt mat ma

sy ymsx xm E 

+=

+=

+++=

+++=

ω 

ω ω 

ω ω ω ω ω ω ω ω 

&&

 

The value of the energy shows it is a constant and equal to the
sum of the separate

energies of the simple harmonic vibrations in  x  
direction given by 22

2

1amω    and in

 y   direction given by 22

2

1bmω  .

At any position of  x ,  y   on the ellipse, the
expression of )(   x y y xm  
&& −   can be

written as:
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ω ω ω ω ω ω ω ω   
abmt t abmt abt abm x y y xm
  −=+−=−−=− )cos(sin)cossin()( 2222&&  

which is a constant. The quantity abm   is the angular
momentum of the particle. 

1.16All possible paths described by equation 1.3 fall within a
rectangle of 12a   wide and

22a   high, where max1   xa   =   and max2
  ya   = , see Figure 1.8.

When 0= x   in equation (1.3) the positive value of
)sin( 122   φ φ   −= a y . The value
of

2max   a y   = . So )sin( 12max0  
φ φ   −==   y y x   which
defines 12   φ φ   − .

1.17

In the range π φ  ≤≤0 , the values of iφ cos
are 1cos1   +≤≤−   iφ  . For n   random

values ofiφ  , statistically there will be 2n   values
0cos1   ≤≤−   iφ    and 2n   values

1cos0   ≤≤   iφ  . The positive and negative
values will tend to cancel each other and the

sum of the n   values: 0cos1

→∑≠=

n

 jii

iφ  , similarly 0cos1

→∑=

n

 j

 jφ  . i.e.

0coscos11

→∑∑=

≠=

n

 j

 j

n

 jii

i  φ φ   

1.18

The exponential form of the expression:

])1(sin[)2sin()sin(sin  
δ δ δ ω ω    −+++++++  
nt at at at a   L  

is given by:

])1([)2()(  
δ ω δ ω δ ω ω    −+++ ++++
  nt it it it i aeaeaeae   L
 

From the analysis in page 28, the above expression can be
rearranged as:

2sin

2sin21

δ 

δ δ ω  nae

nt i ⎥

⎦

⎤⎢⎣

⎡⎟

 ⎠

 ⎞⎜⎝ 

⎛    −+

 

with the imaginary part:

2sin

2sin

2

1sin

δ 

δ δ ω 

  nnt a ⎥

⎦

⎤⎢⎣

⎡⎟

 ⎠

 ⎞⎜⎝ 

⎛    −+  

which is the value of the original expression in sine term.
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1.19

From the analysis in page 28, the expression of  z  
can be rearranged as:

2sin

2sin)1( )1(2

δ 

δ ω δ δ δ ω   
naeeeeae z   t iniiit i =+++=   −L
 

The conjugate of  z   is given by:

2sin

2sin*

δ 

δ ω    nae z   t i

−=  

so we have:

2sin

2sin

2sin

2sin

2sin

2sin2

22*

δ 

δ 

δ 

δ 

δ 

δ    ω ω    na

nae

nae zz

  t it i =⋅=   −  
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SOLUTIONS TO CHAPTER 2

2.1

The system is released from rest, so we know its initial
velocity is zero, i.e.

00

==t dt 

dx 

(2.1.1)

 Now, rearrange the expression for the displacement in the
form:

t q pt q pe

GF e

GF  x

)()(

22

−−+−   −++

=  

(2.1.2)

Then, substitute (2.1.2) into (2.1.1), we have

( ) ( ) 022 0

)()(

0

=⎥⎦

⎤⎢⎣

⎡   −−−+

++−=

=

−−+−

=   t 

t q pt q p

t 

eGF 

q peGF 

q pdt 

dx 

i.e.

 pF qG =  

(2.1.3)

By substitution of the expressions of q and p into equation
(2.1.3), we have the ratio given by:

( ) 212 4msr r 

F 

G

−=  

2.2

The first and second derivatives of  x   are given
by:

( )   mrt e Bt  Am

r  B x

2

2

−

⎥⎦

⎤⎢⎣

⎡+−=&  

( )   mrt e Bt  Am

r 

m

rB x 2

2

2

4

−⎥⎦

⎤⎢⎣

⎡++−=&&  

We can verify the solution by substitution of  x ,
 x&   and  x&&   into equation:

0=++   sx xr  xm   &&&
 then we have equation:

( ) 04

2

=+⎟⎟ ⎠

 ⎞⎜⎜⎝ 

⎛ −   Bt  A

m

r s  

which is true for all t, provided the first bracketed term of
the above equation is zero, i.e.
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04

2

=−m

r s  

i.e. msmr    =22 4  

2.3

The initial displacement of the system is given by:

φ ω ω  cos212

 AeC eC e x  t it imrt 
=+=   ′−′−   at 0=t   

So:

φ cos21   AC C    =+  

(2.3.1)

 Now let the initial velocity of the system to be:

( ) ( ) φ ω ω ω    ω ω 
sin22

2

2

2

1   AeC im

r eC i

m

r  x

  t imr t imr  ′−=⎟ ⎠

 ⎞⎜⎝ 

⎛  ′−−+⎟ ⎠

 ⎞⎜⎝ 

⎛  ′+−=   ′−−′+−&   at 0=t   

i.e. ( )   φ ω ω φ  sincos2

21   AC C i Am

r ′−=−′+−  

If mr    is very small or  2π φ  ≈
, the first term of the above equation approximately equals
zero,

so we have:

φ sin21   iAC C    =−  

(2.3.2)

From (2.3.1) and (2.3.2), 1C    and 2C  are given
by:

( )

( )   φ 

φ 

φ φ 

φ φ 

i

i

e Ai A

C 

e Ai A

C 

−=−

=

=+

=

22

sincos

22

sincos

2

1

 

2.4

Use the relation between current and charge, q I 
  &= , and the voltage equation:

0=+ IRC q  

we have the equation:

0=+   C qq R &  

solve the above equation, we get:

 RC t eC q  −

= 1  
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where 1C    is arbitrary in value. Use initial
condition, we get 01   qC   = ,

i.e. RC t 

eqq  −= 0  

which shows the relaxation time of the process
is RC 

  s.

2.5

(a)222

0

-622

0 410-   mr ==′   ω ω ω   
=> 5000   =r m  

The condition also shows 0≈′ , so:

5000   =≈′=   r mr mQ  

Useω 

π τ 

′=′

2, we have:

5002

π π 

ω 

π τ δ    ==

′=′=

Qm

r 

m

r  

(b)  The stiffness of the system is given by:

][1001010 1101220−− =×==   Nmms   ω   

and the resistive constant is given by:

][102500

1010 17106

0   −−−

⋅×=×

==   sm N Q

mr   ω 

 

(c) At 0=t  and maximum displacement, 0= x& ,
energy is given by:

][105101002

1

2

1

2

1

2

1 342max

22 J sxsx xm E 

  −− ×=××==+=   &  

Time for energy to decay to1−

e of initial value is given by:

][5.0102

107

10

msr 

mt    =

×==

−

−

 

(d) Use definition of Q factor:

 E 

 E Q

Δ−=   π 2  

where,  E   is energy stored in system, and
 E Δ−   is energy lost per cycle, so energy loss in
the

first cycle, 1 E Δ− , is given by:

][102500

10522 5

3

1   J Q

 E  E  E    −

−

×=×

×==Δ−=Δ−   π π π   

2.6
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The frequency of a damped simple harmonic oscillation is given
by:

2

22

0

2

4m

r −=′   ω ω  =>

2

22

0

2

4m

r =−′   ω ω    =>

( )02

2

04

-ω ω 

ω ω ω +′

=′=Δm

r  

Use ω   ≈′   and r 

mQ 0=

 we find fractional change in the resonant frequency is
given by:

( ) 122

0

2

2

0

0

0

88

−=≈

−′=

ΔQ

m

r 

ω ω 

ω ω 

ω 

ω  

2.7

See page 71 of text. Analysis is the same as that in the text
for the mechanical case except that

inductance  L   replaces mass m , resistance  R
  replaces r   and stiffness s   is replaced
by

C 1 , where C   is the capacitance. A large Q
  value requires a small  R .

2.8

Electrons per unit area of the plasma slab is given by:

nleq   −=  

When all the electrons are displaced a distance  x , giving
a restoring electric field:

0/ε nex E  =   ，the restoring force per
unit area is given by:

0

22

ε 

le xnqE F    −==  

 Newton’s second law gives:


onacceleratielectronsareaunit permasselectronsareaunit perforcerestoring
  ×=  

i.e.

 xnlmle xn

F  e   &&×=−=0

22

ε  

i.e. 00

2

=+   xm

ne x ε &&  

From the above equation, we can see the displacement distance of
electrons,  x , oscillates with

angular frequency:

0

22

ε ω 

e

em

ne=  

2.9

As the string is shortened work is done against: (a) gravity
)cos(   θ mg   and (b) the centrifugal

force )( 22 θ &mlr mv   =   along the
time of shortening. Assume that during shortening there are
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many swings of constant amplitude so work done is:

lmlmg A   Δ+−= )cos( 2θ θ    &
 

where the bar denotes the average value. For small θ  ,
21cos 2θ θ    −=   so:

)2( 22 θ θ    &mlmglmg A   −+Δ−=
 

The term lmgΔ−   is the elevation of the equilibrium
position and does not affect the energy of

motion so the energy change is:

lmlmg E    Δ−=Δ )2( 22 θ θ   
&  

 Now the pendulum motion has energy:

)cos1(2

22 θ θ    −+=   mgllm

 E    & ,

that is, kinetic energy plus the potential energy related to the
rest position, for small θ   this

 becomes:

22

222 θ θ    mglml E    +=

  &

 

which is that of a simple harmonic oscillation with linear
amplitude 0θ l .

Taking the solution t θ θ  cos0=   which
gives 22

0

2 θ θ    =   and 22022 θ ω θ 
  =&   with

lg=ω    we may write:

22

2

0

2

0

22 θ θ ω    mglml E    ==
 

and

lml

lmlml

 E    Δ⋅−=Δ⎟⎟ ⎠

 ⎞⎜⎜⎝ 

⎛ −=Δ

424

2

0

22

0

22

0

2 θ ω θ ω θ ω  

so:

l

l

 E 

 E    Δ−=

Δ

2

1 

 Now lg==   πν ω  2   so the frequency
ν    varies with 21−l   and

 E 

 E 

l

l   Δ=

Δ−=

Δ

2

1

ν 

ν  

so:

constant=ν 

 E  
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SOLUTIONS TO CHAPTER 3

3.1The solution of the vector form of the equation of motion for
the forced oscillator:

t ieF sr m

  ω 

0=++ xxx   &&&  

is given by:

)sin()cos()(

0 φ ω ω 

φ ω ω ω 

φ ω 

−+−−==−

t  Z 

F t 

 Z 

iF 

 Z 

eiF 

mmm

t i

x  

Since t ieF    ω 0   represents its
imaginary part: t F    ω sin0 , the value of x
is given by the

imaginary part of the solution, i.e.:

)cos(   φ ω ω 

−−=   t  Z 

F  x

m

 

The velocity is given by:

)sin(   φ ω   −==  
t  Z 

F  xv

m

&  

3.2

The transient term of a forced oscillator decay with mrt e
2−   to k e- at time t , i.e.:

k mrt    −=− 2

so, we have the resistance of the system given by:

t mk r  2=   (3.2.1)

For small damping, we have

ms0

 =≈ ω ω    (3.2.2)

We also have steady state displacement given by:

)sin(0   φ −=   t  x x  

where the maximum displacement is:

22

00

)(   msmr 

F  x

−+=

ω ω   (3.2.3)

By substitution of (3.2.1) and (3.2.2) into (3.2.3), we can find
the average rate of

growth of the oscillations given by:
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0

00

2   ω km

F 

t 

 x=  

3.3

Write the equation of an undamped simple harmonic oscillator
driven by a force of

frequency in the vector form, and use t ieF   
ω 0   to represent its imaginary part

t F  sin0 , we have:

t ieF sm

  ω 

0=+ xx&&   (3.3.1)

We try the steady state solution

t i

e

ω 

Ax =

  and the velocity is given by:

xAx   ω ω   ω 

iei  t i ==&  

so that:

xxx222 ω ω    −== i&&  

and equation (3.3.1) becomes:

t it ieF esm

  ω ω ω  02 )(   =+− AA  

which is true for all t   when

0

2F sm   =+− AAω   

i.e.ms

F 2

0

ω −=A  

i.e. t iems

F    ω 

ω 20

−=x  

The value of  x   is the imaginary part of vector x ,
given by:

t ms

F  x   ω 

ω sin

2

0

−=  

i.e.)(

sin22

0

0

ω ω   −=

m

t F  x   where

m

s=20ω   

Hence, the amplitude of  x   is given by:

)( 220

0

ω ω   −=

m

F  A  
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and its behaviour as a function of frequency is shown in the
following graph:

By solving the equation:

0=+ sx xm &&  

we can easily find the transient term of the equation of the
motion of an undampedsimple harmonic oscillator driven by a force
of frequency is given by:

t  Dt C  x 00 sincos   +=
 

where, ms=0ω  , C   and  D   are
constant. Finally, we have the general solution

for the displacement given by the sum of steady term and
transient term:

t  Dt C m

t F  x 0022

0

0 sincos)(

sinω ω 

ω ω ++

−=   (3.3.2)

3.4

In equation (3.3.2), 0= x   at 0=t   
gives:

0sincos)(

sin

0

0022

0

0

0  ==⎥

⎦

⎤⎢⎣

⎡++

−=

=

=  At  Bt  A

m

t F  x

t 

t   ω ω 

ω ω 

ω   (3.4.1)

In equation (3.3.2), 0= x&   at 0=t   
gives:

0)(

cossin)(

cos022

0

0

0

000022

0

0

0

=+−

=⎥⎦

⎤⎢⎣

⎡+−

−=

==

 Bm

F t  Bt  A

m

t F 

dt 

dx

t t 

ω ω ω 

ω ω ω ω ω 

ω ω 

ω ω  

i.e.)( 2200

0

ω ω ω    −−=

m

F  B   (3.4.2)

By substitution of (3.4.1) and (3.4.2) into (3.3.2), we
have:

⎟⎟ ⎠

 ⎞⎜⎜⎝ 

⎛ −

−=   t t 

m

F  x 0

0

22

0

0 sinsin)(

1ω 

ω 

ω ω 

ω ω   (3.4.3)

By substitution of Δ+= 0   into (3.4.3), we have:

2

0

0

ω m

F   

 A

0ω    ω  0
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⎟⎟ ⎠

 ⎞⎜⎜⎝ 

⎛ −Δ+Δ

Δ+−=   t t t t t 

m

F  x 0

0

00

0

0 sincossincossin)(

ω ω 

ω ω ω ω ω 

ω ω ω   (3.4.4)

Since 10  
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 by:

m

t it i

m

rt 

 Z 

eiF Ce

  i

ω 

φ ω ω 

)(

02

−+−

−=x  

where, C   is constant, 22 )(Z   ω ω 
  smr m   −+= , 22 4mr mst   
−=ω    and

⎟ ⎠

 ⎞⎜⎝ 

⎛    −=   −

r 

sm   ω ω φ  1tan , so the general expression
of velocity is given by:

)(02

2

φ ω ω 

ω   −

+−

+⎟ ⎠

 ⎞⎜⎝ 

⎛ +−==   t i

m

t im

rt 

t    e Z 

F ei

m

r C 

  i

xv   &  

and the general expression of acceleration is given by:

)(0222

2

4φ ω 

ω  ω ω ω 

  −+−

+⎟⎟ ⎠

 ⎞⎜⎜⎝ 

⎛ −−=

  t i

m

t i

m

rt 

t t    e Z 

F iem

r i

m

r C 

  i

v&  

i.e. )(022

2

2

2   φ ω ω  ω ω    −+−
+⎟⎟ ⎠

 ⎞⎜⎜⎝ 

⎛ −

−=   t i

m

t im

rt 

t  e Z 

F ie

m

r i

m

msr C 

  i

v&   (3.5.1)

From (3.5.1), we find the amplitude of acceleration at steady
state is given by:

22

00

)(   ω ω    smr 

F 

 Z 

F v

m   −+==&  

At the frequency of maximum acceleration: 0=ω d 

vd & 

i.e. 0)( 22

0 =⎥⎥⎦

⎤

⎢⎢⎣

⎡

−+   ω ω 

ω 

ω    smr 

F 

d 

d  

i.e. 02

22

22 =+−

ω 

smsr   

i.e.2

22

2

2

r sm

s

−=ω   

Hence, we find the expression of the frequency of maximum
acceleration given by:

2

2

2

2

r sm

s

−=ω   

The frequency of velocity resonance is given by: ms=ω  , so
if smr  = , the

acceleration amplitude at the frequency of velocity resonance is
given by:

m

F 

smsmsm

F ms

smr 

F v

smr 

00

22

0

)()(

=

−+

=

−+

==

ω ω 

ω &  
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The limit of the acceleration amplitude at high frequencies is
given by:

m

F 

sm

r 

F 

smr 

F v 0

2

22

2

0

22

0 lim)(

limlim   =

⎟ ⎠

 ⎞⎜⎝ 

⎛ −+

=−+

=∞→∞→∞→

ω ω 

ω ω    ω ω ω &  

So we have:

vvsmr 

&&∞→=

  =ω lim  

3.6

The displacement amplitude of a driven mechanical oscillator is
given by:

22

0

)(   ω ω ω    smr 

F  x

−+=  

i.e.2222

0

)(   smr 

F  x

−+=

ω ω   (3.6.1)

The displacement resonance frequency is given by:

2

2

2m

r 

m

s−=ω    (3.6.2)

By substitution of (3.6.2) into (3.6.1), we have:

22

2

22

0

22   ⎟⎟

 ⎠

 ⎞⎜⎜⎝ 

⎛ +⎟⎟

 ⎠

 ⎞⎜⎜⎝ 

⎛ −

=

m

r 

m

r 

m

sr 

F  x  

i.e.

2

2

0

4m

r 

m

sr 

F  x

−

=  

which proves the exact amplitude at the displacement resonance
of a driven

mechanical oscillator may be written as:

r F  xω ′

= 0  

where,

2

22

4m

r 

m

s−=′ω   

3.7

(a) The displacement amplitude is given by:

22

0

)(   ω ω ω   
smr F  x

−+=  
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At low frequencies, we have:

s

F 

smr 

F 

smr 

F  x 0

2222

0

022

0

00 )(lim

)(limlim   =

−+=

−+=

→→→ ω ω ω ω ω   
ω ω ω  

(b) 

The velocity amplitude is given by:

22

0

)(   ω ω    smr 

F v

−+=  

At velocity resonance: ms=ω  , so we have:

r 

F 

smsmr 

F 

smr 

F v

ms

r 0

22

0

22

0

)()(=

−+=

−+=

=ω ω ω 

 

(c) 

From problem 3.5, we have the acceleration amplitude given
by:

22

0

)(   ω ω    smr 

F v

−+=&  

At high frequency, we have:

m

F 

smr 

F 

smr 

F v 0

2222

0

22

0

)(lim

)(limlim   =

−+=

−+=

∞→∞→∞→ ω ω ω ω 

ω 

ω ω ω &  

From (a), (b) and (c), we find  x0

lim→ω 

,r 

v   and v&∞→ω 

lim   are all constants, i.e. they are all

frequency independent.

3.8

The expression of curve (a) in Figure 3.9 is given by:

22222

0

2

22

00

2

0

)(

)(

r m

mF 

 Z 

 X F  x

m

ma

ω ω ω 

ω ω 

ω    +−

−=−=   (3.8.1)

where ms=0ω   

a x has either maximum or minimum value when
0=ω d 

dxa  

i.e. 0)(

)(22222

0

2

22

00 =⎥⎦

⎤⎢⎣

⎡

+−

−

r m

mF 

d 

d 

ω ω ω 

ω ω 

ω  

i.e. 0)( 220222

0

2 =−−   r m   ω ω ω   

Then, we have two solutions of given by:

m

r 02

01

ω ω ω    −=   (3.8.2)
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and

m

r 0202

ω ω ω    +=   (3.8.3)

Since r   is very small, rearrange the expressions of
1   and 2 , we have:

m

r 

m

r 

m

r 

m

r 

24202

22

002

01   −≈−⎟ ⎠

 ⎞⎜⎝ 

⎛ −=−=   ω ω 

ω ω ω   

m

r 

m

r 

m

r 

m

r 

24202

22

002

02   +≈−⎟ ⎠

 ⎞⎜⎝ 

⎛ +=+=   ω ω 

ω ω ω   

The maximum and the minimum values ofa x   can found
by substitution of (3.8.2)

and (3.8.3) into (3.8.1), so we have:

when 1= :r 

F 

mr r 

F  xa

0

0

2

00

0

22   ω ω ω ≈

−=  

which is the maximum value of a x , and

when 2= :r 

F 

mr r 

F  x

a

0

0

2

00

0

22   ω ω ω −≈

+−=  

which is the minimum value of a x .

3.9

The undamped oscillatory equation for a bound electron is given
by:

t meE  x x   ω ω  cos)(
02

0   −=+&&   (3.9.1)

Try solution t  A x   ω cos=   in
equation (3.9.1), we have:

t meE t  A  
ω ω ω ω  cos)(cos)( 02

0

2 −=+−  

which is true for all t   provided:

meE  A 02

0

2 )(   −=+−   ω ω   

i.e.)( 220

0

ω ω   −−=

m

eE  A  

So, we find a solution to equation (3.9.1) given by:

t m

eE  x   ω 

ω ω cos

)( 220

0

−−=   (3.9.2)

For an electron number density n , the induced polarizability
per unit volume of a
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medium is given by:

 E 

nexe

0ε  χ    −=   (3.9.3)

By substitution of (3.9.2) and t  E  E 
cos0=   into (3.9.3), we have

)( 2200

2

0   ω ω ε ε  χ 

−=−=

m

ne

 E 

nexe  

3.10

The forced mechanical oscillator equation is given by:

t F sx xr  xm cos0=++  
&&&  

which can be written as:

t F  xm xr  xm  
ω ω  cos02

0   =++   &&&   (3.10.1)

where, ms=0ω  . Its solution can be written as:

t  Z 

 X F t 

 Z 

r F  x

m

m

m

ω ω 

ω ω 

cossin2

0

2

0 −=   (3.10.2)

where, ω    sm X m

  −= , 22 )(   ω ω   
smr  Z m

  −+= , ⎟ ⎠

 ⎞⎜⎝ 

⎛    −=   −

r 

sm   ω ω φ  1tan

By taking the displacement  x   as the component
represented by curve (a) in Figure

3.9, i.e. by taking the second term of equation (3.10.2) as the
expression of  x , we

have:

t r m

mF t 

 Z 

 X F  x

m

m ω ω ω ω 

ω ω ω 

ω cos

)(

)(cos

22222

0

2

22

00

2

0

+−

−=−=   (3.10.3)

The damped oscillatory electron equation can be written as:

t eE  xm xr  xm  
ω ω  cos0

2

0

  −=++   &&&   (3.10.4)

Comparing (3.10.1) with (3.10.4), we can immediately find the
displacement  x   for a

damped oscillatory electron by substituting 00  
eE F    −=   into (3.10.3), i.e.:

t r m

meE  x   ω 

ω ω ω 

ω ω cos

)(

)(22222

0

2

22

00

+−

−−=   (3.10.5)

By substitution of (3.10.5) into (3.9.3), we can find the
expression of  χ    for a

damped oscillatory electron is given by:
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])([

)(22222
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2

0
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0

2
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 E 
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ε  χ 

+−
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So we have:

t r m

mner 

  ω ω ω ω ε 

ω ω  χ ε  cos])([

)(1122222

0

2

0

2202

+−−+=+=  

3.11

The instantaneous power dissipated is equal to the product of
frictional force and the

instantaneous velocity, i.e.:

)(cos)( 22

2

0 φ ω   −==   t  Z 

F r  x xr P

m

&&  

The period for a given frequency is given by:

ω 

π 2=T   

Therefore, the energy dissipated per cycle is given by:

2

2

0

2

2

0

2

0 2

2

0

0

2

0

2

2

2

0

22

)](2cos1[2

)(cos

m

m

m

T 

m

 Z 

rF 

 Z rF 

dt t  Z 

rF 

dt t  Z 

F r Pdt  E 

ω 

π 

ω π 

φ ω 

φ ω 

ω π 

ω π 

=

=

−−=

−==

∫

∫ ∫

  (3.11.1)

The displacement is given by:

)sin(0 φ ω ω 

−=   t  Z 

F  x

m

 

so we have:

m Z 

F  x

ω 

0max  =   (3.11.2)

By substitution of (3.11.2) into (3.11.1), we have:

2

max xr  E    ω π =  

3.12

The low frequency limit of the bandwidth of the resonance
absorption curve 1  

satisfies the equation:
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r sm   −=− 11   ω   

which defines the phase angle given by:

1tan 111   −=−

=

r 

smω φ   

The high frequency limit of the bandwidth of the resonance
absorption curve 2ω   

satisfies the equation:

r sm   =− 22  

which defines the phase angle given by:

1tan 222   =−

=r 

smφ   

3.13For a LCR series circuit, the current through the circuit is
given by

t ie I  I 

  ω 

0=  

The voltage across the inductance is given by:

 LI ie LI ie I dt 

d  L

dt 

dI  L

  t it i ω ω    ω ω  ===
00  

i.e. the amplitude of voltage across the inductance is:

0 LI V  L  =   (3.13.1)

The voltage across the condenser is given by:

C 

iI e I 

C idt e

C  Idt 

C C 

q   t it i

ω ω 

ω ω  −==== ∫∫ 0111

 

i.e. the amplitude of the voltage across the condenser is:

C 

 I V C 

ω 

0=   (3.13.2)

When an alternating voltage, amplitude 0V    is
applied across LCR series circuit,

current amplitude 0 I    is given by:
e Z V  I  00  = , where the impedance
e Z    is given

 by:

2

2 1⎟

 ⎠

 ⎞⎜⎝ 

⎛ −+=

C  L R Z m

ω ω   

At current resonance, 0 I    has the maximum
value:

 R

V  I  00  =   (3.13.3)

and the resonant frequency 0   is given by:
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01

0

0   =−C 

 Lω 

ω    or LC 

10  =ω    (3.13.4)

By substitution of (3.12.3) and (3.12.4) into (3.12.1), we
have:

00 V  R

 LV  L =  

By substitution of (3.12.3) and (3.12.4) into (3.12.2), we
have:

0000

0

0

0 V  R

 L

 R

V 

 LC 

 L

 R

V 

C 

 LV 

 RC 

 LC 

 RC 

V V C 

ω 

ω =====  

 Noting that the quality factor of an LCR series circuit is
given by:

 R

 LQ 0

ω =  

so we have:

0QV V V  C  L   ==  

3.14

In a resonant LCR series circuit, the potential across the
condenser is given by:

C 

 I V C 

ω =   (3.14.1)

where,  I   is the current through the whole LCR
series circuit, and is given by:

t ie I  I 

  ω 

0=   (3.14.2)

The current amplitude 0 I  is given by:

e Z 

V  I  00  =   (3.14.3)

where, 0V    is the voltage amplitude applied across
the whole LCR series circuit and is

a constant. e Z    is the impedance of the whole
circuit, given by:

2

2 1⎟

 ⎠

 ⎞⎜⎝ 

⎛ −+=

C  L R Z e

ω ω    (3.14.4)

From (3.14.1), (3.14.2), (3.14.3), and (3.14.4) we have:

t i

C 

t i

C    eV e

C  L RC 

V V 

  ω ω 

ω ω ω 

02

2

0

1=

⎟ ⎠

 ⎞⎜⎝ 

⎛ −+

=  

which has the maximum value when 00 =ω d 

dV C  , i.e.:
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01

2

2

0 =

⎟ ⎠

 ⎞⎜⎝ 

⎛ −+

C  L RC 

V 

d 

d 

ω ω ω 

ω  

i.e. 01122

222

2 =−+⎟ ⎠ ⎞⎜

⎝ ⎛  −+

C  L

C  L R

ω ω 

ω ω   

i.e. 022 222 =−+C 

 L L R   ω   

i.e. 2002

2

2

11

2

1Q

 L

 R

 LC −=−=   ω ω   

where LC 

120   =ω  ,

 R

 LQ 00

ω =  

3.15

In a resonant LCR series circuit, the potential across the
inductance is given by:

 LI V  L  =   (3.15.1)

where,  I   is the current through the whole LCR
series circuit, and is given by:

t ie I  I 

  ω 

0=   (3.15.2)

The current amplitude 0 I  is given by:

e Z 

V  I  00  =   (3.15.3)

where, 0V    is the voltage amplitude applied across
the whole LCR series circuit and is

a constant.e Z    is the impedance of the whole
circuit, given by:

2

2 1⎟

 ⎠

 ⎞⎜

⎝ 

⎛ −+=

C 

 L R Z e

ω 

ω    (3.15.4)

From (3.15.1), (3.15.2), (3.15.3), and (3.15.4) we have:

t i

 L

t i

 L   eV e

C  L R

 LV V 

  ω ω 

ω ω 

02

2

0

1=

⎟ ⎠

 ⎞⎜⎝ 

⎛ −+

=  

which has the maximum value when 00 =ω d 

dV  L , i.e.:
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01

2

2

0 =

⎟ ⎠

 ⎞⎜⎝ 

⎛ −+

C  L R

 LV 

d 

d 

ω ω 

ω  

i.e. 01122

222

2 =+−⎟ ⎠ ⎞⎜

⎝ ⎛  −+

C  L

C  L R

ω ω 

ω ω   

i.e. 022

22

2 =−+C 

 L

C  R

ω  

i.e.2

0

0

2

0

2

20222

2

11

21

1

21

11

2

1

Q L

 R

 L

C  R LC C  R LC   
−

=

−

=

−

=

−

=  ω 

ω 

ω ω   

where LC 

120  =ω  ,

 R

 LQ 0

0

ω =  

3.16

Considering an electron in an atom as a lightly damped simple
harmonic oscillator,

we know its resonance absorption bandwidth is given by:

m

r =δω    (3.16.1)

On the other hand, the relation between frequency and wavelength
of light is given

 by:

λ 

c f   =   (3.16.2)

where, c   is speed of light in vacuum. From (3.16.2) we
find at frequency resonance:

δλ λ 

δ 2

0

c f    −=  

where 0λ    is the wavelength at frequency resonance.
Then, the relation between

angular frequency bandwidth δ    and the width of
spectral line δλ   is given by:

δλ λ 

π δ π δω  2

0

22

  c f   ==   (3.16.3)

From (3.16.1) and (3.16.3) we have:

Qm

r 

cm

r  0

0

0

2

0

2

λ 

ω 

λ 

π 

λ δλ    ===  

So the width of the spectral line from such an atom is given
by:

][102.1105

106.0 147

6

0 mQ

−−

×=×

×==

 λ δλ   
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3.17

According to problem 3.6, the displacement resonance
frequencyr 

and the

corresponding displacement amplitude max x   are given
by:

2

22

02m

r r    −=   ω ω   

r 

F 

 Z 

F  x

r m

  ω ω ω ω 

′==

=

00max  

where, 22 )(   ω ω   
smr  Z m   −+= , 2

22

04m

r −=′   ω ω    ,

m

s=0ω   

 Now, at half maximum displacement:

r 

F  x

 Z 

F 

m  ω ω    ′

==22

0max0  

i.e. r smr    ω ω ω ω   
′=−+ 2)( 22  

i.e. 22

22

22

44   r 

m

r 

m

ssmr  ⎟⎟

 ⎠

 ⎞⎜⎜⎝ 

⎛ −=

⎥⎥⎦

⎤

⎢⎢⎣

⎡⎟

 ⎠

 ⎞⎜⎝ 

⎛ −+ω 

ω ω   

i.e. 04)2(

4

4

3

2

2

22

2

24 =+−+

−+

m

r 

m

sr 

m

s

m

smr ω ω   

i.e. 04

3

222

2

2

2

2

22

2

22

2

24 =⎟⎟

 ⎠

 ⎞⎜⎜⎝ 

⎛ −−⎟⎟

 ⎠

 ⎞⎜⎜⎝ 

⎛ −+⎟⎟

 ⎠

 ⎞⎜⎜⎝ 

⎛ −−

m

r 

m

s

m

r 

m

r 

m

s

m

r 

m

sω ω   

i.e. 03

)(

2

2222 =⎟⎟

 ⎠

 ⎞⎜⎜⎝ 

⎛ ′−−   ω ω ω 

m

r r 

 

i.e. 2223

ω ω ω    ′±=−m

r r 

  (3.17.1)

If 1   and 2ω    are the two solutions of
equation (3.17.1), and 12  > , then:

222

2

3ω ω ω    ′=−

m

r r 

  (3.17.2)

222

1

3ω ω ω    ′−=−

m

r 

r   (3.17.3)
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Since the Q-value is high, we have:

10 >>=r 

mQ

  ω  

i.e.2

22

0m

r >>ω   

i.e. 0≈′≈r   

Then, from (3.17.2) and (3.17.3) we have:

2

01212

32))((   ω ω ω ω ω 

m

r ≈+−  

and 021 2≈+  

Therefore, the width of displacement resonance curve is given
by:

m

r 312   ≈−ω ω   

3.18

In Figure 3.9, curve (b) corresponds to absorption, and is given
by:

t r m

r F t  Z 

r F  xm

ω ω ω ω 

ω ω ω 

sin)(

sin22222

0

2

0

2

0

+−==  

and the velocity component corresponding to absorption is given
by:

t r m

r F  xv   ω 

ω ω ω 

ω cos

)( 2222202

2

0

+−==   &  

For Problem 3.10, the velocity component corresponding to
absorption can be given

 by substituting 00   eE F    −=  
into the above equation, i.e.:

t r m

r eE  xv   ω 

ω ω ω 

ω cos

)( 2222202

2

0

+−−==   &   (3.18.1)

For an electron density of n , the instantaneous power supplied
equal to the product

of the instantaneous driving force t neE  cos0−  
and the instantaneous velocity, i.e.:

t r m

r  E ne

t r m

r eE t neE P

ω ω ω ω 

ω 

ω ω ω ω 

ω ω 

2

222220

2

22

0

2

22222

0

2

2

00

cos)(

cos)(

)cos(

+−=

⎟⎟ ⎠

 ⎞⎜⎜⎝ 

⎛ 

+−−×−=
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The average power supplied per unit volume is then given by:

22222

0

2

22

0

2

2

0

2

2222202

22

0

2

2

0

)(2

cos)(2

2

r m

r  E ne

t 

r m

r  E ne

Pdt Pav

ω ω ω 

ω 

ω 

ω ω ω 

ω 

π 

ω 

π 

ω 

ω π 

ω π 

+−=

+−

=

=

∫

∫

 

which is also the mean rate of energy absorption per unit
volume.
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SOLUTIONS TO CHAPTER 4

4.1The kinetic energy of the system is the sum of the separate
kinetic energy of the two

masses, i.e.:

222222

4

1

4

1)(

2

1)(

2

1

2

1

2

1

2


1Y m X m y x y xm ym xm E k &&&&&&&&
  +=⎥⎦

⎤⎢⎣

⎡−++=+=  

The potential energy of the system is the sum of the separate
potential energy of the

two masses, i.e.:

22

222

222

2222

2

1

4

1

)()(2

1)(

2

1

2

1

)()(2

1

)(2

1

2

1)(

2

1

2

1

Y sl

mg X 

l

mg

 y xs y x y xl

mg

 y xs y xl

mg

 y xs yl

mg x ys x

l

mg E  p

⎟ ⎠

 ⎞⎜⎝ 

⎛ ++=

−+⎥⎦

⎤⎢⎣

⎡−++=

−++=

−++−+=

 

Comparing the expression of k  E    and
 p E    with the definition of
 X  E    and Y  E   
given

 by (4.3a) and (4.3b), we have:

ma2

1= ,

l

mgb

4= , mc

4

1= , and s

l

mgd    +=

2 

 Noting that:

 X m

 y xm

 X q

2121

2)(

2  ⎟

 ⎠

 ⎞⎜⎝ 

⎛ =+⎟

 ⎠

 ⎞⎜⎝ 

⎛ =  

and Y c

m y x

mY q

2121

)(2

  ⎟ ⎠

 ⎞⎜⎝ 

⎛ =−⎟

 ⎠

 ⎞⎜⎝ 

⎛ =  

i.e. q X m

 X 

21

2

−

⎟ ⎠

 ⎞⎜⎝ 

⎛ =   and qY 

mY 

21

2

−

⎟ ⎠

 ⎞⎜⎝ 

⎛ =  

we have the kinetic energy of the system given by:

22

22

22

2

1

2

12

4

12

4

1qqqqk    Y  X Y 

mm X 

mmY c X a E   
&&&&&& +=⎥

⎦

⎤⎢⎣

⎡+⎥

⎦

⎤⎢⎣

⎡=+=  

and

22

22

22 2

2

12

2

2

4   qqqq p  Y 

m

s

l

g X 

l

gY 

ms

l

mg X 

ml

mgdY bX  E    ⎟

 ⎠

 ⎞⎜⎝ 

⎛ ++=⎥

⎦

⎤⎢⎣

⎡⎟

 ⎠

 ⎞⎜⎝ 

⎛ ++⎥

⎦

⎤⎢⎣

⎡=+=  
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which are the expressions given by (4.4a) and (4.4b)

4.2

The total energy of Problem 4.1 can be written as:

22222 )()(212121 y xs y x

l

mg ym xm E  E  E 
 pk    −++++=+=   &&  

The above equation can be rearranged as the format:


 xy pot  y pot kin x pot kin
 
E  E  E  E  E  E 
)()()(   ++++=  

where, 22

22

1)(   xs

l

mg xm E  E   x pot kin
  ⎟

 ⎠

 ⎞⎜⎝ 

⎛ ++=+   &   , 22

22

1)(   ys

l

mg ym E  E   y pot kin
  ⎟

 ⎠

 ⎞⎜⎝ 

⎛ ++=+   & ,

and sxy E  pot  2−=  

4.3

a x 2−= , 0= y :

0= x , a y 2−= :

4.4

For mass 1m , Newton’s second law gives:

sx xm   =11  &&  

For mass 2m , Newton’s second law gives:

sx xm   −=22  &&  

≡

x=0 -2a -a -a

+

-a a

Y--X

=0

≡

-2a -a -a

+

-a a

Y+-X
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Provided  x   is the extension of the spring and l
  is the natural length of the spring,

we have:

 xl x x   +=− 12  

By elimination of 1 x   and 2 x , we have:

 x xm

s x

m

s&&=−−

12

 

i.e. 021

21 =+

+   sxmm

mm x&&  

which shows the system oscillate at a frequency:

μ ω   s

=2

 

where,

21

21

mm

mm

+=μ   

For a sodium chloride molecule the interatomic force constant s
  is given by:

][1201067.1)3523(

)1067.1()3523()1014.1(4)2( 127

227213222   −

−

−

≈××+

××××××=

+==   Nm

mm

mms

Cl Na

Cl Na  π πν 

μ ω 

 

4.5

If the upper mass oscillate with a displacement of  x
  and the lower mass oscillate

with a displacement of  y , the equations of motion of the
two masses are given by

 Newton’s second law as:

)(

)(

 y xs ym

sx x ys xm

−=

−−=

&&

&& 

i.e.

0)(

0)(

=−−

=−−+

 y xs ym

sx y xs xm

&&

&& 

Suppose the system starts from rest and oscillates in only one
of its normal modes of

frequency ω , we may assume the solutions:

t i

t i

 Be y

 Ae x

ω 

ω 

=

= 

where  A   and  B   are the displacement
amplitude of  x   and  y   at frequency
ω .
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Using these solutions, the equations of motion become:

0)]([

0])([2

2

=−−−

=+−+−t i

t i

e B As Bm

esA B As Am

ω 

ω 

ω 

ω  

We may, by dividing through by t ime  ω  ,
rewrite the above equations in matrix form

as:

02

2

2

=⎥⎦

⎤⎢⎣

⎡⎥⎦

⎤⎢⎣

⎡

−−

−−

 B

 A

msms

msms

ω 

ω   (4.5.1)

which has a non-zero solution if and only if the determinant of
the matrix vanishes;

that is, if

0))(2( 2222 =−−−   msmsms   ω ω   

i.e. 0)3( 2224 =+−   msms   ω ω   

i.e.m

s

2)53(2 ±=ω   

In the slower mode, ms 2)53(2 −=ω  . By substitution of the
value of frequency

into equation (4.5.1), we have:

2

15

2

2

2

−=

−=

−=

s

ms

ms

s

 B

 A   ω 

ω   

which is the ratio of the amplitude of the upper mass to that of
the lower mass.

Similarly, in the slower mode, ms 2)53(2 +=ω  . By
substitution of the value of

frequency into equation (4.5.1), we have:

2

15

2

2

2

+−=

−=

−=

s

ms

ms

s

 B

 A   ω 

ω  

4.6The motions of the two pendulums in Figure 4.3 are given
by:

t t at t 

a y

t t at t 

a x

am

am

ω ω ω ω ω ω 

ω ω ω ω 

sinsin22

)(sin

2

)(sin2

coscos22

)(cos

2

)(cos2

2112

2112

=+−

=

=+−

= 

where, the amplitude of the two masses, t a mcos2 and
t a msin2 , are constants

over one cycle at the frequency a .

Supposing the spring is very weak, the stiffness of the spring
is ignorable, i.e. 0≈s .
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 Noting that lg=21ω    and )2(2

2   mslg   +=ω  , we have:

2

2

212

2

2

12

  al

gω 

ω ω ω ω    =⎟

 ⎠

 ⎞⎜⎝ 

⎛    +≈≈=  

Hence, the energies of the masses are given by:

( )

( )   t mat al

mgas E 

t mat al

mgas E 

mam y y y

mam x x x

ω ω ω 

ω ω ω 

22222

22222

sin2sin22

1

2

1

cos2cos22

1

2

1

===

=== 

The total energy is given by:

222222 2)sin(cos2 amma y x  
mat t ma E  E  E   
ω ω ω ω    =+=+=  

 Noting that 2)( 12 −=m , we have:

])cos(1[2

)(sin2

])cos(1[2

)(cos2

1212

222

1212

222

t  E 

t ma E 

t  E 

t ma E 

a y

a x

ω ω ω ω ω 

ω ω ω ω ω 

−−=−=

−+=−= 

which show that the constant energy  E   is
completed exchanged between the two

 pendulums at the beat frequency )( 12ω   − .

4.7

By adding up the two equations of motion, we have:

))(( 2121   lg ym xm ym xm   +−=+
  &&&&  

By multiplying the equation by )(1 21   mm   +  
on both sides, we have:

21

21

21

21

mm

 ym xm

l

g

mm

 ym xm

+

+−=

+

+   &&&& 

i.e. 021

21

21

21 =+

++

+

+

mm

 ym xm

l

g

mm

 ym xm   &&&& 

which can be written as:

021   =+   X  X   
ω &&   (4.7.1)

where,

21

21

mm

 ym xm X 

+

+=   and lg=21ω   
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On the other hand, the equations of motion can be written
as:

)(

)(

2

1

 y xm

s

 yl

g

 y

 y xm

s x

l

g x

−+−=

−−−=

&&

&&

 

By subtracting the above equations, we have:

)()(21

 y xm

s

m

s y x

l

g y x   −⎟⎟

 ⎠

 ⎞⎜⎜⎝ 

⎛ +−−−=−   &&&&  

i.e. 0)(11

21

=−⎥⎦

⎤⎢⎣

⎡⎟⎟

 ⎠

 ⎞⎜⎜⎝ 

⎛ +++−   y x

mms

l

g y x   &&&&  

which can be written as:

022   =+   Y Y    ω &&
  (4.7.2)

where,

 y xY    −=   and ⎟⎟ ⎠

 ⎞⎜⎜⎝ 

⎛ ++=

21

2

2

11

mms

l

gω   

Equations (4.7.1) and (4.7.2) take the form of linear
differential equations with

constant coefficients and each equation contains only one
dependant variable,

therefore  X    and Y   are normal
coordinates and their normal frequencies are given

 by 1   and 2   respectively.

4.8

Since the initial condition gives 0== y x  
&& , we may write, in normal coordinate, the

solutions to the equations of motion of Problem 4.7 as:

t Y Y 

t  X  X 

20

10

cos

cos

ω =

= 

i.e.

t Y  y x

t  X mm

 ym xm

20

10

21

21

cos

cos

ω 

ω 

=−

=+

+

 

By substitution of initial conditions: 0=t  ,
 A x =   and 0= y   into the
above

equations, we have:

 AY  A M m X 

==

0

10 )(  
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where, 21   mm M    +=  

so the equations of motion in original coordinates  x ,
 y   are given by:

t  A y x

t  A M m

mm ym xm

2

11

21

21

cos

cos

ω 

ω 

=−

=++

 

The solutions to the above equations are given by:

)cos(cos

)coscos(

211

2211

t t  M 

m A y

t mt m M 

 A x

ω ω 

ω ω 

−=

+= 

 Noting thatma

  ω −=1

  andma

 +=2

, where 2)(12

 −=m

  and

2)( 21ω   +=a , the above equations can be rearranged
as:

t t mm M 

 At t  A

t t mmt t mm M 

 A


t t t t mt t t t m M 

 A

t mt m M 

 A x

amam

amam

amamamam

mama

ω ω ω ω 

ω ω ω ω 

ω ω ω ω ω ω ω ω 

ω ω ω ω 

sinsin)(coscos

]sinsin)(coscos)[(

)]sinsincos(cos)sinsincos(cos[

])cos()cos([

21

2121

21

21

−+=

−++=

−++=

++−=

 

and

t t  M 

m A

t t  M 

m A y

am

mama

ω ω 

ω ω ω ω 

sinsin2

])cos()[cos(

1

1

=

+−−= 

4.9

From the analysis in Problem 4.6, we know, at weak coupling
conditions, t mcos

and t mω sin are constants over one cycle, and the
relation: lga  ≈ω  , so the energy

of the mass 1m ,  x E  , and the energy of the
mass 2m ,  y E  , are the sums of their

separate kinetic and potential energies, i.e.:

22

1

2

1

22

2

22

21

22

1

2

1

22

1

22

1

21

21

21

21

21

21

2

1

2

1

2

1

2

1

2

1

2

1

 ym ym yl

mg ym ys ym E 

 xm xm xl

mg xm xs xm E 

a y y

a x x

ω 

ω 

+=+=+=

+=+=+=

&&&

&&&

 


	
8/20/2019 WAVES SOLUTIONS.pdf

45/178

© 2008 John Wiley & Sons, Ltd

By substitution of the expressions of  x   and  y
  in terms of t acos and t asin

given by Problem 4.8 into the above equations, we have:

[ ]

[ ]

[ ]

[ ]t mmmm M 

 E 

t mmmm

 M 

 Am

t t mmmm M 

 Am

t mmt mm M 

 Am

t t mm M 

 At t  Am

t t mm M 

 A

t t  Am E 

ma

mma

mma

amama

amaama x

)cos(2

2cos2

2

1

)sin(cos22

1

sin)(cos)(2

1

sinsin)(coscos2

1

cossin)(sincos2

1

1221

2

2

2

12

21

2

2

2

12

22

1

22

21

2

2

2

12

22

1

22

21

22

212

22

1

2

21

2

1

2

211

ω ω 

ω ω 

ω ω ω 

ω ω ω 

ω ω ω ω ω 

ω ω ω ω ω ω 

−++=

++=

−++=

−++=

⎥⎦

⎤⎢⎣

⎡−+

+⎥⎦

⎤

⎢⎣

⎡−+−=

 

and

[ ]

[ ]

[ ]t  M 

mm E 

t  M 

mm Am

t  M  Amm

t t t  M 

 Amm

t t  M 

m Amt t 

 M 

m Am E 

ma

ma

aama

amaama y

)cos(12

2cos12

2

1

sin2

)sin(cossin2

sinsin22

1cossin2

2

1

122

21

2

2122

1

22

2

22

21

222

2

22

2

2

1

2

12

1

2

12

ω ω 

ω ω 

ω ω 

ω ω ω ω 

ω ω ω ω ω ω 

−−⎟ ⎠

 ⎞⎜⎝ 

⎛ =

−⎟ ⎠

 ⎞⎜⎝ 

⎛ ⎟

 ⎠

 ⎞⎜⎝ 

⎛ =

=

+=

⎥⎦

⎤⎢⎣

⎡+⎥⎦

⎤⎢⎣

⎡=

 

where,

22

12

1 Am E  aω =  

4.10

Add up the two equations and we have:

t F  y xr  y xl

mg y xm   ω cos)()()( 0=+++++  
&&&&&&  

i.e. t F  X l

mg X r  X m   ω cos0=++
  &&&   (4.10.1)

Subtract the two equations and we have:


t F  y xs y xr  y xl

mg y xm   ω cos)(2)()()( 0=−+−+−+−  
&&&&&&  
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Eliminating T , we have:

)(cos0   x yst F kx x M 
  −+=+&&  

so for 0= x   at all times, we have

0cos0   =+ syt F   

that is

t s

F  y   ω cos0−=  

Equation (4.11.2) and (4.11.3) now give:

0=+ sy ym &&  

with ms=2ω  , so  M    is stationary at
ms=2ω  .

This value of satisfies all equations of motion for 0= x
  including

t F T    ω cos0−=  

4.12

 Noting the relation: C qV  = , the voltage
equations can be written as:

dt 

dI  LC 

q

C 

q

dt 

dI  L

C 

q

C 

q

b

a

=−

=−

32

21

 

so we have:

b

a

 I  LC qq

 I  LC qq

&&&&

&&&&

=−

=−

32

21 

i.e.

b

a

 I  LC qq

 I  LC qq

&&&&

&&&&

=−

=−

32

21 

By substitution ofa I q   −=1& , ba  
I  I q   −=2&   and b I q
  =3&   into the above equations, we

have:

bbba

abaa


 I  LC  I  I  I 


 I  LC  I  I  I 

&&

&&

=−−

=+−− 

i.e.

02

02

=+−

=−+

bab

baa

 I  I  I  LC 

 I  I  I  LC 

&&

&&
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By adding up and subtracting the above equations, we have:

0)(3)(

0)(

=−+−

=+++

baba

baba


 I  I  I  I  LC 


 I  I  I  I  LC 

&&&&

&&&&

 

Supposing the solutions to the above normal modes equations are
given by:t  A I  I  ba  
ω cos=+  

t  B I  I  ba cos=−  

so we have:

0cos)3(

0cos)(

2

2

=+−

=+−

t  B LC  B

t  A LC  A

ω ω 

ω ω  

which are true for all t   when

 LC 12 =ω    and 0= B  

or

 LC 

32 =ω    and 0= A  

which show that the normal modes of oscillation are given
by:

ba   I  I   =  
at LC 

121   =ω   

and

ba   I  I    −=   at
 LC 

322   =ω   

4.13

From the given equations, we have the relation between
1 I    and 2 I    given by:

1

2

2   I  Li Z 

 M i I 

sω +

=  

so:

1

2

2

21   I  Li Z 


 M  Li MI i I  Li E 

s

 p p ⎟⎟ ⎠

 ⎞⎜⎜⎝ 

⎛ 

++=−=

ω 

ω ω ω ω   

i.e.

s

 p Li Z 

 M  Li

 I 

 E 

ω 

ω ω 

++=

2

22

1

 

which shows that 1 I  E  , the impedance of
the whole system seen by the generator, is

the sum of the primary impedance,  p Li , and a
‘reflected impedance’ from the
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secondary circuit ofs Z  M 

22ω  , where ss   Li Z  Z   
+= 2 .

4.14

Problem 4.13 shows the impedance seen by the generator
 Z   is given by:

s

 p Li Z 

 M  Li Z 

ω 

ω ω 

++=

2

22

 

 Noting thats p L L M  =
  and

22

s ps p   nn L L   = , the
impedance can be written as:

s

 p

s

 p

s

s p p

 Li Z 

 Z  Li

 Li Z 

 M  M  Z  Li

 Li Z 


 M  L L Z  Li Z 

ω 

ω 

ω 

ω ω ω 

ω 

ω ω ω 

+=

+

+−=

+

+−=

2

2

2

2222

2

2

222

2 

so we have:

22

2

22

2 11111

 Z n

n Li Z 

 L

 L Li Z  Li

 Li Z 

 Z 

s

 p p

s

 p p p

s +=+==+

=ω ω ω 

 

which shows the impedance  Z    is equivalent to
the primary impedance p Liω   

connected in parallel with an impedance 22)(   Z nn
s p .

4.15

Suppose a generator with the internal impedance of
1 Z    is connected with a load with

an impedance of 2 Z    via an ideal transformer
with a primary inductance of  p L   and

the ratio of the number of primary and secondary transformer
coil turns given by

s p   nn , and the whole circuit oscillate at a
frequency of . From the analysis in

Problem 4.13, the impedance of the load is given by:

22

2

111

 Z n

n Li Z 

s

 p p L

+=ω 

 

At the maximum output power: 1 Z  Z  L
 = , i.e.:

1

22

2

1111

 Z  Z 

n

n Li Z 

s

 p p L

=+=ω 

 

which is the relation used for matching a load to a
generator.
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4.16

From the second equation, we have:

2

2

1

  I  Z 

 Z  I 

 M 

−=  

By substitution into the first equation, we have:


 E  I  Z  I  Z 

 Z  Z  M 

 M 

=+− 2221  

i.e. 121

2   I 

 Z 

 Z  Z  Z 

 E  I 

 M 

 M  ⎟⎟ ⎠

 ⎞⎜⎜⎝ 

⎛ −

=  

 Noting that  M i Z  M  
=   and 2 I    has the maximum value when 021
  == X  X  , i.e.

11   R Z   =   and 22  
R Z   = , we have:

1

21

1

21

121

1

21

22

2

 I  R R

 E  I 

 M 

 R R M 

 E  I 

 M 

 R R M 

 E  I 

 M i

 R R M i

 E  I    =≤

+=

−

=

ω ω 

ω ω 

ω ω 

 

which shows 2 I    has the maximum value of
1212

 I 

 R R

 E , when

 M 

 R R M 

ω 

ω  21= , i.e.

21 R R M   =ω   

4.17

By substitution of 1= j   and 3=n   into equation
(4.15), we have:

2

0

2

0

2

0

2

1 )22(2

212

4cos12   ω ω 

π ω ω    −=⎥

⎦

⎤⎢

⎣

⎡−=⎥⎦

⎤⎢⎣

⎡−=  

By substitution of 2= j   and 3=n   into equation
(4.15), we have:

2

0

2

0

2

1 24

2cos12   ω 

π ω ω    =⎥⎦

⎤⎢⎣

⎡−=  

By substitution of 3= j   and 3=n   into equation
(4.15), we have:

2

0

2

0

2

0

2

1 )22(2

212

4

3cos12   ω ω 

π ω ω    +=⎥

⎦

⎤⎢⎣

⎡+=

⎥⎦

⎤

⎢⎣

⎡−=  
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In equation (4.14), we have 040   == A A  
when 3=n , and noting that maT =2
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